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Abstract

Linear Discriminant Analysis (LDA) is a classic linear dimensionality reduction method widely used
in statistics and machine learning for extracting discriminative features from data. However, as data
scales rapidly expand, a large amount of data exhibits complex nonlinear characteristics, making
it difficult for traditional LDA, which relies on Euclidean distance, to fully capture intricate data
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structures when processing such data. To address this issue, this paper proposes a Linear Discri-
minant Analysis model based on Euler representation (Euler-LDA). Euler-LDA leverages the ad-
vantages of Euler representation to map data into a complex space. By utilizing the geometric prop-
erties of complex numbers, it more accurately captures the nonlinear relationships in the data,
thereby significantly improving the algorithm’s applicability and classification performance in sce-
narios with complex data distributions. Furthermore, this method demonstrates strong applicabil-
ity and superior classification performance when dealing with complex data distributions. Addi-
tionally, by further increasing the inter-class distance and reducing the intra-class distance, Euler-
LDA effectively enhances the accuracy of feature extraction. Through these mechanisms, Euler rep-
resentation can more efficiently handle nonlinearly distributed data, providing a more reliable and
precise similarity measure than traditional Euclidean distance. Comparative experimental results
on multiple databases show that the recognition rate of this algorithm is significantly superior to
that of traditional LDA and its improved methods.
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1. 3]

TE(E Bl K RIS, 2 BRI A BUR IR BRI P52 it 7 8 B3I S8, K
B A R T 4R S ), A b B 22 24 00 1 R 4 4 (Dimensionality Reduction, DR) [1] 45380 1 1%
OBkl FERZ BYEE LT, 4 (Principal Component Analysis, PCA) [2]1 & &5 45 4 5 (Locality
Preserving Projections, LPP) [3]% %2 %1 . PCA BTEFHK ML MR, SRMFEA N /5 2 8 /Mb i
W2 T LPP M@ i A% Laplacian BIREFETHE S AERE, 0 SR 06 200 sO e 205 0 2= ), [ B (R 35 5
GEECH 5 R B R S R 0 — B, TR ARIERAS B OREE . SR, IX PR T VR A 7 A B B
SRNUPEIP IR NS

2340 51 43 M7 (Linear Discriminant Analysis, LDA) [4]& —Fi B 0 e B R R 4ERoR, B R SRR 1
FIRVREAE, Ik TR —PRERVEWLST, 78 FRARYE R I R B B KA R U 58 B L . R4 PCA.
LDA F1 LPP 35 & T AR 47735, A EA MR B 2 2o Ve vT 40 1, T SEBR B 18 RN = de . 2R
LA, ARFEX BB N TR — 8, RN SR T 2R TR Mg ik, Wik
4343 M7 (Kernel Principal Component Analysis, KPCA) [5]F1#% £k 14 3151 43 # (Kernel Discriminant Analysis,
KDA) [6]o I &£& 75738 b ¥ 20 me i B im 4 RR e 2 8], DAZRPE 7 SR AR RO R, M FEAR 4 2 [ o
B 1 O BE 5 1) AR R AR AIE

SCHRL7] [B1FRHH, — I T 54 HE & (B B RS B 7 VAR W AR I sth B r B AR (B %, XM T 44
NERFLF 7R (Euler Representation). BRFLH R AN A 05 S FEAR S MRAZ (R0, IERERS B 25 hr KK m] A
KNEE 2R . Kk, #40 Euler SRC[9]. Euler PCA [10]A1 Euler LPP [11]25 5 5k38 i3 K F B 26 7 5k
BEAT BE B B AR TH S, RIESR T 1 AL B AR 2RV SR A BRI e ) o BEXI A% G 7 VA AE Ab B AR B2 A 23 A Hils
B RIAS &2, Euler-LDA 456 BRALR N FIALH, W 2 s B 502 a) o @ R A 50 T LT R, SRS

][l
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Mo AR AR LNE DG R, T IR 2 4R R SR A AR BR A 5 P G PR R G 25 1k RE . b4, %07
B T R SGE H AR IR SR, 8 I R KA S T AT R B 2R P A R 4 22 R A S
X AR S AN o 1 Hs (5 R A SRELRE /g, GBI 1 ARERE A R I R, AT A AL AR TR
AR AT SRR o X LE T HE, Euler-LDA 2 52Tt 1 AEARNE A m 4EARAE A3 S & 1t 5 #
HIREST -

R HARNE LR 55 2 R 28 g4k )50 73 B (LDA) K B h 2R fHE SR R Al il s 45 3
TEANEA TR M AT 5 4 TRET ARt iit; 5 5 Wl A EUE S L SEIR AL 1T
REERIMERE: BUa, 56 TN AT TR

2. IEgHEIR

ASCHR W T Euler-LDA (BT BRILE R LR E IR 2 4T) . PRIk, SCEE R - LDA (3 AH I,
RGN T W R IR . XA KR A BUE 1 IR SER BRI 2R o

2.1. Z&MHROHT

BAEFN 53 HT(LDA) 2 Ge v A AL 85 2 S S ) — Fh 28 SL A PR R 4EBOR o FH T~ B b 3 BRCH) A4S
Bo FETZRNAFNZE N 1 70 BT, LDA 340N i 4 7 5] 21 S AR 4 25 (8] (O 4R At Wi, s KA 2 [
] oy Btk

RRAE R® g | AMEIAREA X =[x, %, % ], LDA HFRFHR—ANERARELEHEREW |, H4 g =3 7] 1
B B BARLE L R S (R, S KA AN RIS 2 (R EE RS, [EI e /MR — 2K 2 (A IR S, 2071
B E TR ZGPEWL S

y, =WT'x,. @

X LDA 7k, W EEN AT O M, M, RS o BIUFEARMME M &, FRlER
WREAMZRIAREA EE R, o k N5 o EPEA KR

1 3
M0=szi. (2)

WFMREFRT A =[L2, k. | k RFERIZENEL M RFTH AN T . FEAKIZE AL
AFERE S, FISRIRIHUATFERY S, 735\ 7= XS 1A 508 i R AN SR P IBOREAE R, PT 530 :

Sy =33 (x - M)(x M,

o=lieg;

®)

ke

S, =2, (M, ~M)(M, -M)

o=1

T

IR WU W e R, o D fild /) HI2ARH Z BT R 2 5508 (M4E R, LDA B Fisher 34
ARUEA NPk = RN s PN R P A&
tr(W'sw)
tr(WTs,w)

w

J (W) = arg max 4

2.2. BRAIRTIE

B PR B S B e s 1A 70 RIS e A, T SR Y b ¥ 22 B B 10 7 RIL R AR R, BRERER
B TR R PRI e AR S 0 A (A, AR AR 2RI AT Wl e R 3, S BUE B TH A SR ANHER
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AR TT DU AR AE A AF LA AR DU DA 3 0 A, JRATTER Y 1 — ik R 5 B B AR PR B JEE
PR FL T LR AR R B iR W . BB 2 — T SO R 8 T ik, B R 2
TR — b R s R AR VAR BE R Ty 5 AERRBL R, A A 2 T AR AU e e A % B ok
k. SEPAMMER R X X, e RP, A2 MR T2 B E SUA:

d(xi,xb):i{l—cos(n(xi(a)—xb(a)))} (5)

a=1

ook x, () A x, (2) 2B x, T %, (055 a2, P REG) AR LR MR g . SO
AR PR AL A M R 52 R 40 A B S v AR LR, AT 6 A2 SR e
FEFRAH R T (0 R TS T 8 B O T LA — 9 IE 3% M Rk DR B LA
0RO 2 e R T IR0 (0 SO T DR O DAL A3 A, 4452 A B R O 2 T B A
TR B 0 SR RIUH AL T AR B 5 A SRR TE T 6 5 MR 45 15 0 B A
oLt R

S AL ()

D 2

d(%,%)= a\Z:‘I{:L_cos(n(xi (a)-x, (a)))} = H%(einxi _ g™ ) ~Jlo: - gb"2 (6)
EEP’
ei"Xi(l)
1 : 1 inX;
gi = E ' = Ee (7)
einxi(D)

g, KN x, IR RS o IXRE, X A X, Z B AR T2 BE BT A AT g, A1 g, Z (A AIRR RS, W%
N BE AR TAL SE LB B VA B R AR UG &

3. ETERIRTHZMFIA S E AR T

(B RO 28 ] A AE A REA X =[xy %o X, 1> 2 C, = [L 2, k. ] FRERIbRAS, ok k_J 250
LA BAERRIREAR L My, M, 5 o REIREARRIEIE IR, AR RN AR A BR R, I
Tk NE o REEARIHUE

M FORPTAREARR TS, HERET 2R A R R . B (3), FEARIZE N EUREFE S,
AR AT RS S, 70 R KA B AR N B, Wit

ke
SW :ZZ(Xi - Mo)(xi - MO)T

o=lieg;

k (®)
S, =32 (M, ~M)(M, M)’
o=1
B x BB AN EEERPEE] X .
einxi(l)
1 1 i
X- —_— :_elnxl 9
x=p |- ©
einxi(D)
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IRJE, AR R A A R T BB R T SRR SRR R B R R AR 0 M, M, NS o RIFEAR 1)
MRV, R A 52 0 1 v 10 5K A RE A AN SIS [ AR AS (R A X B HEPkﬁ%o%H—ZIKE’J%ZE M
BRI FEA I T )

1 k
Mo =1 2%
1 k

EZ (10)

BRI R, R x, R M 2 I A S8BT Bz S
d(x,M,) =3 3 {1-cos(n(x —M,))}

o=liec,

. . 2
1 (i Mg )
(o™ e

(11)
=[x M, [
X, FRA % IBKFLR N, M, PR M, IR R R . IXFE,  x, AT M Z (R 5Z R Bk ] LUE A x;
M, Z A RBR EQRE RS o 8RBT s, THEE BT 2R N BUBEAE R S, 15
k T
SW:ZZ(Zi_MO)(Zi_MO) (12)

o=liec,

[, MFAMBERERR. M, MM ZEPRZER B LLEE M, M Z A )RR IREE RS . i
R IRR B RN, THE RN EUEAERE S, 13+

ke

Sy =2 (M —M)(M, -M)’ (13)

4. B¥ReERBIET

LDA 11 H it 8 & S R A SR A O R R S, MISE R HE B S, 1 LU AE R SEB et o 6. R, fE/b
FEA ) b, FEA R A E W] RE S ECE N UM AERE S, @ 5%, I JCIE#EATRERE SR I, 5207 LDA 1A Rt
FER AR AR T R S, I AERE, 2B B /NVREA ) . 3X — [ AE SR A AR TP OC N R, AT
8 P SCA R R R R R R P IR — o AR RIX — [, RATRA TR AT LDA e, HHA
NSRS RN ONC AV PN RS

J =argmaxtr(W' (S, -S,)W) (14)
w

ST 45226 B MO 6, T 26 P A A I Sw BsRaNE, FRATT A T 47 8 I8 R A BB SR T RO PR

TRES R WERE . BRI W e R>Y, JLrh D Ml d 4355 A8 4 2 B R 2 JE 5008 MO 4E % . ik ik

B AT, BEELRFMAWIW =1L TR AR, BEUEEEG T XN BUEAERE S, RIERIH K, M
AT ROIEE 1 /A B ) FURT BE R IISEN o O 1 o R AR IR, BRATTRT LASI LA BT H R 4

L=tr(WT (sb—sw)w)+,1(tr((wTw)—m) (15)
PIA RIS W SRS,
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(S, =S, )W = AW, (16)

KAEWRA A A2 S, - S, IIRFALE, TTW ZX MR, ik, W AT d D EORRHE A 41
JRI, KBRS IR B K. FEIXE, @Y T BT S, MR R, TSN RE A [ R

HEEALSE LDA J7i%, Euler-LDA FEA AR LS B o HE5R00 X 73 BEMIE D/ INEEAS ] 7 1T LA S
FH o 1) BRI B DR RN B R ], SR A AR R R, BRI T
AEPRARZ AL A BRI RE o 2) R RORIRIEBRAR R &M A%, RERBY RN EEE 2R, [FINR
PEELRR R B S AR 2 HL AR I DA B, AT 58 7 2850 X 70 2. 3) Euler-LDA 51N 18T H ndit sk
BRA, I R KRR O SR A A I 22 5%, A RO S 1R AT R Ve R R, R ERAR T/NREAS [)x

COSEL A
5. K

5.1. SCROESR

SEIGTE Coil-100. ORL A1 AR = ANKd i _Fidk4r, HARGEEWIT:

Coil-100 ##idE: XiE— ML EZ MR E CEGEESE, Ykl 360 EAFMAEHNE, BT
7200 K EIMG . FEIK BRI #0128 x 128 14, & & H TR A0/ FE AR AL 7T

ORL AMG¥ise: iZ%d 4 oL G147 K24 1) Olivetti B 70 S2i6 = T 1992 4R AR, B4 40 Ak
(17 400 Tk AR . XL EBAEA R IR F] . SRR i8R, FRREE T 2 MRS RS2, ik
BRI 32 x B2 443, 1& G HEAT /INFEAR 52 ST FITH AR S5

AR NGRS : 28R 126 M MARI AN EIR, HAh 570 A, LtE56 A BGEERT 2
FARAL, AR BT R A e IR A DL RSB 3S (191) G i 3 SR B B R 1) o s PH st 1 B I 4000 5K 4 B
B, FEILT B 2 FEE AR R

XA H A PR R T AR NSRS Rk 0 BE AR AL, R EEIVEAS AL T - B2 R IR AL
W, B R — S A RORAEE 1

Figure 1. From top to bottom are some samples from the Coil-100, ORL, and AR datasets
B 1. M EEITR Coil-100. ORL F1 AR HiBEH —LERE AR
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52. 8HRE

RN RS, BTN PEREN SR p REGOR RIS, HAREBIENIRE. Hi
p AR INGHEAN EIUGEE. M THEH p, B4R R4EEM 10 8% 100, KK 10. AR5,
X FAREAN T (e, FRATVH A R AR A 2R o e A T UE Rl — N E R G ST IR REAS p,
AV 10 NMEI. XFERA TR FHA 10 MEAER, RERATBCE A0 FEE 240 p F1F
2[R GEFE IR AR . B a,  FRATTAN R EE 23 (R 48 B o B A R 3 R A A IR RE AR R 45 3L

XF TR AR &R, RATELE p 5REBIERINZGAEAR, HAREGHE TS, 77756
YEFEYE R 10 2 100 (RS 10), THEE4ERE N HIRAIR . Bz REE 10 0, ISR ICE)
WUEE . B, Dl s PR St I it 7 S 4R B, AR 9 MaT ISR B R I seae g8 . k4t
SRR IATVE A K AT B(KNN) 7 S8 383547 7028, I HAr s A SO EE 7 KA 1.

53. SEILWHR

FAIE AR, ORL Al Coil-100 AN Ji%¥4lE4E, # Euler-LDA 5 LDA. KDA. LDAMMC [12]. NLDA
[13]. TSLDA [14]. Fil ALDE [15]#:4T b, 3¢ 1 % 3 5 T Rk 7R = AN B4 R Ec iR AR
PR ZE M AT R 4ERE . X TR0, AR B4R p {25 4. 3 F15; ORL #dE&E pE N 3. 4 M
5; Coil-100 ##E£E T 8. 10 M1 12,

MR ZE 4, BEE W SRFEASE p Mg, KREZESE A AR, ORL A Coil-100 #i#54E L)
TR — B3R THESY, Xt 72 2 B T A 2 5 B = F IRIE, AT e 1R

Table 1. Recognition accuracy and optimal dimensionality of the AR database

F 1. AR HIEERRERENRLEE

Jii: p=3 p=4 p=5
LDA 85.03 + 2.05 (10) 89.97 + 1.35 (10) 92.62 + 0.43 (10)
KDA 87.32 + 0.89 (10) 91.47 +0.18 (10) 93.80 + 0.32 (10)
LDAMMC 83.18 + 0.75 (100) 91.05 + 0.48 (100) 94.75 + 0.62 (100)
NLDA 87.02 + 0.76 (100) 91.94 + 0.49 (100) 94.60 + 0.42 (100)
TSLDA 87.88 + 0.35 (100) 91.61 + 0.33 (100) 93.37 +0.27 (100)
ALDE 86.44 + 0.59 (100) 92.80 + 0.80 (100) 95.34 + 0.79 (90)
Euler-LDA 94.14 + 1.52 (90) 94.59 + 1.35 (90) 95.97 + 1.91 (90)
Table 2. Recognition accuracy and optimal dimensionality of the ORL database
= 2. ORL HREMIRAEMREM KR LR
Hik p=3 p=4 p=5
LDA 83.33 + 1.76 (10) 89.17 + 0.84 (10) 93.00 + 1.32 (10)
KDA 84.17 +2.03 (20) 88.75 + 0.72 (10) 93.67 + 1.04 (20)
LDAMMC 83.57 + 1.89 (40) 88.89 + 2.30 (30) 93.17 + 1.60 (40)
NLDA 87.02 + 1.61 (40) 92.78 + 0.89 (40) 96.33 + 1.04 (40)
TSLDA 84.05 + 4.64 (60) 88.75 + 1.10 (30) 92.33 +0.76 (30)
ALDE 84.29 + 2.34 (40) 89.31 + 1.93 (40) 92.83 + 1.89 (40)
Euler-LDA 90.35 + 3.55 (50) 93.61 + 1.81 (70) 96.16 + 1.46 (50)
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Table 3. Recognition accuracy and optimal dimensionality of the Coil-100 database
< 3. Coil-100 ¥R ERVIRAEREMRRYEE

Hik p=8 p =10 p=12
LDA 61.09 + 0.69 (10) 65.49 + 0.16 (10) 68.09 + 0.82 (10)
KDA 74.30 +0.70 (10) 79.78 + 0.66 (10) 81.99 + 1.43 (10)
LDAMMC 85.92 + 0.53 (30) 89.19 + 0.21 (40) 90.40 = 0.87 (100)
NLDA 71.33 % 0.60 (20) 71.53 + 0.47 (30) 71.40 + 0.60 (40)
TSLDA 63.87 % 0.46 (40) 65.73 = 0.07 (100) 65.89 + 0.62 (50)
ALDE 85.23 % 0.39 (20) 88.67 = 0.20 (30) 90.10 + 1.08 (40)
Euler-LDA 89.36 + 1.87 (40) 90.61 + 0.83 (30) 92.93 + 2.31 (40)

HIREST. [FRIRE, X, BEAEFEARBCR TN, 52 GE 08 5 A Mo B SO VB TE L, sk,
AR, BEMPETE MR, 75 AR I ORL il dE, MIGEEAE p 200 4 FIRS, S350 ik 3
T e R %6 95.97%H1 96.16%: 1M £E Coil-100 Hidfs &2 1, Ll ZRAE A KL p Ay 12 1), By IR0 %208 92.93%.
FAGLE LR, Euler-LDA TEFTA S EURE T IR T4 4 LDA R HBud 771k

UbAh, FRATTEET 02 A 4E FE R PPASG T X B 7 ik R RE . BRI S, TES @ MVIGEEA p 2
FIEILR, B723 0 48 ¥ 8 9 10 31 100 GEK N 10), HATRASF4EE TR IR, SRibs BER T %
HE FE T R RN 2 AR i s, R Zkan €] 2 21 4 Fios .

Euler-LDA FIR 7 28 i 46 LDA 792 R ARk, o 7 HAE G A5 5L T A R R T St . 76
AR. ORL A Coil-100 ##54E I, HiIZAEAE R p 70 0By 4. 3 112 15, Euler-LDA R ZAH AL
T 545 LDA 73l T 4.62%. 7.02%7F1 24.84 %. iX 1] iS5 Euler-LDA REW 5 4 s $e 20l v &2 4+ 1) 3k

LN K.
95
904
S
0]
5 85
c
K]
=
g 80
04 —A— | DA
—6— KDA
—#— LDAMMC
s —e—NLDA
TSLDA
—k— ALDE
—&— Euler-LDA
70 1 1 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100
Dimension
Figure 2. Comparison of recognition rates on AR dataset (with training samples
p=4)
B 2. AR BURER(NZGHER p = 4) LAYIRAIF LR
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5.4. BEATAK

Recognition rate(%)

—a&— | DA
—&6— KDA

—w— LDAMMC

75 —e—NLDA ||
TSLDA

—— ALDE

—&— Euler-LDA

70
10 20 30 40 50 60 70 80 90 100

Dimension

Figure 3. Comparison of recognition rates on ORL dataset (with training samples
p=4)
B 3. ORL BB (NGHER p = 4) LARAIZR LR

95 T T T T T T T
90 & > > x >
85 .
— A N O VN O A VN VN A V. N
O\O A 4 v v v v v v v v v
T80T .
(L
c
S75¢ 7
c
D
§ 70 - o e——o >
m A A A A A A ' LDA s
65 L —6—KDA
p ~—#— | DAMMC
—e—NLDA
60 TSLDA
—— ALDE
—+&— Euler-LDA
55 | 1 1 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100

Dimension
Figure 4. Comparison of recognition rates on ORL dataset (with training samples
p=4)
4. ORL BUESR(NEHREA p = 4) LRIIRAI LA

NEVLER LDA 1 Euler-LDA fE7rJ5PERE BRI ZE R, FRATAE Coil-100 #di 4 FdkAT 1 HdkE nl Ak
SR, K PR IS BRI B g, SEIR T, UIGRREAS p E N 12, MHRFEASCN 60, EEUEE
g 5 NG, BN 60 MNINAREA . 45K 5 FR. @R AT BUK I, Euler-LDA 7EIX
Y ANFIZE T T A% St LDA RIVE AR, B AR A [R50 1 EH 53 A 5 7 8, 1 [R) 2800 1 30 A
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TEAENEH
0.075 —LDA . 0.04 —— Euler-LDA .
e ) ‘e e 1 “ e 1
’\.
© A, 2 S, 2
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Figure 5. The visualizations experiments for LDA and Euler-LDA, in sequence
[ 5. kX2 LDA 1 Euler-LDA BJRTHR 4L L

M LDA (RIS RT DU th, 7RI 0 200 S th— SRR BE R R 2P, 405 800 2 60 0 s SR
BT, AELS A7 AR — S (0 T R X Ik IR AR SRR, SESBREATTRE TR o6 4 IE R 4926 AT, LDA
RS 15— 2 22 1 P 472X 23 R R0 B, 309 2 2 IR IR B, 0%t R P 0 53 e o 9T
S 5 50 ) S8 X T i P05 SR 1 B

HIEZ R+ Euler-LDA S5 4 RN UL35 6 B0mW SIS 2 1], 8 52 50 LT i B
AR AR LSRR, B IRR T AT EA R E M A ). ORERORAEILSE L AR R, 2T A
SR B L ARSI 2 ] i T AT B gk A S B S R A T A0, AT A
BT T 43 SRR BRI
6. D&

24 ) M (LDA) TE SR BRI JU A5 B TR B €. SR, ALG03E 1K EC R 59 14 LDA LA 2L
FIRARZRME D AT AR N B AR . R AL Gr 8 1 ) 53 BT (LD A) Mt AT HE AR 2 M 20 A B8 AR A0 11 ]
RESEH T — PR AT IR HT 7, FROEE T BB R R 1 26 14 4 31 43 M 45 5L (Euler-LDA) - Euler-LDA
SEE W RN RS, BRI B G ), 8 RO TR R S A A IR R R R R,
MG T EE A B AR Ve A BRI Re Ty . [FIR, B SRR et IR AR B, REY RENER
R 2R, SRt LR QPR B e e H R A A &, 3 — DR O X 7 Re JT o 1T IRTEAR
FifE 48 LDA Ab PR MR L5 i) il b, B3G5 1 O RSt o A B & R, SR A ER R B 4
Loy 5l Rt 7 — MR R g Hom AR v T & .

ZE FRTIR, AHEGAESE LDA J5i%, Euler-LDA 7E=ANHTHEA BEMH: 1) MedeLmEAaE . B
PR REE B0 HE A M R IR B R I AR R OC R, I3 s VR AL B AR R A A B I RE ) . 2) SRS
X A3 fE: R FR NI T BAR B A%, AMLREY RIS AN R 0 BE B 22 e, I Re B At U IR TR PR B T AR
S FIHERA AR E . 3) Euler-LDA SIN T #i HARSI K sRE, 183 e KAk 2801 BA 15 28 N A (1 22
S, AROES T HEMEA R, REGAR T N ) R S M R 1 RE T

AT SEEG X Euler-LDA (ITEREREAT T2 HIVEML . 2 N EE A LIS EESELR Y, Euler-LDA J&
DT ARG . BeAh, SRR AT, P IRE TR B A T R AR
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