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Abstract

In recent years, Runge-Kutta methods and deep learning have been proven to efficiently learn the
governing equations of dynamic systems from observational data, providing an effective approach
for data-driven dynamic modeling. Against this background, this paper combines dictionary-based
sparse learning strategies with two classic numerical discretization methods to conduct high-precision
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recovery research on differential equations under sparse sampling and noisy data. Based on the Sparse
Identification of Nonlinear Dynamics (SINDy) framework proposed by Brunton et al., this work makes
improvements and extensions, and constructs two identification algorithms: Runge-Kutta Gill SINDy
(hereinafter referred to as RK-Gill SINDy) and Euler SINDy. By adopting stable numerical integra-
tion schemes to replace the traditional finite difference approximation, the proposed methods can
significantly reduce the impact of corrupted data and noise on identification accuracy, exhibit bet-
ter model reconstruction capability than the classic SINDy, and possess satisfactory stability and
noise robustness.
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Figure 1. Sprott polynomial system: Comparison of model trajectories identified by RK-Gill SINDy, Euler SINDy and stand-
ard SINDy with the true trajectories under different time step sizes: (a) Ar=1x10"";(b) Ar=2x10";(c) Ar=3x10"";(d)
At=4x10"
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Table 1. Sprott polynomial system: Comparison of governing equations reconstructed by RK-Gill SINDy, Euler SINDy and
standard SINDy under different time step sizes
2 1. Sprott LR ARG : FEEFEIEH T RK-Gill SINDy, Euler SINDy S5#5:# SINDy 755518 J& B9 5 12t

At RK-Gill SINDy Euler SINDy SINDy
x(¢)=1.000y(r) x(1)=0.998y(r) x(2)=0.998y(¢)
1x107" () =~1.000x(7) () =-0.996x(r) (1) =-0.997x(1)
+0.997 (1)’ +0.991y(¢)’ +0.991y(¢)’
x(¢)=1.000y(r) x(1)=0.993y(¢) x(2)=0.993y(1)
2x10™ () =~1.000x(7) () =-0.986x(r) () =0.044-0.919x(1)
+0.997 (1)’ +0.971y(t)’ ~0.046x(t)" +0.903y (1)’
x(¢)=1.000y(r) x(1)=0.984y(¢t) x(¢)=0.986y(t)
3x107 () =~1.000x(7) () =-0.968x(t) () =0.093-0.831x(r)
+0.997 (1)’ +0.941y(t)’ ~0.094x(z)” +0.800y(z)’
x(¢)=1.000y(r) x(t)=0.972y(¢) x(1)=0.977y(1)
4x10™ (1) =-1.001x(z) (1) =-0.944x(r) #(1)=0.155-0.719x (1)

+0.997 (1)’

+0.898y (1)’

~0.155x(t)" +0.670y(¢)’

Table 2. Sprott polynomial system: Errors of governing equations reconstructed by RK-Gill SINDy, Euler SINDy and standard
SINDy under different time step sizes
Fz 2. Sprott LI FH%E: FFEATEIZT RK-Gill SINDy, Euler SINDy 45 SINDy i JRIFHIFIZRIIRE

At RK-Gill SINDy Euler SINDy SINDy
1x10™ 9.00x107° 1.01x10™ 9.40x107°
2x10™ 9.00x107° 1.09%x107 2.01x1072
3x107" 9.00x107° 476x107° 8.62x107
4x10™ 1.00x107° 1.43x107 2.36x107"
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Figure 2. Sprott polynomial system: Error plots of the reconstructed models by RK-Gill SINDy, Euler SINDy and standard
SINDy under different time step sizes
[&] 2. Sprott ZWRE L : AEIAFE £ T RK-Gill SINDy. Euler SINDy F#R:f SINDy J355% [RAE R AR ZE F
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Figure 3. Nonlinear oscillator model: Comparison of model trajectories identified by RK-Gill SINDy, Euler SINDy and stand-
ard SINDy with the real trajectories under different time step sizes( Az ): (@) Ar=2x10""; (b) Ar=2.5x10"; (c)
At=3x10";(d) Ar=3.5x10"

3. ELEMIRFIER . REEHE$SK(Ar ) TH RK-Gill SINDy, Euler SINDy 5%5 SINDy 75 A #50 ##8 BI4 75 5
ESLHEXIEE: (a) Ar=2x10""; (b) Ar=25x10"; (¢) Ar=3x10"; (d) Ar=3.5x10"

Table 3. Nonlinear oscillator model: Comparison of governing equations reconstructed by RK-Gill SINDy, Euler SINDy and
standard SINDy under different time step sizes

2 3. MR TR EARRREEKT, RK-Gill SINDy, Euler SINDy S5#ri SINDy J334i% R B ;5 12 XT EE

At RK-Gill SINDy Euler SINDy SINDy
(1) =-0.099x(¢)’ (1) =-0.113x(r)" (1) =0.081y(r) - 0.075x(¢)’
+2.000y (1)’ +1.900y (1)’ ~0.122x(¢) y(1)" +1.778y(1)’
2x10™
(1) =-2.001x(¢)’ 9(1)=-1.965x(¢)’ (1) =-1.903x(z) —0.090x ()’ y ()
~0.101y(¢)’ ~0.115y(¢)’ ~0.224x(1) y ()" = 0.098y(¢)’
o X(1)=-0.097x(1)" () =-0.123x(¢)’ (1) =0.122y(¢) - 0.082x(¢) y(r) - 0.058y (1)’
2.5%10°

+2.005y(¢)’

+1.853y(t)’

~0.066x (1)’ —0.177x(¢) y(¢)" +1.661y(¢)’
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y(1)=-2.004x ()’ 9(r)=—-1.954x(¢)’ (1) =—0.082x(r) y (1) ~1.866x(¢)’

~0.101y(¢)’ ~0.120y(¢)’ ~0.124x(z)" y(1)—0.326x(¢) y(¢)" —0.088y(¢)’

() =-0.094x(z)’ i(1)=-0.146x(t)"  %(r)=0.095x(¢)+0.141y(r) - 0.101x(¢) »(¢)

+2.008y(¢)’ +1.805y (1)’ ~0.060y(1)" ~0.164x(¢)’ —0.315x(¢) y(z)" +1.601y ()’
P (1) =-2.008x(¢)’ (1) =-1.933x(z)’ $(1)=-0.110x(¢) y(r) - 1.827x(z)’

~0.100y (1)’ ~0.115y ()’ ~0.274x(t)’ y (1)~ 0.410x(¢) y(¢)’

i(r) = -0.096x(¢)’ (1) = -0.144x(¢)’ (1) =0.149y (1)~ 0.127x(r) y(7)

+2.014y(r)’ +1.764y(t)’ ~0.158x(¢)” y(1) - 0.312x() y(¢)” +1.636y(¢)’
0 (1) =-2.007x(z)’ 9(1) =-1.932x(¢)’ #(1)=0.091y (1) - 0.120x(¢) y(¢) - 1.820x(¢)’

~0.095y(t)’ ~0.148y (1)’ ~0.318x(1)’ y(r)—0.443x(¢) y(r)" = 0.175(¢)’

Table 4. Nonlinear oscillator model: SSE of governing equations reconstructed by RK-Gill SINDy, Euler SINDy and standard

SINDy under different time step sizes
4. FEEMIRFEE: FEFEEHKT, RK-Gill SINDy, Euler SINDy 545 SINDy 753%1% R A5 5] 75 #1249 SSE

At RK-Gill SINDy Euler SINDy SINDy
2x10™ 3.00x10°° 1.16x107* 1.39x107"
2.5%107" 5.10x107° 2.47x107 3.19x10™
3x10™ 1.64x107* 4.49%107 6.00x10™"
3.5%x107! 2.86x107" 6.46x1072 6.61x107"

FRLRAEIR T2 AN FII [P AL SSEXT EE

100 .
—d— RK-Gill SINDy -
=~ Euler SINDy
-@- SINDy
10—1 4
—1
. ././—.i
=
wn -3
210
10—4 4
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Figure 4. Nonlinear oscillator model: Error comparison of reconstructed models obtained by RK-Gill SINDy, Euler SINDy
and standard SINDy under different time step sizes
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4.3. Halvorsen {&#&Y
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)'c(t):—l.4x—4y—4z—y2,
j/(t) =-14y—4dz—4x-2°,
z'(t):—l.4z—4x—4y—x2.
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Table 5. Halvorsen model: Comparison of governing equations reconstructed by RK-Gill SINDy, Euler SINDy and standard

SINDy under the noise level of 0.2
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Figure 5. Halvorsen model: The observed samples generated by adding Gaussian white noise with a standard deviation of 0.2
to the original data are represented by dashed lines, which are compared with the denoised results processed by the Savitzky-
Golay filtering algorithm shown by solid lines. The time series of the state variables {x,y,z} are presented respectively in

the figure
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Figure 6. Halvorsen model: (a) Comparison between the observed values contaminated by Gaussian white noise with a stand-
ard deviation of 0.2 and the real continuous trajectory; (b)-(d) show the trajectories reconstructed by RK-Gill SINDy, Euler
SINDy and standard SINDy for this model, respectively
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Table 6. Halvorsen model: Errors of governing equations reconstructed by RK-Gill SINDy, Euler SINDy and standard SINDy
at the noise level of 0.2
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