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Abstract

Probabilistically constrained optimization problems (PCOP) have wide applications in areas such
as renewable energy dispatch, financial risk management, and network optimization; however,
their nonconvex and nonsmooth nature brings difficulties to numerical solution. Based on the idea
of smooth approximation, this paper proposes a class of smooth approximation functions for the
characteristic function, and discusses the properties of two specific functions in this class, including
limit approximation behavior, monotonicity, convexity/concavity, and infinite differentiability.
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Using these two functions, a program implementing the sequential convex approximation (SCA) al-
gorithm is developed to solve probabilistically constrained optimization problems. Experimental
results show that two test instances perform excellently in computational efficiency (with very few
iterations), yet the convergence stability depends on the selection of the smoothing parameter. This
finding provides new insight into the construction of smoothing functions: in numerical algorithms,
purely higher-order “smoothness” may not necessarily be better.
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1. 5|8

VP2 A EEME R SEER AR, Wop e ) RG R FE R R 1]. FE 3N 45 rh (1) i 2 5 A Ab R 7] R 2]
TR B A 3] (4] KE RG TR RE[S]. B ULHAC 0 fE[ 65, 35 mT G A5 k26 29 J AL AL 7] /@ (Proba-
bilistically Constrained Optimization Problem, PCOP). {EIXJS[n] A, ELR — 4 KE ML o [5)B 4 35 A2 1 HE
REDEBAENBE K 1-a (B a=0.01,0.00550.1).

KA PCOP (1) RAE 3= BRI LR 7 1. MEZE L ek B R i = B RIA . DA Tl

BExr BRI A, E AR T 2 MO LR MR TR . AR ST AL U5 R [7]-[ 10738 i 4 3 0 e 2
7(x)= p(x) KL MR L0, REMTEEFE —UATR7] 2R E(CVaR)ZZ LA 8]F1 Bernstein I 1)
[9]. #RTT, X757 ki K Rers B i B AR AT g, HATAE 5 225 B) Boole A5 FUIG B G MEZR 2001
SRR A RLR, SO TR .

TR AS &2, Hong 28 A [11]3H T D.C. (Difference of Convex functions)¥T {475, FIH D.C.
B 7 (2,0) = w (z,0) — (2. 1) RITANRFAE R %5 Lo,10) (z) o ZTTIER MR LR R BOE DU A R B 22,
B 7 41 ™M el (Sequential Convex Approximation, SCA)RIER . SR, 1% D.CUTLER HZ A6
1, SRR M AU T B R ANME

FEULEEA |, Shan 55 AN[12132H T —J06IH s BCRIE URFIE R 2, IR 1A LR T8 30 B i)
5, T Sigmoid B[ 13]. CHKS Yeig Al sk #1418 D.COL MU i 4k 442 . LA Pinar-Zenios
e R L1518 D.COEARL T AR gR B TR H

AAE FARBEFUEA B, 3R T — T ADRE IR B — B, IR T AN R 1 2 St
R, TR PNRE RN SCA FENESR #HAT U 250 . 5 DMER FOM 3 TR 38 R BN [R], A R
WX PR R AR N SCA FIEHELE AT KRG EUA T, | 1T “BIOGIEME” 5 “BUEfErt” ZEw]
REAEAE IR R &, il R B BT R AHE 13 LA

ARG AR 58 2 4 R ARG i AR G R s 2B 3 T IR AL AL
FEE A BARERG], AER MR, o 4 RS EUE SIS R, S WA LS.
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min f(x)

xeX

1
s.t. Pr{cl(x,.f)ﬁO,---,cm(x,é)SO}Zl—a W

Hrf, xeRZRERME, XcRZEMNE;, ERZHEENZCR WM E; R SR A
¢ R S R(i=1-,m)BRT x FIESW N KA 0<a <1 NEGERINKIKT.
iﬂc(x,é):max{cl(x,f),---,cm(x,f)}, W e(x,&) KT xR 11]. E SURHIE R %L
,z>0

LR SR A
p(x) = l—Pr{c(x,f) < 0} = Pr{c(x,?,‘) > 0} = E[I(O,M) (c(x, ))]
THRIE() A S N
min /(x) @
S.t. p(x) fa

Hong %5 A[11]#2H T RME B (Q2)/ D.CIT . 4
+ | [—
v(z0)=[r+2] (=) =[] |

Hdr>0, a" =max{a,0} . )E”Jﬂ(z,t):w(z,t)—¢(z,t)z%%ﬁ|§l%lﬁI(OM( )EI’] A D.CARSFIT A 11]. FE
T, MR p(x) WL RN

ﬁ(xg):%[m[z+c(ag)]’—E]

/q‘r\gl(x,t):E[t+c(x,§)T, gz(x,t)zE[c(x—i-f)] » W p(x,t) [gl (x,1) gz(x] T 7P
e>0, Q) & -ITALF R A[11]:

min f
xeX ( ) (3)
st.g (xe)-g,(x)<ea
T g (x,¢) Fl g, (x) B0meR B[ 1], @ 3)2 A D.CIEN. SCA FFHE B UK T 7] ok
I KKT [ 11][16] X TREZER ye X, &M i
mi)l{]f(x)

: (4)
st. g (x,6)-Vg, (y) (x—y)<ea

SCA FLHEMHIIA TR x, R, TES k B3R T I RE(8) (I y = x, )35 x,,,, ELEWE KKT &4
[11][17].

3. — BB ILR B
3.1 KRIEINREEIEX

UL 4 g Rx(0,400) o R, ARG RS, 7 (2 p0) oA
(1) MEE x>0, ¢(Z /J)?%{FZGR AT
(2) lim ., #(z,u)= 1(0,+oo)( z)(z#0):
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Figure 1. Approximation effect of ¢, (z, y) under different values of u
1. ¢(z.u) TR 4 THOBIEA R

PREL ¢ (2, ) BAWH AR

(1) PR . 24 z<0 W, tanh(z/p)—>-1, arcsin(-1)=-mn/2, # ¢ (z,)>0: ZHz>00,
tanh(z/u) > 1, aresin(l)=n/2, 8¢ (z,u)>1. Blblim, 4 (zu)=1,.,(z)-

() 5% . BT tanh(z/p)e(-L1), arcsin(-)=e(-n/2,n/2), W ¢ (z,u)e(0,1) &5,
¢ (0, ¢) =1/2+arcsin (0)/m=1/2 .

(3) i BT tanh(-) M arcsin(-) N R BB C” BWEL HE)G ¢ (2, 1) KT z RIEFFH A HIEI(CT)-
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Figure 2. Approximation effect of ¢, (z, y) under different values of u
E 2. ¢,(z,p) EARE 1 THIBIEHR

BREL @, (z, ) HA U RN
(1) MR . 2 z<0f erf(z/(ﬁu)) —>-Lg, >0; Hz>0K erf(z/(\/zﬂ)) —>1L¢ >l
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Q) HHSZEM. 4, (zu)e(0,1), ¢(0,u)=1/2.
(3) . RERECN C° BB g, (2, 0) KT 2z REFTH AT,
(4) HiEE.

%_ 1 B z*
. —\/ﬂyexp[ 2#2]>0
(5) I

¢,

2 _exp| - =

o2 - \/E/f P 2#2

Hz<O0, —z>0, S AIEG):; Hz>08, -z<0, S HNAI).
(6) KT p WM.

o¢, z z*
75_2__J55uzexp(_2ﬂ2]
Mz<OW og,/ou>0, Hz>00f 0, /ou<0, WiEE X 1 HIFKIHET).
ME T RIE 2 WTRAE W, PSSR LT (0,1/2) ULRERR,  Hop 8RN, R ORI R AE R 2
Loy (2): 21 =000 0, PIFJLTsR R EE FRAERE: = 0 HORRS, JPEXIEHR %, Mt P
o XIS 8 S 1 H AR BR A% A A0 SRR 1 R — 3

4. BUESCIE

Hong %5 \[11]#&H 1) SCA BVEL H 1 RN LR IR B — KRB BOEE . A0 E— 14 H i
PRSI A RR B3 RN SCA BVEHESE , T SRR AR L0 AL o) o DA B0 P A BRI S B i B 3
B, DA 1 JEEOER L0 s I U S, USRS FE R 1 A S s M 25 7 T o R M e AT
RGVEAh

FF AP CHE R B, BAIg ) 7RI SCA Bk MATLAB FER[17]. fESEMEE— KR
o, M MATLAB fi46 T BAEH 1 fmincon BECRAE ™Y T 10 #(R), FHRHFEATIIELUSAA) T2 4b B
WS . AH AT I HEFEF7E Intel(R) Core(TM) i7-6600U CPU @ 2.60GHz (2.81 GHz)#1 16.0 GB
T ENLE, i MATLAB R2023b 5% /.

A 1 VSRR L AL [ 11]:

d
min - )" x,
j=1
22,2 L _ 7
s.t. Pr zeﬁ.jijlOO,l—l, mep2l—-a
j:

x,20,j=1-d
Horfr & (i =1 ,my j=1,0,d ) BSR4 A7 () b o IE 25 BEALAZ 5 o pl X BR PR T R, R AR AR 5
==X Md=10,m=10,a = 0.1, FREARMEN (2.082,-,2.082)" , BRI F-20.82 [11].
4.1. BUELER D

4.1.1. WSEIT AR
3R TSI BB 1= 0.001 I}, —UGB4T T Ui £k .
MIEARIKECE, 656,20 3 ] 5 ALk, WSORERR. (X PR SO F——e R E
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Figure 3. Convergence curves of the two smoothing functions under x =0.001
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Figure 4. Boxplots of optimal values for the two smoothing functions under x=0.001
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(1) ¢ (z,p) WIFEARELBE, FRUEE N 4.166.
(2) ¢, (z,p) WIFEREE, PRUEZN 2.614.

4.1.3. FElFER RIS HT
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Heh=0XNIHMS y, ¢ =T SRR X, -

— YR x10* YRR
-19. ; — 0
IH 4 c(y) = -1.94e+02 (7747 -
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Figure 5. Shape diagnosis of the SCA subproblem objective function and constraint
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] S(E) R % SRR TP ML 2R, (1) FEREAN 2 21X 1) Y 49390 2 c, (1) < O BIi% 07 1 52 4
FAU AT AR, B AR B (1) W T RS, BRI TR B TR T e
B SCE) BB B MR AU LT 54 B, 80 [, —x, | ERUE BT RS AR T i
PR M K. SRR, EEEMR T 0 AR I AT T A e R AR M NG, T
W7 ] A BRSO 5 R B, SCA 71 B0 52 0 A 1L R ANt B P B 30

4.1.4. KKT 3B EiSH

RS AN SR S RAT N, A SRR R FIE SR T A 25 (fmincon) iR [A] ) KKT 72 (5 B, 47
A B A AR TR T ) R S AR A

Kl 6 J&n T KKT 4R Z (R A A7) S5 H b of BUE BGRB8 . S5 BoR, HARREUES 2 Ik
RS TRRE, BAIREE/NT 1073, (3 KKT 5RZERAAER @K TS, REEREDRSEE. X
P BRI H bRAE AR A Bl /IN T 28 1k, AH 11 2URT BRI A B IR 2 1 1) 8K KKT 4 ——HiE4F 1k
T—AEUE B PR, MEERIER SRS, TR EUE R AR T B R E I B R
Ao

DOI: 10.12677/aam.2026.159374 77 I3RS


https://doi.org/10.12677/aam.2026.159374

FifgR, fEuker

—O— KKTH %=
—B— HirEHHE

i
Q.
T

=16

KKTZZE (i 4%)
ERINECIR

107 [

3 £22
1 2 3

ESAN/¢
Figure 6. KKT residual and objective function values

& 6. KKT 3% =5 BirRHE

4.1.5. SEHBMES

F 7 R T WA REEARTE R, % 10 RIS PR E R 2 . B o] LS H
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Figure 7. Parameter sensitivity curves of the two smoothing functions
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4.2. BUELR
TP TS REAEAR NP R E AR

Table 1. Mean optimal values (standard deviations) of two smoothing functions for different x

F 1. BOABRBEARE ¢ THRHRMEGEE)

H ¢ (2. 1) ¢ (z,1)
0.001 ~20.330 (4.166) ~20.723 (2.614)
0.0025 ~21.847 (1.163) ~22.253 (2.493)
0.025 ~22.388 (1.241) ~20.725 (4.408)
0.05 ~21.560 (4.167) ~21.901 (0.807)
0.1 ~22.391 (1.694) ~20.637 (5.498)

4.2.1. XBMESREEERANE

FRHAE LR T —AMEA R R . A ST H I 26N iR BB AR A A B O T
(C*), {HE SCA FLIEHELL N E R P H 58 21 ) S BUBUS M RIS SR e 1

AT, A B R S8 S A SRR, Ahib “BUR” o XFPigit BARTE
HAG SR T BRI A, (HE BB SEE P A S8 SCA T B A AT L T BRI . Mkl
Hp TEUR AR, SRR Y “— bkl sk” 8 “RAEDR , NP ER s E K.

X—WEER: (EAIE TR SR OGSk R, OeiEtE” W AR IR AR ST . SR
B 1 AT RE A SR B AR SE T o 38 24 51 N T4 X s R [X (B 7 52 5 S5 s A B s T %), i
BOT Rt BB, TR
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BERERS Y2 AP ZEAR LRGN . B g o, SURBREMEIE 1 (rpe) B o 0N B R, 7 RGE X 9 N
O(u) o % 3t /N, SAA U REREEN I IS ¢ (o, &) FOREA M TR S HERL I — A TSt T X, 5 B0l
RO A R A2 FIRIZUE (L, X —H0IE SCA bbb, RATIUNIRIILEY. % 1
1= 0.001 I KB UM FFAERE(4.166 Al 2.614) 88 KT 1 BOKIHURTE, 5 Fib o, X aRw e
SYEI T SHAZRAMITIL, /N o BT EE Y, KT AEHOR SAA 175 1 5 T A
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ASCERE T I AR IR LR R — O, R TN IBURRG, A5 IRER BT G
VT AL BRI B ) A BB R 0T o B0 S50 DA ML) 1 YRR3R 9 AR R U B4, P ANRRBIE SCA B
FEZE R BEA TR . EEL R R

(1) PINBRBAET SRR BRI R, AR . WEEFRRIERAERE, ¢, (z,u)fE
= 0.025 BRI AE(H-20.82 M ZEN 0.095), ¢ (z, 1) 7E = 0.001 B LI (% 0.490).

(2) PINEREEIE S8 p S FERUR, FERGMIAS A sed 2B AE M RE, H % BAAEA RS ES
X [] o

(3) LIRLE R R, KRBT 5 SR AL AR FFAE TR FE T, BARSE & T B, (H2
ATREHI S T SE BB AR E—— R I E B B E, ARl R EBOR, U B EAT 45 RIS W i .
KRR TG R BRI 5 CBUETERR” Z R E A fERERET, AR
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