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Abstract

The locking phenomenon will appear when the commonly used finite elements are applied to the
solution of nearly incompressible problems in three dimensions. It is necessary to use some spe-
cial methods. The penalty function conforming finite element method is an effective method to
overcome this locking phenomenon since it is simple for the realization of the resulting program
and easy to determine the penalty number and it also does not change the functional stationary
value properties. In this paper, the computing format of penalty function finite element method is
carefully derived, the conditions for success of the resulting method is analyzed and the effective-
ness and robustness of this method are finally verified by some numerical experiments for nearly
incompressible elasticity problems. The quality of the mesh used in three-dimensional finite ele-
ment analysis has a great effect on the accuracy and computational efficiency. If the isotropic grids
can be used in the practical calculations, the method will have better convergence.
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Table 1. Error comparisons of the conforming linear solution uff) and the exact solution u
1 AL M TR U FEETIR u Z BIANIR SR

P jul, W] Ju-u] Ju-wl,
| - il

1/8 0.223725E-01 0.183192E-01 0.467032E-02 0.208753E+00

1 1/16 0.244903E-01 0.231027E-01 0.162257E-02 0.662538E-01
1/24 0.252351E-01 0.245659E-01 0.786033E-03 0.311484E-01

1/8 0.223725E-01 0.690616E-03 0.217598E-01 0.972617E+00

10° 1/16 0.244903E-01 0.264409E-02 0.221256E-01 0.903444E+00
1/24 0.252351E-01 0.517540E-02 0.205576E-01 0.814645E+00

1/8 0.223725E-01 0.726258E-05 0.223660E-01 0.999713E+00

10° 1/16 0.244903E-01 0.314242E-04 0.244625E-01 0.998865E+00
1/24 0.252351E-01 0.726267E-04 0.251708E-01 0.997452E+00

1/8 0.223725E-01 0.726640E-08 0.223725E-01 0.100000E+01

10° 1/16 0.244903E-01 0.314864E-07 0.244902E-01 0.999999E+00
1/24 0.252351E-01 0.729464E-07 0.252350E-01 0.999997E+00

Table 2. Error comparisons of the conforming quadratic solution u® and the exact solution u
2. AR TR U FIRERRIR u Z BIRVIRZE RSB LA

Ju-u?]
A h Ju]., Ju-u?]., e N} TCR  NCR
| ' .,
14 0.215752E-01 0.159249E-02 0.711806E-01
1 us 0.244270E-01 0.186260E-03 0.760549E-02 8  9.359
112 0.252216E-01 0.448677E-04 0.177799E-02 3375 4278
14 0.145826E-01 0.112366E-01 0.502252E+00
10 18 0.227207E-01 0.290831E-02 0.118753E+00 8 4229
112 0.245738E-01 0.113144E-02 0.448359E-01 3375 2648
14 0.141562E-01 0.119871E-01 0.535798E+00
10 18 0.223500E-01 0.352364E-02 0.143879E+00 8 3724
112 0.242966E-01 0.158587E-02 0.628437E-01 3375 2289
14 0.141515E-01 0.119958E-01 0.536185E+00
10 18 0.223446E-01 0.353306E-02 0.144264E+00 8 3716
112 0.242912E-01 0.159537E-02 0.632205E-01 3375 2282
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Figure 2. Geometry structure of the cantilever considered
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Figure 3. Two sample meshes used for the cantilever
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Table 3. Deflections of two typical points A and B on the cantilever axis (unit: m)
3 BERMLE A ST B SRE(RM: m)

(a) 4 T MY HIfR 2t TT
v=03 v=04 v =049 v =0.499
n xn, xn, u? u? u? u? u? u? u? u?
16x16x16 -0.1166  -0.4427  -0.1004  -0.3889  —0.0519  -0.2332  -0.0144  -0.0861
24x24%24 —0.1058 —0.3990 —0.0883 —0.3375 —0.0504 —0.2165 —0.0185 —0.1060
40x4x4 —0.1893 —0.5526 —0.1588 —0.4676 —0.0609 —0.1825 —0.0102 —0.0289
80x8x8 —0.1984 —0.6009 —-0.1736 —0.5312 —0.1040 —0.3212 —0.0288 —0.0859
160x16x16 —0.1633 —0.5311 —0.1425 —0.4682 —0.1092 —0.3553 —0.0597 —0.1825
(b) 10 4 5 DY f =X 7T
v=03 v=04 v=0.49 v =0.499
n xn, xn, u? u? u? u? u? u? u? u?
8x8x8 —0.2494 —0.7042 —0.2389 —0.6826 —0.2096 —0.6234 —0.1972 —0.5973
12x12x12 -0.2522  —0.7095  -0.2451  -0.6951  —0.2268  -0.6581  —0.2202  —0.6448
40x4x4 -0.2549  —0.7148  -0.2519  -0.7087  —0.2466  —0.6979  —0.2449  —0.6943
80x8x8 -0.2553  —0.7156  -0.2528  —0.7105 —0.2492  -0.7031  -0.2484  —0.7014
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Figure 4. Three dimensional Cook’s membrane problems
4. =#4 Cook f&al

Table 4. Solutions of uS for the typical point C (unit: mm)
%4 HHES C E—HMK THARTRE UC (B mm)

ALV /¥
v 0.33 0.499995 0.33 0.499995
8x8x8 3.5013 1.6660 8x8x8 3.9514 3.8432
16x16x16 3.8057 1.7608 12x12x12 3.9739 3.9085
24x24%24 3.8894 1.7964 8x2x8 3.9483 3.8521
16x2x16 3.7912 2.4266 16x2x16 3.9813 3.9459
32x4x32 3.9132 2.5471 16x4x16 3.9823 3.9417
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Figure 5. Two Delaunay tetrahedral meshes based on CVT
[ 5. FMETEE CVT MA&HY Delaunay PO & /4%

Table 5. Solutions of uS on Delaunay tetrahedral meshes
%2 5. 451k C 7£ Delaunay U AR THIGBRTTHE us

I
3706
9322
16962
31725

kIt
0.33 0.499995
3.86795 1.01972
3.91939 1.03131
3.93797 1.07825
3.95760 1.12203

S 1) R ) 11 R O R T 40 A

e/ &

IR 0.33 0.499995
1395 3.98225 3.90509
3706 3.99084 3.95644
9322 3.99788 3.98667
16962 3.99787 3.98758
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X, a=K NTREEPTIS, HY4y > 050, a—>w; FTHEM K, FK, 23548

2

K, = GZ[MT (jve BT (CO —gmmTdeVJM} K,=>MT" (jve BTmmTde)M
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WBUR M BTmmT B A AT (A S d, =1, BT, AR RO, RECERE K
LRRAFRI, WK R WH: N,-(ng d4ng, -d,)> N, 3, ng RIS K OB S8, @

UPPSCES q%&¢Wﬁ&ﬁs{q_§msz¢@jmﬁ@mmﬁ,ﬁ%z%mm,qzm
CRE, R M W T A7 SIS 0 A P



YT AN T A SR ) R £ T R O R TC 0 AT

N,-n,, <N (11)

i
N, -(5-n,, +ng, )= N (12)
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Table 6. Test for the conditions (11) and (12) with different n,
72 6. BIAERI n,, £HAL)F(12)REEER

n, N, N 21N, N, <N ? 2IN, >N ?
2 48 81 1008 Y Y
4 384 1029 8064 Y Y
8 3072 10125 64512 Y Y
16 24576 89373 516096 Y Y
32 196608 750141 4128768 Y Y

O,
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Table 7. Comparisons of error and convergence order for the quadratic solution G® and the ex-

act solution u

= 7. MERB TR 07 AR TR u 2 EEIRE RS L8R

1/4
10° 1/8
112
1/4
10° 1/8
1/12
1/4
10" 1/8
1/12

a®

oV

0.213886E-01
0.243472E-01
0.251788E-01
0.213886E-01
0.243472E-01
0.251788E-01
0.213890E-01
0.243488E-01

0.251770E-01

||u — (1)

oV

0.283181E-02
0.603636E-03
0.259613E-03
0.283199E-02
0.603736E-03
0.259703E-03
0.283186E-02
0.603394E-03

0.259974E-03

0.126576E+00
0.246480E-01
0.102878E-01
0.126584E+00
0.246521E-01
0.102913E-01
0.126578E+00
0.246381E-01

0.103021E-01

TCR

3.375

3.375

8

3.375

NCR

5.135

2.396

5.135

2.395

5.137

2.392

Table 8. The penalty function quadratic solutions of two typical points A and

28 BEEPMZ A SFBSRNTERBIRTRE

B on the cantilever axis

v 0.49
n xn, xn, a’ a?
4x4x4 —0.2225 —0.6504
8x8x8 —0.2330  —0.6692
12x12x12 —0.2384 —0.6801
20x2x2 —0.2587 —0.7295
40x4x4 —0.2508 —0.7069
80x8x8 —0.2493 —0.7026

0.499

l—jA

z

f=}
N

—0.2228 —0.6520
—0.2333 —0.6709
—0.2389 —0.6821
—0.2598 —0.7330
—0.2520 —0.7103

—0.2505  -0.7060

0.4999
a* ae
—0.2228 —0.6522
-02334  —0.6710
—0.2390 —0.6823
—0.2600 —0.7333
-0.2521 -0.7106

—0.2506 —0.7063

0.49999
a* ae
—0.2228 -0.6522
~02334  -0.6710
—0.2390 —0.6823
—0.2600 -0.7333
-0.2521 -0.7107
~02506  -0.7063

T T T T T T
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Figure 7. Comparisons of several finite element solutions for the point C
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Figure 8. Displacements (W component) for Cook’s membrane problems
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