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Abstract

This paper investigates an effective numerical method for a class of time-fractional damped wave
equations. For the considered model, the L1 formula is first introduced to discretize the Caputo frac-
tional derivative, and the original second-order-in-time equation is reformulated as a first-order sys-
tem. On this basis, a half-time-level averaged implicit discretization is applied to the standard time
derivative, while the second-order spatial derivative is approximated by the second-order central
difference scheme and the fourth-order compact difference scheme, respectively. Consequently, a
standard second-order scheme and a fourth-order compact scheme are constructed. The matrix forms

SCEF| BRI 2> B R B s T R I 2E 2 T D]. BB, 2026, 15(8): 392-405.
DOI: 10.12677/aam.2026.158362


https://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2026.158362
https://doi.org/10.12677/aam.2026.158362
https://www.hanspub.org/

HRR

of the two schemes are further derived, and it is proved that the linear system at each time level ad-
mits a unique solution. By using the positive definiteness of the L1 weights and the discrete energy
method, the unconditional stability of the proposed schemes is established in the sense of discrete
norms. Finally, numerical examples are presented to verify the temporal and spatial convergence
orders for different fractional orders. The computational results are consistent with the theoretical
analysis.
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1. 51§

P Bl T RE A A 5 I8 DA R B e Y S A R I R ) EE AR, fE bR BN IR . AL B
MBERH AU A T2 RO [1] [2]. % TEABTHN 0, 400 Wi s) 7 7258 5 Ge 08 BT Rtk & A%
AT 9. SR, FEBHAMEN . 2N SRR AR, e AR R A 43 il B R A RE L
SRECR T AR Z N3] A BN oy i RE B T B R R AR, CRCARR ROE YT B ke
L FE ARSI B A AR RS AR T 4] [5].

WAESR, BTN HOTRE . § RO TR B s T i, O RERE SR, afEa
BRZES J7i[6] ARITITE[T] W58 LA BB FAR T L9156 . Hort, Cao I Roul [91%f %5 75 7 IR
TR AE S 8 04 1 B R] 3 B0 Cattaneo 75 F%, #4138 I 20t 17 56 T2 B SR AR (1 w5 B Bk I o 2 A 20
Kaltenbacher H1 Schlintl [10]7E% A FIFAFE AR T 5t FOFST 1 70 BN BB T #E, JFMidE 13 T 1E 1) @3t
SR AR AR B AR B2 B 1R I TR HE 1 A X

TEARSCH, FRATTER N — 8B 18] 70 U B BEJE e sh /7 78, M3 T AP B ok X 35— b QK it R) L1 25
BRI ] PO 20 B R AE — ks S R SoEE e T B E R, s R BB, RS, A
FIEBA T AR AR e A . B e, 38 B S 90 I R R A QWSS

AL : B2 WA H ISR, 53 WA LT AR, 2B 4L S T RIS T AR IEZE Sk
AMEHAHEX, FAT THBIEIR T, 28 6 Tt TREERITT SRR, 58 7 WhH T BESLIR
B W, B8R T EXEENK.

2. AR
R8N 4 B BELJE B B 5
u, (x,0)=c?u, (x,t)=bDfu, (x,t)= f(x.t),(x.t)e(0,L)x(0,T], (1)

Hrfe>0,>0,0<a<1, “D* Fix Caputo HHI FH, = LW R[11]:

Dy (t)=ﬁﬁ(l—s)a¢'(s)ds.
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u(2.0)=u,(x),  u,(x0)=y(x). O0<x<L,
u(0,0)=w, (1),  u(L,t)=w,(r), 0<¢<T.
EINRAMAETEL, LA
E(x,t)z%yll(t)+%l//2(t), w(wt)=u(xr)—(x0).
0, =0, RYw REFIDRALE, HARTERY
F(x,t)=f(x,t)=1,(x,1).

2

PRl N S R B IR FHE T . AT T, VRERAERECh u , AN [ o TR B EITR).

YIRE A Q) AL T4 u(0,6) =u (L) =0 .
3. MEHENA
3.1. MEEEREF

N N . L T _
Kz 1] s AT [R] R4 x, = ih,i = 0,1, ,M Ml e, =nz,n=0,1,--,N , ﬁqjh:M%Dr:ﬁ I AARIR

WA RS 12 Q, ={x, [0<i<M}, Q ={t, |0<n<N}, &P R E 0
Uy = {0 [0<i <M, 0<n< N LIS AL F7 Y02 515 P 10 2 ] 190 B8 4507
U, ={w=(w0,w1,---,wM)T | Wy = wy, =0} o MfERweU,, , EXNRESFT:

1 n n—1 1 n n-1
5;“’77 W oW ’ V—Vi"*a W tw i
T 2
Sw' = w'—wr', S = wl, —Zuzzi” +w,
i*E h h
MEHCFET

i(w.1-1—10w.—i-w,]), 1<i<M -1,
(AW)Z — 12 i i i+

W, i=0,M.

2
B, X1<i<M-1, ﬁAw,.:[Hi’—z&jjwio

53 3.1. [12]-[14] XA IEHbRE R A ¢ I F kit g, A

1)~ 8\t (4, U
g(n) Tg(n—)_g( )+2g( ):0(1_2)’ (3)
q.(x)-82q(x)=0(7), 4)
Ag, (x)-82q(x,)=0(h*) (5)
3.2. BRARREEAMER
TR u,velU,, EX
Ml 1/2

(”"’)h = h; UiV "”"h z(u’”)h >
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Mk

(5"“;—'][5"‘}1'—1} |u|l,h = (u,u)i/j :
2 2

Bl # 3.2.[12] [15][16] SHfER u,veU,, H

(u’v)u. =h

i

VL 2
(5x2u’v)h = _(u’v)uq > "u"oo s 7'”'1,/, > |u|l,h < Z"u"h :
SIE33.[15][17] HF AU, LA, B (Auwy), =(u.Av),, IH §||u||j < (Au,u), <|uf; -

3.3.L1 B#AR

MO<a<l, EXLIMEa =(k+1) -k k=012, Ma >0Ha >a, . Caputo FH{E 1, kt
L1 BHON[18]

Diw = ——Ya, , (wF-wl?). (6)

ESCERET

a,n——

D, 2wi:l<D:’wi”+Dfm."‘]), Diw; =0.
2

T

A ow KTHFFESeH, WAA[6]
“Dfw(t,)-Diw" = 0(1’2”’ ) (N

5138 3.4.[19) MHEREfRFII ("] A
#ob, WERW U, B

4. FREESHER
4.1. FBNREIL
Lv=u,, WO)RENT
u,=v, v,—cu_-b"Diu_=f. ®)

FERIE R b, b IR SECR BRI 2430, 28 — B S HCR A 022 95, 3 70 B ORI 2
2
L1 A3, 530 AN IR 22 B R &R

1 1 1
oU; ? 2171‘ 2+R1,i2’ ©)

nfl _nfl a nfl _,,,l ,,,l
51 =520 2 b’ DU, =T v R 2, (10)

AU =u(xnt))s V=v(x01) . SEG) @) (DR, AMRIHE
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1

R 2| +|R, >

| +

<c(e+i?), (an

h

W EAMWTIRE, NG T RERORBUER, BRI EE S Ry, R

h

1

i
ou, 2=v, 2, 1<i<M-1, 1<n<N, (12)

n—l n—l z)tn—1 —n—l
Sy, 2=c*8%, *—-bo:D." u,=f 2, 1<i<M-1, 1<n<N, (13)
u?:uo(xl.), v?:vo(xl.), 1<i<M -1, (14)
uy=u,, =0, 0<n<N. (15)

4.2. ME—TTfRE
EH 4.1, 2R 2)~(15)ERE— I 8] JZ M — ] fif .
TR HO)RMW LV, KD, 2uh A TR, WL T W M RS
[2 [, b,
2

)
T

T*tl
4\ =F", A=
h}u “ T(2-a)

Horp 4, -0 SRR ARIEC A, F XS CaE. SHMIREFERE w,

2
q%[+c b4, Ah}w,wJ >0.
T 2 h

WARBUEREXFRIERE, MM " ME—FE . FH12)7MHE—HE V" .
43. BEM

A2 B fu | ARSI, T X

2 P 2

—lu
ho 2

n

2
MAEZE1<m<N, H

1

E"<C, [EO o7 2

n=1

J, (16)
h
B G, 5hy ¢ . BT AT,
1 1
B BA)RET 2 =0u 2 (EESEMAL. FIA

1 1 n 2 n—1 2
) VLTI
25 2| —
é‘tv 7v _—’
. 27

LTI 32, A
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X5l # 3.4,

PLERT n =1, m SKADFSRLL o, 53]

n=1

m( b L
E"-E° SrZ[f 2V 2} .
h
FiA A Cauchy-Schwarz N33, Young A% XA HL Grinwall A%, BIfFAZER(16).
4.4. I8
B 4.3, WEMFu LU0, HEUEVIMERMS E. id
e =U"-u", e =V"-V".

m

e

v

m
+|le,

], s ¢ (2 wm). (a7

UEBA: K5 (9)2UA1(10)x05 51l 5 (12) R (13) Al Ik, 75 2

1
n-— -— n——

n n
2_7 2 2
oe *=e *+R 2,

1 1
n—— n——

1 1
2 _(?5%, 2-bS’D, e, =R, >
X u x~r - o

u

oe

v

HEFE 4.2 (1D, w5

m 2 m 2 < <
elll, *ler],, < Gty

2 2

JS CT(TZ’”’ +h2)2 ,

h h

F{4 FJ B8 B% Poincaré A2 XEIAT15(17).
5. BHETRKRX
5.1. AYEL
RGO NN TAERET A, JERA ShrErs 2O F R ) B, 43 205 Bk R 22 6 &

1 1

1
ASU, > =AV, 2 +R 2, (18)
n*l _}'I*l a n*l —n*l ~n71
Asy, 2 =820, 2 =b5ID,” U, =Af, *+R,,?, (19)
Her, H@OFGS), 7TE
1
R 2| +|R, 2| <C(e+nt). (20)
h h
g WA ZE, 133SI E R
1 1
ASu, 2 =Av, 2, 1<i<M -1, 1<n<N, (1)
n—1 n—1 z)tn—1 —n—l
ASv, 2=c*8%u. 2-boiD,” u,=Af, 2, 1<i<M-1, 1<n<N, (22)
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u.:uo(xl.), VQ:vo(xl.), 1<i<M -1, (23)
uy=u,, =0, 0<n<N. (24)

5.2. ME—TIf@tE

EH 5.1, BEUERQD)~Q4) eI 8] 2 ME— A iR
WEBA: LS ER 4.1 IEW, W' )E, KT o MREEME N

2
c”+bi, 4

ho

2
T_2A+
M52 3.3, AXNFRIEE: RN 4, WFRIEE . Bk BRFEFEXARIERE, MM, 258 mar.
53. e
s w{un] R~ X

B = (Avv) S

1

E"<C, [Ef Y72

n=1

} (25)
h
Kb, 5n. o 8K, FILEBU ALK MRRE .

ER: QR G Y 2 =cu * EEEABL. WSLT A MR,

{ . n_lj Z(Avn’vn)h‘( Avnfl’vn,l)h‘
h

Aoy 2,v 2
27

HAWB A S e 4.2 #F. #1512 3.2, Cauchy-Schwarz %5 F1 Young AZ5:0, w525,
5.4. TS

SEHL 5.3, WHMu £, HEEVIERTLE, R B0 20 2

" hsq(ﬁ*uh“), 1<m<N. (26)

v

m

e

u

+

EB B BB 4 Q2 1D~(22) 5 (18)~(19) Mk, 15 BIAH N iR ZE T FE - 1% 2 B 5.2 MRS E Al 11 72,
FEEEEORBW R ZEM T, 15

mll?
e

2
voln >

m2
#ler]
g

<C; (12’“ + h4)
FFFH B HL Poincaré A4 20 RI AT 15(26).
6. EETHERE

RN SBON T =M -1, RS AR DN EZHFHE L1 JiEiR, IRk 2808
B AT IS ) AR AL B =0 F Ve R G

6.1.L1 FSE it EESE#E
FESS n NIFTAJZ, L1 B E(6) B & T n AN EIG & . 0429 J A28 5 B THSEL ) SR 2 O (Jn)
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VOB B, MR N N R B B SR 3 0(Jn) = O(IN?) o HOUKIE 77,
TS O(N?) o HFHAT SR SR T (RAF A 250 UF UM 1<k < N, O S50 16
%%Oumo%%ﬂﬁﬁﬁﬁﬁﬁ,ﬁﬁﬁ%ﬁfﬁ%MB,H%,ENWEﬁﬁﬁN,E%LH%%@
o T S 4 180K L
6.2. MARNEDHE

BRAERS AL n I3 000 S B B LR 0 JR R 5 o e Bk SRt R R AR,
RN O(J) . T RBUEME SR, WEHSIFENDUMR K. MR ERAT IR T
SEEUH SR 7 1 T S BT

c —1-" 4
12

PR I 825 e B M A 2 22 25 T 0 =t 0 R 5 ) B e, (EL SRS ME S0 O (J) o TR MIHk =t
SRS AR, ¥ O(JN?) LA, O(JN) fPflfit. Wi E 3035 IR BLE 3 MO 7 Rk 514 i 2 W)
P T AR L R, O T DU AR GRS R, 3 T AE R A 2 1A A 381 5 A v ks 2 D 352
2, R AE FURS B LB b T RS 525 P SN ()0 7 S A

7. BESCLE

AR 3 Ik A S SOAIE BT SC TR I BR 2 A R A . AT ERUE R 2, L O

M-l 12
13 :(hz zj 4
Hrh Ul NBUERE, u(x,t,) REHRfE. ASCHUTA R E BRSO ZEE R ZE SR bR, B

n

e

u’ —u(xl.,tn)

en

E, =max,,.y 2

s TR WAC S AR 2 TR AL SR 52 SL A3l A «
E, (h)

E, (h/2)

Ep(7)

Order. =1o s
T gZ ELZ (T 2)

Order, =log,

7.1. FRAERE USSR ISHIE
2 SR o B BE e U B T A
u, (x,0)—u, (x,t)= “Dfu, (x,t)=f(x1), (xt)e(0,1)x(0,1],

4 F 4% 55Uk Dirichlet i1 5 444
u(0,/)=u(1,¢)=0, 0<¢<1,

IR R R N
u(x,r)= (sin(rrx) +%sin(2nx)]tz,

VAT f (x,¢) t_ERAERAARAN T FEAF 2
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N T RGN A SRy, [ A B A (1) 2 R PR A, ol 2 () a3 22 A T B TR) 1% 22 ] DA 220 . B
M = 2000, N =20,40,80,160, 7= %

AR a0 =0.1,0.5,0.9 =FETE, X R AERR I RS 358 2 —a =1.9,1.5,1.1 , X B2 EUE 25 50

# 1,

Table 1. Time errors and convergence order of the standard scheme under different o

= 1. fRERRERRE o THRTEIRZ RS

a=0.1 a=05 a=09
N E, Order, E, Order, E, Order,
20 1.8537¢-4 - 2.4366e—3 - 1.5939¢-2 --
40 5.4498e—5 1.7662 8.7870e—4 1.4714 7.5029¢-3 1.0870
80 1.5881e—5 1.7789 3.1540e—4 1.4782 3.5166e¢—3 1.0933
160 4.6265¢—6 1.7793 1.1279¢—4 1.4836 1.6446¢e—3 1.0965

I A A R TR, B A TRTSC S D o IR/ IN I TR R 206 IR S
It 7 2 ) A% 0 2 [ 20 D/ B T4 . B

M =10,20,40.80, h=--,
M

SF R, HY

HUHSS R 2.

Table 2. Space errors and convergence order of the standard scheme under different «

= 2. INERRETRE o THZEIRE RS

a=0.1 a=0.5 a=0.9
M E, Order, E, Order, E, Order,
10 1.2476e-2 - 1.2768e—2 - 1.4821e-2 --
20 3.0807¢-3 2.0179 3.1327¢-3 2.0271 3.5867¢-3 2.0469
40 7.6780e—4 2.0044 7.7820e—4 2.0092 8.7783e—4 2.0306
80 1.9180e—4 2.0011 1.9408e—4 2.0035 2.1580e—4 2.0243

FIZE 1A 2 W) DUt S50 S RULIN 28 g TR AT S5 R 2 R ST SAB B4 42 BB W S, 8IE 1
Wt L £, =0( + 1) .
7.2. REARTUBSE T IE

ABGIEIERITTRE . TSRO I g 220 S5 A A sREE B ) o 1 S B E SR B0 s A g TR S5y
B hRit s 2 F R A, 23R o = 0.1,0.5,0.9 =FiE T, Xof 8L A B 1R I [ WSS 43 33 A9
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2—a=19,1.51.1, 'EE0E AT )5 2 FUOUI S W& 3.

Table 3. Time errors and convergence order of the compact scheme under different o

3. EBURREARE o THRTEIRZE RS

a=0.1 a=05 a=09
N E, Order, E, Order, E, Order,
20 1.8527¢—4 -- 2.4365e-3 -- 1.5939e-2 --
40 5.4407e-5 1.7678 8.7858e—4 1.4716 7.5027e-3 1.0871
80 1.5790e—5 1.7847 3.1528e—4 1.4785 3.5163e-3 1.0933
160 4.5366¢—6 1.7994 1.1267¢—4 1.4846 1.6443¢-3 1.0966

FERE I T I SR s ER A B, =0 +4*) A T W NI R 20t 4
KCSMT I, IR e A KB KA, e ShY, B

M =4,8,16,32, h:L,
M

22 1) 77 1) AR B801E 1 22 AL I Wi S5 L5 4

Table 4. Space errors and convergence order of the compact scheme under different «

= 4. BBERETE o THZEIRE RS

a=0.1 a=0.5 a=0.9
M E, Order, E, Order, E, Order,
4 9.6679¢—3 - 1.0140e—2 - 1.0685¢—2 -
8 5.6248¢—4 4.1033 5.9099¢—4 4.1008 6.2393¢—4 4.0981
16 3.4608e—5 4.0226 3.6320e-5 4.0243 3.8371e-5 4.0233
32 2.1576e—6 4.0036 2.2611e—6 4.0057 2.3900e—6 4.0049

123 A A4 s RIC AL IR AL E,
7.3. VA RBE T HEEMYIEIE
92 B TN AR G HE I )47 A B S, B
u(x,t):(sin(m)+%sin(2m)](t2+t2‘2),
FEREH, [ M =2000, BN =20,40,80,160 , 455 W% 5.

PR SRAE 59 77 TR Af N VDRI ARE IR ZE TR ss, HAEM 2 a i R RZLPARIE, il
I ZR R AN B X T a=0.1, W EDEEHRKZ 1.8 ER2) 119, RUVIIG S 7 %

O( +h*), SHISCHERAMHT 5L
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2B B §H 20 L1 A8 B S RS . ST o =0.5 Fla =09, W52 1.45 F11.10, {0
2—a . B, 20 553 AR AR RSO RS 2, HAERUN o TR REH BRI iR AL, X 5AEEH

B T8 L1 7k ©RIRHIE—E[20].

Table 5. Time errors and observation convergence orders of the two schemes under weak singular solutions

5. SHE MR T MM AR E)IR 2= K UM S

FrifEds %
a N
E, Order, E, Order,
20 3.5269¢—3 - 3.5269¢—3 -
40 1.5840e—-3 1.1548 1.5840e—-3 1.1548
a=0.1
80 7.0118¢—4 1.1757 7.0119¢—4 1.1757
160 3.0843¢—4 1.1848 3.0844¢—4 1.1848
20 5.6373e—3 - 5.6369¢—3 -
40 2.0627¢-3 1.4505 2.0623e-3 1.4506
a=0.5
80 7.5468¢—4 1.4506 7.5433¢—4 1.4510
160 2.7643¢—4 1.4489 2.7608¢—4 1.4471
20 3.3588e—2 - 3.3587¢2 -
40 1.5825¢-3 1.0857 1.5825¢-3 1.0857
a=0.9
80 7.4248e—-3 1.0918 7.4243¢-3 1.0919
160 3.4758e—3 1.0950 3.4753¢-3 1.0951
7.4. PRFERBIBURE ST
YRR b TR, T
f(x6)=0,  u(x,0)=sin(nx),  u,(x,0)=0,
B
a=0.5, c=1, L=1,

FRAZFEHR, 4 M=200,N=1000, X b»=0,0.1,0.5,12 . &XBEHEHIAE

B 1A 2 g b S AR AUH A HURE 5 6 45 s TARIEE

2
2 ¢
Ve +—
b2

.1
_5|

B p=0K, RGMRFLRESEIRY, PEERATE. MAENLE )G, IRIEAYIGE 21452
Bk, b=0.1 NAEE SRR EEIRY, b=0.5KREEDIEN, “b=1Mb=28, FEMBELE
THEX ] AR, SIE T e 18 hA st AT A . 1S IH b AU A R FERGRE, B2

B EIPIE SN
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ANFIFRJE R ECT I A B

u(1/2,4)
o

1 !
0 0.5 1 1.5 2
t

Figure 1. Midpoint displacement under different damping coefficients

1. NEFRRRH TR R

ANEIREE SR ECT A L AE

1.2

0.8

04r

O L 1 1
0 0.5 1 1.5 2

Figure 2. Discrete mechanical energy with different damping coefficients

2. FRIARAY THI BRI AE

Table 6. Characteristic quantities under different damping coefficients

F* 6. TNERRAB THHFHIEE

b ming,.,u(1/2.¢) u(1/2,2) £(2)/£(0) Y %
0.0 —1.0000 1.0000 1.0000 0.500

0.1 —-0.7013 0.6248 0.4453 0.520

0.5 —0.0236 0.1816 0.0502 0.722

1.0 0.3222 0.3222 0.1039 -

2.0 0.5214 0.5214 0.2724 -
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8. &t

ARSI — I 18] 73 B0 L JE e 5 77 A M3 1 i 22 20 A% UM DU B B B0 20k 5o B 0 2

%ﬁ%ﬁﬁ%*ﬂ%ﬂ%%#%%,ﬁﬁ%ﬁ%%O@”+#ﬁmﬂﬁﬂmﬂoﬁﬁi%%%ﬁﬁ%é
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