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Abstract

Bose-Einstein condensation and the quantum Hall effect represent two prominent areas of interest
in modern theoretical and condensed matter physics research. The construction of rotating frames
provides an excellent platform for the study of Bose system bridging the two. This paper focuses on
ultracold Bose gases and establishes a specialized rotational framework using harmonic potentials
and rotation, yielding a Hamiltonian model akin to that of two-dimensional electron gases in a mag-
netic field. Utilizing the Landau gauge and specifically approximating the lowest Landau level, the
study investigates the influence of interaction coefficients on the ground state energy and wave
function of the system through both theoretical and numerical approaches, with results presented in
dimensionless units. The findings indicate that under weak interactions, the system’s ground state
resembles a classical Bose-Einstein condensate. As the interaction strength increases, quasi-particle
excitations emerge, with an observable roton-like excitation spectrum using the Bogoliubov ap-
proximation akin to superfluid helium-4. Subsequently, further escalation of interactions results in
the formation of vortex arrays, with the number of vortex array closely tied to the interaction coeffi-
cient and their size dependent on the rotation frequency. Finally, under strong interactions, it is
conceivable that the system will enter a highly dense state of vortices, when the number of vortices
correlates with the particle count in a specific magnitude relationship, a quantum Hall crystal phase
is anticipated to form, potentially exhibiting fractional quantum Hall phenomena. This provides a
new approach for further research on quantum vortex physics and quantum Hall effects.
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EHOEA EER R I[L] [2] [3] [4]LA K3 - % K #T3H %E 2R (Bose-Einstein Condensation, f##% BEC)
(5256 % SEPLS] [6] [71 [8] [91LASK, ¥4 T M EE Aol i Ay & 7B = I ATy . A R T IR AR,
BN E NG, KA 2 MR AR />, R, A% B AR K, B R AH T 14[10]. i#id Feshbach
FARGEHEAR, FTLASEIR A JEF R0 B UERRAE, BRI R F IR AR v — A BT A &,
FHASMET RG[11]. +HFk, BERTFZERTETERE. BT IESE TR, B PRENE
SR, AT S P B R OU -t A, I RO & S U B o Wt SR G B T ag
712,

e B AR ORI AR H I, TERERAEZE S WA R T = AMAT N, R ITH
VIE SR A A . WAEEE, KRE, BlEEEE, R RN, HE L FHEK
W, R ARG T — AU IR RAE S, AR AT RIRER T BT ARG 1Rt L
T —RRIT. L, W IR0 — EA AN = i s AN R ) A P R A b i) —
Yeda A, DASZELHE (0 RRAR 1 B 1 2B JR 50N A0 A0 I 470 S5 (e AR LR AH . o, R RRAE B T 24 B (1)
Richard Fletcher 25 A\fE 2021 AE ¥ SE5G b D) SRBL 1 ax F AR [13] o 2N RS G2l I 1 45 ) AR 1 AN o E
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BTN BEC ek, 44 HBR il 75 55 fIK WA e 22 (Lowest Landau level, faiFx LLL)H, J8 i B 1 AH
A FH 5 R RAFU AR 42 5 G O A AT N o B, %/ NELEE— DA WIE RS T B FE 2R T4
SREN BN 12 e e JEREE — FO SR TR A B AL 2 JFIRSE, I BRI AR RE AR e e A 5
B, ARV LS B ar W IR T s g, JFREZ T TN R T R A S B [14].
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ASLUGE A BT T Ak, 2l & BEAR AN BT AR FI AN T AR 7 (2 87 50 B 25 AT
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AT BRI ek R, AT LS B —4E QA RS i . 3 P SRIRIX N IS S fE, RS
WORSRZAE BT IO . AR MR TER R TR, WRUREL, et LT HA
TER, HIREI s AG 25 70 Sk A i iR L BRI g o JIROME FIAEAS B HoRE T BROIRES B A A S o B O
R IF RO BIE RS, X TARRERSOL, I8 R RE S IE D bR BRI T LR AT A R . 488, A&
A S WL [ AR B A e UK, EARSS AR AR RN, I (0 2R 02 AR (4 30 (0 52 D AT BELGE 3R
PR R T4 G e A2 BRE T e iR (kAL BEAE A ELAE N W Bl — € Mok, S BUE TR i B
JEA SRR I BEE 51 o R, e FERAR AL, 2 A JRe R K /IR L
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Ilkti%ﬁﬁT%?FHfE’Jﬁﬁiﬁﬂ BRI R B A B R T
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X, by FRAS (n k) RS 3 FARBE RS, 7T LARIR B 0 IE AL, AUUEER LLL J&
T A, ETHiﬁBﬂE&frﬁE’]E*ﬁFE PRI, AR ITE G pR R] DAiE— 2B ROR
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+k
Y(r)= (\/,LJ kzy:b exp{ ( ) +ik y} (19)
KB i) T IR A1) N BT FE(LL) s RIS A (AR 7, XIS 2605 K, I EH B AR — G 3 W
kz +q)2+
H :kz 2y Ty Y gzst kzp:q [p q q J/Zka +p+qbky qbk +pb (20)
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fi = |Cii |/ZC;Cii (22)
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bi [ ) =N fye™ %)
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L, f,e[01], 6,e[0.27], {k.k +p+ak -aqk +p}ek, {fw+mq,nyﬂ,fw+p,ny}ef",
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AR, AU H1 7 OB S mEE . B 1 A T A B B oy B AR BAE ) R« AR, M0
HhnE) 1.23. 1.36 1 4.92, Aotz WA AN N =My, RIFRMUA S, e XEN=HS.
£ 0~1.23 X3, &ERSHIEN 1, KFmebtRERIRS b, RIORE S, &M BEE 57 K
B, BATH XA ST X o XF T 1.23~1.36 XI5k, %85 $0BE A BAFE A REON 1 IF U628 2 M BRI
ERE T4 R ZHAPIREEIRAE k, =0 4k, RA DA, fEiEIT 1.36 ALEER LN 0.92, Ky S2
Xid. # 7 1.36~4.92 X%, HERSBEEEN 0, KT /MO PR R e Eui Rk, idh S3
XIdo XTRT 4.92 XK, BRI EPH o BWIEAC, O BER D HOe 2 BRI FIBF 80k, 1 S2 1
TEOUANE [R5, BWOR AN 7850 1), e XIERESR 7 B8 /N T 82 X3, HLBE « HOSGIZ T TR 15 2 45t
FXBIAR ARG REER/AMES ke BIAARR, MWTAHBAEHIG, e E s/ MES ke X, wlE
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o, A B LR TR E, TR IEEL E B o R ORmIIG N, iR e 0 2 R] PR R B AR AR A5 oK

DOI: 10.12677/cmp.2024.132004 25 RSV R


https://doi.org/10.12677/cmp.2024.132004

e, P

T, TG AT “ T BRI XEF SA Xk, A TR IE DR ATEE, (iR SIEE—51)
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Table 1. Energy optimization (minimum value) solution result data for different interaction coefficients
# 1. TEHEERREE « TeEERMUBENME)ERKE

K Emin kc f, f, f, 6, 6, 6,
0.00 0.00 0.00 0.0000 1.0000 0.0000 0.00 0.00 0.00
1.00 1.00 0.00 0.0000 1.0000 0.0000 0.00 0.00 0.00
1.22 1.22 0.00 0.0000 1.0000 0.0000 0.00 0.00 0.00
1.23 1.23 1.59 0.0296 0.9991 0.0296 1.57 0.00 1.57
1.35 1.34 1.60 0.2087 0.9555 0.2087 1.57 0.00 1.57
1.36 1.35 0.92 0.7071 0.0000 0.7071 0.00 0.00 0.00
2.00 1.77 1.02 0.7071 0.0000 0.7071 0.00 0.00 0.00
3.00 2.37 1.11 0.7071 0.0000 0.7071 0.00 0.00 0.00
4.00 2.94 1.18 0.7071 0.0000 0.7071 0.00 0.00 0.00
491 3.45 1.22 0.7071 0.0000 0.7071 0.00 0.00 0.00
4.92 3.45 2.04 0.5185 0.6799 0.5185 1.57 0.00 1.57
6.00 3.95 2.13 0.5265 0.6676 0.5265 1.57 0.00 1.57
7.00 4.39 2.19 0.5324 0.6581 0.5324 1.57 0.00 1.57
8.00 4.82 2.24 0.5382 0.6486 0.5382 1.57 0.00 1.57
9.00 5.24 2.30 0.5401 0.6454 0.5401 1.57 0.00 1.57
10.00 5.64 2.33 0.5440 0.6389 0.5440 1.57 0.00 1.57
11.00 6.04 2.37 0.5459 0.6357 0.5459 1.57 0.00 1.57
12.23 6.53 2.42 0.5477 0.6324 0.5477 1.57 0.00 1.57
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Figure 1. Diagram of the variation of number of component (NumCom) and condensed fraction (ConF) changes with
interaction coefficient «
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Figure 2. The relationship between the minimum system energy (Emin) and kc. (8) x=1.22; (b) x=1.23; (c) From bot-
tomto top: x=1.35, 1.36, 1.37; (d) From bottom to top: x=4.5,4.92,5.5

E 2 RGeEERNMEEMIn S ke 8% FK. (@) ©=122; (b) x=1.23; (c) NTE|IE: ~=135. 136, 1.37; (d) N
TE|E: k=45, 492, 55
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Figure 3. The density distribution and the phase distribution plots under the different interaction coefficients « . Density
distribution: (@) x=1; (b) x¥=1.3; (b) x=4; (b) x=10; Phase distribution: () x=1; (f) «=13; (g) x=4; (h)
k=10

E 3. FEHREERRY « THEESHMBLSHE. BESH: (@) x=1; (b) x=13; (b) x=4; (b) x=10;
MBI TR: () x=1; () x=13; (9) x=4; () x=10

X3 S2 5 S3 A —ANEEN A, XA ML, BTGk, =0 & b, ERAEZE, K
WRFMHS, SHARRELES, RPHELORMAE. RIERARENZ5E, 6,0, FILmTL
LSRR 43 (0 AS T AL A SR C-4 (NG 30R[20], B b =by =Ny, Ny AR RGEEERA K, =04 LK)
BT BB W Ny = N[ o AR B BRI P A A I B4 1T LA BBt S A AR B0 0 4 (R T R [21],

b, = /N6, o+,

bl = /Ny 6, , +b!

s#0

R LBy, MO /NE, AR B REITUNTAR ELATE FH 10 O Y

(25)

ﬁ%y ky :kCS o E%‘/‘ﬁ;zﬁﬁ‘y
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INg BISEI7 BURIPY T T, 2 He /N, IR (20) ) AT S A
H Boguliubov = EO + Z[(Z (bsTbs + b:rsb—s ) + ﬂ(bgbjs + bsb—s ):| (26)
s#0

K, B, =kN, a=sKke/4+2e g, e BRI T 7 AR S o R R BEAF
W) SR 7 AR AR o AV K AT b 5 2 3% 42 Bogoliubov 45 i [22]

b, u, v\ d
AR ) @
HEX A, [EIRGHRE

21,A2
E=%+§{Q—K@eﬂ%—g—i§J+ZQdm (28)

s#0 4 s#0

AR T

1., - —s%kc?/2 ’ 2, -2s%kc?

e, :\/{Es ke +2K(2e / —1)} —4x% (29)
b, TrRR@8) P I Eg ARGFESRER, FUUNESREMBIEIT, 5 =BUHER B
HAREE Eo 5 kLK, SHEAEH R, RIEL, MESREEIEWNT 5 kA%, Bk 05105 4(a)
FR. WTLAE M, W TRARYE, B A AR RE e N3 1.225, R RN RA BRI R =45,
/MBS AR EAS, IR BT - 14 4(b)2 7 FE(23)45 1 Bogoliubov # % 1%, 24 x =0.65
I, AR BUE T [11], Beilah e 5 KA MR BLAE F B B iR fUE & IR A 4 281023] [24] [25],
WO RE R DU AN ky R IR 2R eI K, IXANRIE IO TR . AP SRR FREARR, AfE
AR HARE PR, R TG USRI IR RGBS RECREEAT . B K I, Ak
HILPI R, BB IR KA, A5 I ME . Ferh AR T i B AR FR y maxons, R/ MEALFR
TETWOR, e TR AR I 55— Fh TR, e T 2 A) AT DA I A2 #6757 AH ELOGIG, AT 32 S AH ELAE
FIHE R G EARAT NI SCIC[26]0 7E 0 =1.225, 58] MIFHET m, fEk, =1.64b, JLAERHACA S H A
AOAEAETE, WFRLT = BRI, SR, MAH B Rl 1.225 2 )5, HOMKRREE & REHL
IXFERFE THORAE T RO R ARER, REBRGEMEIR. K 4(0)4 h Mf e 5T E BUR AEAT
HAERIEREZRE ky 1204, (£ & >1.225 1, XAERATE RS @R 2. &5, 1€ x> o, 753
WA Fa € 9 Goldstone 4337 k, =0 ATk, =1.33 .

BB A TLAE AR B 2RS0T, BERAE k, =0 B> ©AE 2, Bogoliubov I fBl77 AL FF AT
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