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Abstract
To address the limitations of conventional linear beamforming in scenarios with limited array ele-
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ments—such as low spatial resolution and weak anti-interference capability—this paper proposes a
nonlinear beamforming algorithm integrating Random Fourier Features (RFF) mapping with the Adap-
tive Projected Subgradient Method (APSM). The algorithm transforms the infinite-dimensional im-
plicit computation of Gaussian kernels into fixed-dimensional explicit feature vectors through RFF,
thereby reducing spatial complexity and mitigating kernel dictionary expansion. By integrating convex
set projection techniques with dynamic step-size strategies within the APSM framework, it enables
real-time updates of weight vectors while balancing convergence speed and steady-state error sup-
pression. Furthermore, linear equality constraints are converted into projection constraint matrices
for RFF, leveraging orthogonal projection operators to guide iterative convergence toward feasible
solution spaces and achieve precise beam pattern control. Experimental results demonstrate that the
proposed method exhibits significant performance advantages over Kernel Recursive Least Squares
(KRLS), the Frost algorithm, and APSM based on Reproducing Kernel Hilbert Space (RKHS) across
key metrics, including bit error rate, mean square error, and main lobe gain. This work provides an
engineering-practical solution for nonlinear beamforming problems in communication and radar
applications.
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FEIARBESIE S A0 3R, B A R MR TE BB AR E A OERFE 1], HAZ O B2t B
B 77 1) b RS 5 38 2 RIS ST HI e ) o B SUE MR IR RO ARG, T8 A a2 o £ R L
To R B AR (5 5 e B, TEIARRES 4 1F T I nT SERIPERE[1]-[3]. SR 1T 40 i 26 M A B
ARAFERBRE: RIELEARLAIEE, NI ELERERTEEBE BRI N-1, HhE/bHE—
AN H T EIRA RN Jo R I ), M2 R E MBI A RCE R, RGO L TR AR
UbAh, BEFVRSHEGRZE . G e 8 S R BRAR R R N il — P VAR B H BEBE U, IRy s R [2] [3]. PRI,
MAREE IS E R, EAR PRI T, A RFEESE My R A B, HZRT
TR RRAR

TR0 A% 40 82 11 95 R T BSR4 A AR R B PR B R TR 1 BB Ak M) L, Frost 7E 1972 R4
H 2 O RO BURETT A1 T s LY AR R iE X, 2 SRR I i R 2 M S S T I R A,
FEPRIE IS 5 J0 2 M S [N, SEIL 7 4077 1a) =Rl HAZ O BURE Tl 34 H#E 3UHAUE 5]
B, BRI ZE AR R TSR ST A B s d I WA st o3 20 R AR A Can S R AR A B AR, TS ML R
NEBEE R N -1 RIBRE] s A S BE A A, DAPHIN AT SR, FPE AR TR O R
FIRCHERS B2, B ohr BaR 22 BUE 5 77 A 22 2 R B0 i A s AUESERTIE B P K&K T3 2, DLP
WS FE SRadsimze s HON kg KR s B TR B s A (4]

SR Frost HIE @ FA LRI 1 F Bl B2 R, (LR PR AAEZLAT) HE LRI B A5 -5 325 (8] 7 A
FIAELR MR . 36T A% A5 /R 1A% 25 (8] (Reproducing Kernel Hilbert Space, RKHS) R 14 it 5 45 AR Ay
fife I — ] AL 1R Rl v I R B I A T S B B TC R 4ERRAE A (R R e AR e, ZEOR
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TELRFFRE MBS M AR N, S8 75 5 2 1A B o BR 45 P A= 23 [A] ) RS At 3 4 [ 5] [6] o #%0 I 85/
- f(Kernel Recursive Least Squares, KRLS) 5y AF y # RS, 3 3sk 328 VA 5 37 4% 00 B S R 28 2 1 33 N 8
B, REHEGBEM PRI O, (HERAE BN AFEXCE GG 55k, KRLS HiERZ LA R IR
eSS, BAnR B M T w2z, shZ BX07mEIZ40R, £S5 HErJ7 n i i 7 £ E R E
R JER, BT KRLS SEL MR AR LB RE A L VI8 K O(L), SBUEH S5 i 5
42, NEMBIX—E, i 7 ZRAnE MK Approximate Linear Dependence, ALD)#{) 72 R44T
45 SRR 7]

FAR KRLS B2 i A% ph B S+ 7 ARt Ab 3 6 77, (8 L T0 20 SR A SR 1 5 2% B TR A7 i AR
PEEE 2 T AR AT IS ST 7, RS T RKHS A2 B & R 5 ) JE RS, 2009
4 Slavakis [ BAFFG 1 HKF 38 N 3552 0 £ 72 (Adaptive Projected Subgradient Method, APSM) 5| A% W
TE RS, %7280 RKHS 4R WS A4 3 7E 26 AR R A B R TR IOHE SR, FE4h WS AT 8] HAZ Lol
BET: B, BEARERTE. FrREREGSEE L TPHNG T RE LN, Ao 4E RKHS
PN A Hk, R EBGTHI ¢ AMBURIUR RBCRI @MU &5, FIHAZ) e IR
LUK R —RAEABEHE TR E . HIR R, 2R RIS 2 A 2R R I, JF
B S M R B ) AR R o SRR ISR BN, RIMEFEAE Se e Ve 7V R U AR BRI SR R, 1% 51k
R fRFEE #e, JREL QR B IR— AP IERE, AFESIE S B ER ML T e, 2R, =
AL SHEUR . MBI E B E R SR S R A R R .

JRE APSM FyRim I ARSI 1 2 HARUAG, (HA% B B i ik SR AR A B AR AR 1
AT THI WG T 35 52 25% 55 R0 PN A 909 FE BB 508 A 1S K =l B B Bk o BRI — R R, A AL L R AR
(Random Fourier Features, RFF)F ARFE T 11 AL AL 1B ERA2[9] [10]. RFF BAZO BAR I8 S RI%
SRAEITABA R BR8P A7 B P A 4, K O PR 4E RKHS Bl S %% 46 Oy ] 5 4E#L D(D FoR OR-IE4EE, H D< L)
IR R M M 5, AN R R LR e O (D), A R 7 7 SOEBRIG K rl . SRTT, f£ 401K RFF
FiEREERZ BT M EAW, FEOE AR ERRE 2R, Ak, AR H— MRS RFF 1 APSM [1)3EZ: 1%
BHRTE RS E: 456 APSM MR BEREHOR N Zh A P g, ST 77 AN o o) 8 PR SN B0 s TR 2Rk 55
AR A Ay kT BEN LA B AR A P 20 AR sl IE R R 51 5| S B ) S A R S & AT AT i
2R, ST RHBECR A s ], RN LR K T RFF MIRE R BEAL S, LTt APSM )R
PALHLHI S B 7 X AR R RS R 1], Dy RS e 1 U AR T il o) R it 1 Sl LR RS FE I Al e 7 2%

AR JE SR T AT )22 F i AR5 a7 R I RO B A 1) AN A Y DL K. APSM
PIFEAR R, NG SR E AR HR R A, B S E R A 48 RFF (B ELAL, DA W 7E
RFF ()54l B 5l NSFRLR, R ERAHIAT T RFF 5 APSM 45 G HLEE, J8 e B2 Oy AR RS i i B 3 B
B B L AZ OB AT 2 AL, 5 DY R I AU S AR 25 R, TR SO R Y B A T VAT
SHIERTES . A TR RRSRIREE R, I A BEIRN ST, DU PR EHE A SRR B 1% 07 VA AR bR
I FH R A RO R AR T A D7 v Bk o B T DD B SO AT A T R A, Bl
FOL AR EE A BB B R, o AT i B L DTk . ZEURERAE b, R RSR I 5T 7 1)
BEATREEE, TP RER R RS, B E A SO 5 SR TR (A MBI 2 B AR LI JE 7R -

2. WRF R ERERS B

AR B AT B SRtk ) RS AR, A5 B BRSNS BC B . BORTR 718 58 LU T
P 02 R . Al b, B 5N APSM 500%, JEEANEIA JL/ERE T RKHS MI7ELAE& S
LYARAAL 17 B AP AN 755 S5 SRR . AR 20 AL AR 15 AR D A S I SR BT H S I SR BB HE 2

DOI: 10.12677/jisp.2025.142025 273 & 555 Ak #


https://doi.org/10.12677/jisp.2025.142025

PN

g

q_’:‘)

=

RER

2.1. FRFEAICIRE R

o, BB BN [ (k) | 300 ke 2, FORIIRE . 4 0=V SR gL, 1
TR L0 7455 AT LA B AR R R LR A1 ST S5 4, EL 40 0, A SCOR I LB 38957 2 P K 2
(Uniform Linear Array, ULA)AY . ULA H N € Z_, MNFETTH R, BETTIEIEE d > 0, %FT BAE 3577 1] (Direction
Of Arrival, DOA) 0 [0,n] NGHIIFIiISE, S g R[]

T
2niicos€ Zm'(N—l)icosf)

sI:s(H,d,ﬂ)Z:{l,e A e A eC”

Hrb 2> 0 N8B K, ()T FonmEFEE . R, B4 HER{E 5 (Signal of Interest, SOT)XT N [ 5 7] R &
WA s, Hj DT YRR S ARELN s, (j € E) o ULA #lUE SRR N:

r(k)=[r (k).ory (k)] =X ab; (k)s, +n(k)eC" (1)

#E R (b, (k)} I BPSK ¥, H1b, (k) e{+l,-1}, HHEKa eC,je0,j, BFTREEIE, &
S RER S SRS (X SN, WL R AR SRR, Bl s, = a5, R, HREIL
fTEEK) . BRI (55 BE R RSBGPS RBERL. BRIbZ b, SREHLL R
{n(k)} = C" FAEMPEREH

M) AT LA i, FEFIBOSCRE 3 A E BOE . AT RSB, A SR SE A B BAE .
RT3, FESCRE R R AT FALBL, K S r (k) € CY HEHN L

[0 )|
o {S(rm) (el <

Hr R () M0 3() R B R R A SR S FIUAC B AR (5 5 AL 2 B, SEI s
g ] R BUSEHOR, I BRI SO SRR (R

TERRER LA, T SERRI SR AFE IR A5 | (S8R M2 T AR, FEH3RIR SOl
[ty DOA tREBRHNE. Ay 1 I HRPARTE AR A B, ASCRAIRZE SRR BAENIE R, IXEE
Capon JARIE I A W2]0 HRL AR LT MR E s AL T A THT R & § b,
BN ¢ ARRARIRAN: Uy 2 B[5,,¢]cCY, St B, | Rk, 207 2R TR a1 A it
JJ: Z SOL PV RBAFAEGRAEN, AIREORFFARCLAE. ¥ %)& SOI 1y BPSK I RFIE(FF 5 ANy
1), T RIERE R s, (1200 B H s, e Uy ASCEIE A ARG /o (XS S {25, s e U |
Fof b S PT REAELAT AR [£1,0] o 3 e vk SRS AR T SR T A A A E 3 0 SRR IENT , (R 5
[SLIbKEReR Ui O 8

A AL, ARSOHE U C R 2 1 R Uy WU SISO R th S A T(2):

501:{53(50)}61&2”, 502:{ 5(5‘1) }GR” €))
3(%) )

IS THEABEAR TBOA BRI R R, BN R ST DI I R e gt 1R
2.2. IAARRIEBIRI B AR BRI

1 (FET RKHS AOFEZARLNE 2 L0 0 ) (EAE S S RESRT DR A 3 50 P 41

} eR™, (k)= )
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{(xo0,)) | CRxR, TERKHS) HPERMERETIN S} WA f,

min, L., (f,)=max(0,f,(x,)-y,—¢,)
st.(f,,h)<y,, ¥ heB[h,s,], Ym=1-- N N

m>~m

Hobt B[k, 5, | FR UL b, Nl R 8, BHIBRAR, 5, =+1+c, BARBH(S]. FEHRE T HERHE)
MZIHRAE@)G, T APSM TEN AL Bk AR Bt A, BLF & APSM (IBLIEIRRE, 7678 X2 5l e
JEATALER ¢ 97

3 O,_n, if n<g-1 5)
! n—qg+Ln, ifn>qg-1
MEETRE u, =(f,.7,) € HxR™ ({15 H MU
T, (w)=utpt, (T, WPy, (u)-u) (©)
o
o MEW €0, ey, =1
o HIEMNSLK pu, e[0,2M,], Hr M, EN:
Op ()= [
LTI e L s
M,, - Z]ej Wﬁ) PS(j)(un)_un J&Tn 7
1, otherwise
I AL REE S () 7 SN
S(j)é{(f,r)eHxR’”M 'K(f o)(k(r)0)) ., b sé} 8)

BT R B AR, AR MTT R, KU SRR 112 N B R 8 0 B
b, R RS RS AR MO LT @R, B TR e, eI LGER M, 21, B K
gy <M, L g BRI, SR SCR BB, TR TR R, M4 7, = {n) B S AT 3 — 23
SR SRR AL A, K NS =1, R S B T, () = Py () <

N NOLEZ e

(fwl’rnﬂ):T(( n’Tn)+ﬂanEjn Wﬁn)ﬂ](_")(’(<rj,.)’0)) (9)
Hrh s 240
LE,n fK(rn’.)_bn A~
( K(";,,rn) )’ 1f< ’K(r""»_bn <€
B =10, if [(f,x ()b, | <€ (10)
L€,n f’K(rn’.)_bn ~
- (K(r”,rn) ), 1f< ,/c(rn,-)>—b,,>e
X4 R M, FER
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Mo =2 e w8 B K (r (), (1) ()

1, otherwise

AR, APSM AR A AR AR HAE S5 SR b B ERD KRS, (B E WA —
SERRIRE, MRS, . 6,558, EARNESHRMBMAI R, FELEREN [ Lk
TZHORM, Hk, B 5 AR B BRI WA SRS R 2%, (EBUA IR Bk SR 7T g
SIRM P R RARE S, HRERE SR, RS =, KRB RS 1 A B =
AT MR ERAE, B =5 5N RFF 80R, fERFFZINENH IR, B35 R R, I
I Ab B e

3. EF RFF 5 APSM BB R E %

AR, B REEIA T BEVLE B H451F (Random Fourier Features, RFF) BRI FE At . &% S2BR T2
FERLFH 2 LR A, QAT RFF AEZE A 5l NS R HMLH], %3 BRI T 15 5 A B e
WtE SRS . B FS T R B, APSM ik RFF BoRIFAE RIRELAME: APSM ) (38 N 25 K 5 g
AR N AE LR 2 SIS, T RFF (R GERFAE B R A s 8 oL iR AL B R I 2 243
3.1. RFF I E A

TENLAR 2 S 803k, 6 o5 H0a R RN &2 2% B B AU, 1% Sz iELE v AN IR H 28 2
RFF {EN—Fh MR AR, HIRAR RS T M 2087 RKHS Bg & ERE R 71552 SRR

1) RIS SRR B AR ST T TR, R T RS AR LIS R P T bR
BHINERL R

2) RKHS Hi$: 38 A PR SO i 4R AE 2 0] PRI AR AL, DA% 7 v v 25t 55 B 5 R A

3) ZFRFRE iR YT A% R BN S BT SRR, 7R SR S AR 1A S P 1

RFF 1805 HE 5 T 2 2k w7 00 A AR IE R B T . B IRBENIE & X ~ NV (p,Z)cR?, p RxBE
M, RN ERME, Ef T SEETREZ M it T e S, SY RN FRIE B
A HAMIE R EE N :

by (@) =B = [, e fy (x)ax (12)
¥ Bochner & B, AT iE € bR 35 T R8N FERHE R e 3. X T F 35 4E & W BE AL AR =
X~ ./\/’(0,021[)) » HRERR LA ¢y (@) = exp[—%a)Ta)j .

NI BT R RGE L, I R AR A B & (W) ~ N, (0,%11)) SR
Y SRRE S
exp(—2;2 (x-1)' (x_y)j <h(X)" h(¥)
Hoh () RoRILHEEE, h(X)=ﬁ[eimTX,---,einxTo HE— 2 S H A B B MOE L, 5 SUREAE B S

20 (X) =2 cos (WX +b) 3ot b~ U[0,2n] o JLIE, BT ELE T PO BLATIE B
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By , [ZQ exp( 257 ||X‘Y||§)

ZAT AN = % 1) O(LZ)LﬁE*fEB%%j O(DR), @GN R IR TG L, BFRATREAES
BT 5 B (A ALA
3.2. FXLRTH RFF B&igit
TEAG S ALERAIIR, RFF BLGHVE Ny —Fh @ B R AE SR BB R IR 3R A3 H 2 ) V2 IS o il J2 0 RO Ak
s FIA A, AR SO tH—Fhib & SR 114 5 N 200K N 1) RFF k. 1207 R IEId 200K
FERERIE . S AU B RE RO M SR SRS I RIVE A, AELREF RFF tH LA FIR, 52
NS 5 b BRFURE RS B 425 ]
o IEMZAWFEE: Wil RFF WU 7, (1) B AXEG) PR ZE T W K% &9 B4 IE R BPSK HI{E 5 1)
5 FEHONHE TR 2, (+5,)  HAREAARAE, B C, =g, (+5,) e R”,
o RIMZARFE: @i RFF B 7, (1) ARG R 2 T M & 5088 BAB S m BPSK (5 5 1)
Sy O IR 20 (<5, ) » AR AR R, B C =z, (-5, ) e R™ .
o HAEAWHERE: KHXWAMESERAGERBIARERC=[C,.C].
o WEREy=[1] -1]], KF1, R NA 1 R
LIRAERE C MH )& zg (£8,, ) FERFAEZS (0] PR BRAESSHEAL, IR

c'C = {CTC cic } [zﬂ (+50 )T zo(+551) za (+501)T 2o (=501) z{LID 0 } (13)

c'e, clc <o (_501 )T 20 (+§01) <o (_501 )T <o (_501) 0 LI,

R IEAZEAEAF LA RE € H AR TR 26 0F, TR iR — R Q e R IOAFAEMERIE—1E H.
A JE R TR R SR SR AT

Q=(c'c) ¢y (14)

IR R E XL CTW,, = y FITTHRE T, 3206 TRE R W, e R” BRI T, i fRECE 5T
REUR L R LIRS AT FJL.TQ %EFiG e R

G,=1,-c(c'c) c"
Horb 1, 5% D #ERATAERE . 2R ﬁﬁiJﬂE?ﬁﬁﬁ%Jé’Jfé’JFﬁ%ﬁﬁiCE’]ETC%I‘*I‘@ i AR,
VA k OARARLE HR AW ) 2 AIR(9) (10), IFE T4 5 A0 M U648 57 A 3R

Wi =6, (wy +aw))+Q (15)

st A =i 3 W (za(r) 2a )
HAATOERX NARHELERE E R R R, BT B PR P R L &, P BLSAR A s R -
Wit =G, (W S B (20 () 20 0)) +@ 16

Q NG /N IR PR B UGEAHRAE T ATIRN - AEREZIE S AL, IXFPBETHRERS I £ R ARAIE
T AT AI3RTE, JF H RFF M4 220 SR L IR AT AL BE BN W] BE
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3.3.RFF 5 APSM &S BB R E

LU R AT RE R OV AT RAR I, 35 B i SRR SR A O B2 B AR 2 Ak

RFF 5 APSM #H 45 & B R I K 52 (RFFEQC)

HIgHAL: {Wr}f:]~ND(O,%IDJ, b, ~B[0,2n] , Vr=12,--,R
o

C=[C.C]=]z2a(+50):2a(-5y) ]

G,=1,-c(c'c) ' C’

P

1

Q=(c'c) C'y
AN VIR 75 (x,,,yn) e R'xR, ¥ D,q.é,0,u

T R BRI K
for n=1,2,---,N

X, <[R(x,);3(x,)]

ﬂ, ifn<g-1
J, =
n—qg+Ln, ifn>qg-1

zQ(X"):\/%[cos(a),TXn +b1),---,cos(a);Xn +bR)JT
8]. :W;rzﬂ(&j)_yjsvjejn

—€+ Y= I'VnTzn (i;)
2
Joa (%)

B=1é+y,~Wi,(%)

, e, <€

ife. >€
Joa ()] "
0, if || <é
ZJEJ w,f; ||zn(’~‘f )"2 .
_ - — —, if(f,.,7,)e [ )S(/
M, = zj,j'ejn waf’ﬂiﬁf’zﬂ(xj)zn(xf') ( ) /Q ( )
L otherwise

7 = min (M, 1)

W, =G, (Wn Y WY (zg (%) za (.))) o)

end

it f() =W za ()
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4. IRERE
4.1. SEIG—

AR VR S0 R 3 2 2R HEBE B (ULA)YIT R PERESOAE, A SH B ~: FEAIEE N =3 FEFICERR
EE'%%’ZKE‘J[:[S{E%zO.S; SOI 77N 6, =907 , {HSZBR{E FH IR ZE S KRGS TN G, =937, B
R {5 5 15 1 Ll (Signal-to-Noise Ratio, SNR)A 10 (Bf7: dB); fFEEANTIMES(j=5), HMAESIA
0, ={30°,80°,100°,130°,160°}, St TS S SNR 2305158 (10, 30, 20, 10, 30 (Ff7: dB): SEEG A T

1500 MNEHRE/E A INGESE, 200 DEIEE MR EHE . B R SIe 4 B fett, AR EIEISIIZ4T 10
W, BUEES BRULEBR LM S o, ASEECE N Intel Core i5-121490F CPU. 32 GB W1%, {iEF&
MATLAB R2018a (% 1).

Table 1. Parameter setting of each algorithm

1. BVEZENSHIRE

A7 ZH

KRLS 0’=0.5 =025 ¢=100

Frost £=2x10"°

APSM =05 0=025 é=001 6§=0.01 =195 ¢=100
RFF o’=1 D=200 é€=0.01 x=195 ¢=100

RFFEqC o’=1 D=200 é€=0.01 x=195 ¢=100

RyE RSB E, ACEES S MEEETHE, FERIRRENEIERRIDER . 277 BB A

K.
0.45 AN E)EE R R AD N b
S |
0.35 i
0.3 i
= = = (i)Frost
- 0.25 == (ii))KRLS )
'FQ ........... (iii)APSM
® oo\ e (iv)RFF i
—6— (V)RFFEQC
015F § i
0.1F i
0.05r § T NTTSggr—aee e NG N R
0
0 500 1000 1500

WIZRA ) i E

Figure 1. A comparison of the symbol error rates between the algorithm proposed in this paper and other algorithms
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RER

ME 1 AR, RFFEQC SE TR 55 B I 2R A0 w08 IR R R, FERTAG B BON 2R 8l w2k
L>500), RIGZFEEIEI ST Frost. APSM S55%, AR IIZREHE M2y 21y, RetRad iife
GO AR, I 2R MR AN, RFFEQC HUIRISHRASEERR KRLS LA IRARAKT, HELAE
GiEE, EREEAROAIE S, BRI A B R T A R, ORI TS S A B AR T
AR EEE

ANFISEEA RIS 7T iR ZE 0 EL

10
or T~ ~o__ 1
st TT==el__ :
7r i
14 61 - = = (i)Frost
¥ = (ii)KRLS
"E 5 e (iii)APSM .
5 ————— (iv)RFF
4t —6— (V)RFFEQC
3r 4
2 i
1 N N sssssssEREEEEEEEEEEEEEAEEEEEEEEEEEEEEEEEEEEEEEE
WOOS000cec0ene PUP PV VUV TS ——
A .'.'.'.'.".'.'A‘.'.'.'.'.'.'.'.'.'.'.'.'.'.'.‘-"'.Y.'.'.'-'.'.'.'-'a" -

0 500 1000 1500
IR E i 1 s 8

Figure 2.A comparison of the mean square errors between the algorithm proposed in this paper and other algorithms
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Figure 3. A comparison of the beampatterns between the algorithm proposed in this paper and other algorithms
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Table 2. Algorithm performance comparison

2. ENEENEAMEREXTEL

Bk TR ORI RO 25 11 B2 () BATI A (s)
Frost 101 0.0514
KRLS 51 942.8688
APSM 93 637.2487
RFF 50 6.8080
RFFEqC 93 6.7388
05 AN S RSN I:I:@
0.45 i
04 i
0.35 % 1
03¢ — — — (i)Frost
B e (i)KRLS
o025k e (ii)APSM -
S | 2 (iv)RFF
0.2F \% —6— (V)RFFEqC |

0 500 7 1000
I GREHE 1 S 5

Figure 4. A comparison of the symbol error rates between the algorithm proposed in this paper and other algorithms under
random data
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Figure 6. A comparison of the beampatterns between the algorithm proposed in this paper and other algorithms under random

data
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