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Abstract

The nonlinear Schrédinger equation is a fundamental mathematical-physics model for dispersion,
nonlinear self-focusing and soliton propagation. A stable numerical description of soliton motion
requires not only small pointwise errors but also reliable conservation diagnostics. Taking the one-
dimensional focusing cubic nonlinear Schrédinger equation as the model problem, this study con-
structs a bright-soliton benchmark solution, discretizes the spatial derivative by a Fourier spectral
method, and advances the solution by a Strang split-step scheme that separates the linear disper-
sive operator from the nonlinear phase operator. The mass, Hamiltonian, relative L error and final-
time amplitude correlation coefficient are used as diagnostic indicators. The numerical density map
shows that the localized soliton structure is preserved during propagation. The maximum relative
mass error is about 9.137e-14, the maximum relative Hamiltonian error is about 1.637e-11, and
the final-time relative Lz error is about 6.814e-06. The final-time amplitude scatter is almost
aligned with the ideal diagonal. Further convergence tests with respect to the time step and spatial
grid resolution show that the method exhibits nearly second-order accuracy in time and rapid spec-
tral convergence for the smooth soliton solution. In addition, a two-soliton collision test demon-
strates that the proposed conservation-diagnostic framework can also be extended to more com-
plex nonlinear interaction scenarios. The conservation-diagnostic Fourier split-step framework
provides a reproducible and physically interpretable tool for nonlinear wave problems in mathe-
matical physics.
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Soliton propagation: |w(x, t)|

1.0
15
10
x 0
-10
—-15
—20 .

Figure 1. Spatiotemporal density evolution of bright solitons in the nonlinear Schrédinger equation
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Figure 2. Temporal variations of relative errors for mass and Hamiltonian: (a) Relative error of mass; (b) Relative error of
Hamiltonian
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Figure 3. Scatter comparison between numerical amplitude and analytical amplitude at the final time
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Table 2. Numerical errors and diagnosis results of conserved quantities
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(a) Time convergence, slope=2.00 (b) Spectral convergence, apparent slope=12.73
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Figure 4. Convergence verification of time step and spatial grid: (a) L2 error at final time versus At; (b) L2 error at final time
versus N
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(a) Two-soliton collision (b) Conservation diagnostics (c) Peak trajectories
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Figure 5. Numerical diagnosis results for two-soliton collisions: (a) Spatiotemporal density evolution; (b) Errors of conserved
quantities; (c) Peak center trajectories
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