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Abstract

This paper is mainly concerned with the generalized Riemann problem with delta initial data for a
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simplified hyperbolic system of Helmholtz equations. This model can be derived through the simu-
lation of a thin convex lens in geometric optics under some reasonable simplifications and assump-
tions. Since its original Riemann solution contains Dirac delta shock wave, it is natural for us to
study its generalized Riemann problem with Dirac delta-type initial data. We study the interaction
between the Dirac delta shock wave and the vacuum state by locally perturbing the delta initial data.
In this work, we employ a special set of initial data consisting of three piecewise constant states to
approximate the Riemann initial data involving Dirac delta function. Then, we study all the possible
appearing wave interactions by employing the generalized Rankine-Hugoniot conditions together
with the over-compressive Dirac entropy condition before we constructively obtain the global Rie-
mann solutions under this special local perturbation of such initial data. Finally, by letting the per-
turbation parameter tend to zero and taking the corresponding weak limits in the sense of distri-
butions, we eventually obtain the global solutions to the generalized Riemann problem for the sim-
plified Helmholtz equations with Dirac delta-type initial data.
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