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Abstract

To address the neglect of joint nonlinearity in traditional assembled beam models, this thesis
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proposes using cubic nonlinear springs to simulate the complex nonlinear stiffness effects at con-
nection interfaces, closely representing the true assembly state. Based on Euler-Bernoulli beam the-
ory, a nonlinear dynamic model under fixed boundaries is constructed. The Rayleigh-Ritz method
is applied to solve natural frequencies and analyze the impact of linear connection springs. Subse-
quently, the harmonic balance method (HBM) and Runge-Kutta method are employed to solve and
cross-verify the nonlinear steady-state amplitude-frequency responses. Furthermore, a Nickel-Ti-
tanium alloy wire rope (NiTi-ST) is introduced to investigate the vibration suppression effects of its
nonlinear stiffness and hysteretic damping on the composite assembled beam. Results indicate that
the cubic nonlinear stiffness at the connections causes the amplitude-frequency response peaks to
shift to higher frequencies, exhibiting typical nonlinear hardening characteristics. NiTi-ST can sig-
nificantly reduce resonance peaks, achieving excellent vibration suppression.
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B E DT MR BOR A A S A o0 POk, 2 S R DR EL A0 e D LRI 2 15 B o B T 4™
N T e A o (EAESEPR TREN I, AR Ao G5 A X 3R 5 3 e S T AN W] 3R e b A ] 52
SEMAT . R T TSR E R T, XTI AR LN 5 7 K S5 M K s AR 2 3 1447 N
ARG G A MEE R AT 2, & PSSR T B W2 . ik, ARSCEN TR
AR B AORI AL A RN 2, 51N B A L7 I RE R T P BEOASALL IR T 52 2% (0 ) A

R, EHAIMEEHRNE SRR LS 7157 R IRIE R A I A DL S HE AR B
TFRE T RERIBETT, A TARRME 7 R Se B Al . Liu S8 N[ 1 — Al AR 2 PR & 2 4%
MR EFERERER, W =R ARRMER S WIS R, AREEH T 2R AN NIREEELE. Zang
SN2 IR ML izt 2 12207 RE AT B, SR T b Ja ) L R SRR G I IRShma N, i
B I 1R AR S A ISR A o D T AR TEAE ) BT 0 R AR R 520, Meng S5 A [3]20 8 1 R IRTA
PERT R SRR AR LIRS, KRR FTRE SO S Z AR LT, 8 en  H
U AR A N SRR o IERAMAEIR KRR L0 R ™A, S X —#T AT, #ED
WA TS TR SR TIRAIRER . Guo S5 N[41R 5 TR 1 3 3% AR Sr S R E B, >R
FICSE AR 5 se AR B AR AR IZ B T R HEAT SR A, 45 SRR WA B o RO 2 AR M AR . Zang %5 A [5]2E
T Rayleigh-Ritz JAHET I 7 HERMSHIIRSIBA, 8L WA B H 75 R T R Gtia sl 5 fe ) Seal Ak
LEMESRBNZ ] . Ghalandari 58 N[0 IE T ARTIUER /1 M IRKRIE A #) th AR LV 51 K MRS I . SC
i R W EE AN BT P R AL S A, SRR S ENR S IEHIFGE T RGN ARKNE RN . &
MEAREE N [T R GG T G5 AR E A ONRIR 5 30 J 553, BT 7 i AREAE SR I & A A2 28 B
Fo WHFtRH, SEAHARLME T ROEGEIRRIR, 55 R AE R REORARE /1. XA RRANR AT 55
N8B T — Rk T 7 MRS 4R G AR Rk B A BT . WK RAIREN RGO 0 S i
A, B R 55 T A B A X 2 ) e G P T T ORARF ) A7 T -0 B 42 ) SR
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BEKE & - A BNITI-STE N — R B AR LR VEREREZL B, R HARR (IR AR, AT DAFEA 3
BN RS ORI, Gl JE A A TR A T R B SR AR SN 66 F[9] [10].
Wang %5 A [1113E % NiTi-ST 15 GBI RIGIRPUR T ) - MR8, @Ar G BT 115 S 80T Hot
BOAIE T NiTi-ST H 5 R MERE . Putranto %6 N[ 121K & &M B 515 1E 1) Bouc-Wen IRWF AR &, IF
KB B D) AR B 1 (FSDT) AL 8 J1 24 8, 3 TR A 58 LL 152 . Wang 258 N[ 13158 H —Fh 5T
RSy B T B B AR, B VO IRIEIZ & S 22 N B AR RIS S BLIR 3h 5 H] . Wang 25
N[1415 6 ) B A SIS E A BRI R T SV RIRshZHI0 70, I B 2L A b B e R i
PIRARAREASE IS 2 R E I ATEE T, MR SEl T R IR . Zheng 55 A[15] 1 CRHARER & S 4N 22
MEFEMEEARE G TIRSIG], KA PR 75K AR RSN NI T HUE ISR . 1 B4 RR N HE
BHA RIFARSR, ZIRSNH AT 2 A S & M LIRS 6 . Zang 25 A[16] [17]1 0K
NiTi-ST R T FGM i R4t A L TEAR 28 IR 8L, I00E T /E 2 A LOL R NiTi-ST X FGM 18 &
G ARLR IR B B RE J1, KRBT SRR A4 B R (CDR) 5 $2 T AR 2k R SRR MERE DG 2R o IXE W%
FAR CEERI B R PR Y R B A BN . 5 RIS B (i 5 2 R E &R RS
[18].

ATLEH, AT AR R CEMSHURE RGN EE SRR IR 6] FEAS T —@ . A0k
TECH SR b, RAE G B & RER A AR ARSI S 0, 51N NiTi-ST #liH15&
R AR A AR A R R RS .
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Figure 1. Schematic diagram of composite beams with nonlinear springs connection
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PER . 4uiAe ! 2T ERR A AR RN 5, & TR R AT AN . B SR TR
HEREMAELIEIRS) 730, X T S8 Tl A AL (1 SR 77 105 52 0 8 1 220
22. EAMRAEREESTE

TERE— IR ARG BRI A 3 A3 ST (x,, 31,2 ) R (3,0 05,2, ) ARAR R, AR 44 ) 2 R b 4l K
RIHHATEH) Euler-Bernoulli £ 3L I0, (EBAEAMERE GM A RANMKLE. MZREEMEES
PEUSERE z D7 BN, BRI E S A S IR R P, AR AR B TR TR R R A4 .
AN FEB)) J 1 RON B 3 A R B A R

[Klt, ZET Euler-Bernoulli £ MEFIR PR B, EBIEARIER GBI G 32 EAT R SAE X,
REALFR 2N IR 4 B R IE 308 :
ow, (x,,1)

ox, (1)

w(xl,zl,t)z w, (xl,t)

u(xl,zl,t) =-z

ow, (x,,1)
ox, @
w(xz,zz,t) =W, (xz,t)
S g (x,,2) A wy (y0) 0508 1 SRR 2 b (2 = 0) AT — A0S y BHEOB RIS M, - R, 4
AT 1 R 2 R b B R R T B
AT EWHE, THIIANTENSH X KBS X, HREAN:

— X — X.
%=h5 =% 3)

u(x2,zz,t) =-z,

Fr LLH G B 1 8h Re Rk =R :
2 |11 1 ph/2 [ ow, g %2 _
T—;{gpﬂﬂfofm{a (M] +[ = j }dzfdx,} )
R LA AR S S A A 1) IRARZRPET, R 5 S M R & B AT R — i AU R AR Rk XA«
I
6x12

2
o'w,
2
ox,

glxx = _Zl

)

g2xx = _Z2
H T PRI AR A T 7 A AR S AR T AR IR A«
(6)

K o) A EPRERI T — 20 x J7 I 2B TTRLRRA:
a") = g, cos> 0" + a, sin” o) 7

WRIGLTANEAR I Z, TR _F (0 1E S T v B SR 2 e AT, TP AR IR SN, N
R LA 5 AR P AL e AR TR, P AL 3SR & J2 LRI ) - RiAR R R ] LIRS :

DOI: 10.12677/0jav.2026.142009 105 P 5 RE)


https://doi.org/10.12677/ojav.2026.142009

GNP ST

oA =0l
ng) = Q(lk)g2
rh OV AL AMRIE & RAERRAR R T X J7 [0S0 R 8, HEBEREE A 0 84k, AL
TEAMRLE R RR S, RN R
0¥ =0, cos* 0+ 2(Q,, +20y )sin® Ocos’ O+ Q,, sin* 6

®)

E 1, E E )
O, = : NP 22 O = 2 1O = Oy
L+ 1, 145, L=, 45, L=, 445,
Fr LIS N R S MR A R HARARRE AT AR IR N
2
2 1 1 n - _ 6W
_ _ k+1 (k) owi —
Ur = ,»_[ ZLbjo(kZ;Lk ol axAszi)(afi] dx,} (10)

RIS AL GE T AR IR
211 U & pan [ (k) 2 82 i ’ —
Ub:;{szjo[sz ( fﬂz,.)dz,}(agjj dxl} (11)

ARG SR IF RERCNEAER, R EMRRER AL AT 3 RE AT LIRS N

Ui =%k1 |:W1 (Lt)-w, (O,I)]2 +%k2 |:8W1 (Lt) ow, (O,t)}2

ox ox
1 1 [ow (L) ow,(0,0)] (2
, w, (0,¢
+Zk3[w1(1,t)—w2(0,t)}4+Zk{ laf - 267 }

2.3. EEMHES REERESR
ANV KA Rayleigh-Ritz A0 AW B GB35 5 #2347 KM, 7208 J7 72 HR R A 2644 TURT FHL
JET, THHEAEGREME GRS RS HeHH AR R — SR ) A8 B AL 72 pR UKk
HATBAR, RN TR
w (x,1)=e"W, (%), ¥ €[0,1]
w, (X,,0)=e"W,(%,), X, ¢<[0,1]
W (%) I, (X,) 53 i =, A0 2, A7 ) RS R 8, th— 41400 Schmidt 12 P64 i [
JEL G AR FA A FOHRAE 2 D R U A IE T A, 36T Rayleigh-Ritz 25, K5 R 24 R 5003 i R R B0
ML tEd S, nfPLRA N A

(13)

Wl(fl)=§a,,¢n (%)
vn(z):ﬁb,,% )

X, NT RRFFEZ TR, o My, HRitz REL 0, (X)) Mo, (X,) A Schmidt 1E3 46575 i 1AL
BAETRBZHA . NREHERRRME AR LS, XN 2SR, 25k, A%
HRAE 8 5 7 H 2 DL L Rayleigh-Ritz ¥, X FIRRIE R F 1) Ritz RECR W55 7L RW0F 7

4

(14)
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&or U,  dU, au,

=0
i 0a, Oa, Oa, Oa,
Mor ou, ou, oU, (1)
d— b —L4+—E=9
w7 0b, 0b, 0Ob, Ob,

TR I FRIN Ritz REUG , 7] LAAF 200 F HR 2 S 0P RHA G 52 8 d 3R 30 R T 2R RAE (5 77
(K-o’M)[a,.b,]" =0 (16)

& FMUEVRIATIISN T, 8RR 5 1T LASE J5 1 54L& 02 R GE 10 B 412 o FIAIBLI Ritz 2
B Mg, o ¥ Ritz A5 I LR 9 1E 58 2 T2t 1 DA 73105 A b & V2 (A0 B B

¢1(Z)=;an¢n (%)

N (17)
¢2 ()_Cz ) = an¢n ()_62)
n=1
RYER A B H I SRt ERIAN, B EEEIER N E A A A B3 1% T FER RN
d| oT or ou, ou, oU,
—| = | + + + =r
dt 8qu aqu 6qu 6qu aqu
(18)

i QT _ﬁT +6UT+6U},+6U,{:F2
dt\ 0y, ) Oqr; Oy Ogy; Oy,

AT AT A H A RIRTL R, AL SRR 42 ) T R AT T, K25 R S AR 2 M &2
SR A RAE A B BT A B RS W E i TR

iy (Ft) = 21, (% )4, (1)
' Nl (19)

Wy (3st) = 24, (%) 0, (1)

Heb, N OB RE q(0) AT SRR, o A I B BT LR T R A

FEXXHL, 9 7 RIS SR 45 SRR RS TSR, KR B L ox ) D RE AT AT, Al
LB R BN = 2. BEJERA XA 2 A8 EIAT LA 28T J5 il e . HE T 25 R dE
LRI AR AR 12 TR

Mq+Cq+Kq+N(q) (20)
Hoh, MONERRE, K ARIERRE, F RSNRERE, N(q) MAEZMED, S8R B R
my, m, 0 0 ki k, ki kK
M= my  my 0 0 K= ky ky kyo ky
0 0 my my ks ki ks ky
0 0 my my, k41 ky ko
.. (21
ny F q q
N = ny F= F, q= q;, »‘j ‘:1:12
1y 0 95 9,
ny, 0 qy ..
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PERARGUKH Rayleigh LB LA B FLE REGERE, HEREAN:

C=cM+c,K (22)

K o M, 200 R AR 5 M B AR R 1 ) 3 8, R s T

ey
w, o w, @ (23)
¢ = 2(520)2 - &0 )/((022 _a)lz)

Horb o M o, WARGEHT AR, g M e, NELE R
BRI B T R, ARk ON:
F = 4,6(X-X, )sin(at) (24)

Hor 4, NIIOEAE, & RIKF R, T S IR Bl IR A e

1B T B RER AR IR E AR & R LT U R 24, SARIRE N 20C, 2
W5 5 A (R AR LA T LK BHL R 30T, R AR 2B B T7 R AT LASK HH AR SE 10 [ 45 0% o MR ¥ Rayleigh-Ritz
B THEAS A [ A 0 LR AR B M i 45 SR 2 BT R 8 NT OS2, NT K, R aM R &R AL
MR BT R S IR, T 545 B i -

Table 1. Parameters of the composite beam model

=1 HARRBENELSH

iR 24 HlH
L PARE AR KR 0.1 m
b i3 0.015m
h o 0.002 m
p I 1512 kg/m?
n HHEH 20
u THFA L 0.32
ki B A A 5ER B 1 5% 105 N/m
k2 LR PR L B W 1 x 10° Nm/rad

I, VTSR R 2 P s (S R, R 2 W DU Y B T B g ok, sk SR 4h SRz
BTRE. 2 NT KT 10 25, BAASRNEEA TR, RIS FIIEY] T Rayleigh-Ritz
LT UARGFHUE FOABE . Oy 7 A SRS L LR SCR . TR, Ja S S NT = 10,

Table 2. Natural frequencies of composite beams with different truncation orders

% 2. FEEKNE T EAMREA BHB GRS

$ii# (Hz) NT=2 NT=4 NT=6 NT=8 NT=10 NT=12
Si 331.25 330.09 330.09 330.09 330.09 330.09
S 948.38 902.94 902.91 902.91 902.91 902.91

2(a) R T H AR R GG A AR B P EANE I ARARUEE, AT AT BAFE i ] 4
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Figure 2. Variation of natural frequency with linear spring stiffness: (a) Variation of k1 = k2 simultaneously;
(b) k1 =5 x 10° N/m, variation of k2 only
E 2. BB MEEENENTUNE: () RNSKE L =k; (b)k=5%10°N/m, REKE kL

3. EREERELMNESMRASRESHA
3.1, IR EERE

2T R AE T 775 (Harmonic Balance Method, HBM)X 2l 7 2# 5 AT 3R, FHXTHER RS
TR W SOHAT A, B BRI RN

q,(1)=4, +Z[A cos(joor)+ B, sm(]a)t)J

~

(25)

Mg‘ u

g, (1) = Ay + [A cos(jor)+ B, .sin(ja)t)J

J

Horb g B e BN L, a4, RAEE S W B E RO, o AN, 4, R B, 2y BN
AR SEI S T2 I B R4 R R B AN B H o T RE(20) RS kﬁﬁﬁlﬂﬁﬁﬁﬁﬁm =X L
KAFEAZAETT R BATEUE R . )5, I B BrgR 0 BT I RRMS) T, W2 R GHEA
(RS AR A A 2L, AT A S S8 B I IR ARRF R i 2 o 205 AR 20t R

A2+B2 //J_
q, A2 +B2 /\/—

3 Al Xt e A G i Ab Runge-Kutta 1255 WP A7k AR RIIEATIGAIE o 71X BLR 28 M oy Ao e 55
MR BN 5% 105N/m, LMEHEHENIEREN 1x 10 Nm/rad, FXCPUNTEERUGE, 233 W 1
BUAERIN NI KN e N T RERS R R I R G [ SR A BT A AR ERPE LG, BEAL RS SN BRI R s

(26)

DOI: 10.12677/0jav.2026.142009 109 P 5 RE)


https://doi.org/10.12677/ojav.2026.142009

o 7548

KR

WEAN 10N, AL NI B B 5> 101 N/m?, JELRME L 5 WIFE 15 B N 5 % 10" Nm/rad®.
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°© TheRK
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Figure 3. Comparison of amplitude-frequency responses obtained by two solution methods

3. PEFPTS AR AR BONRSTNG R 45 R % EE

MR EBTEOR B T BAFR H A 58— B [ A AR DX ] PRI, A5 5 AR G Rt 17 h 2 2 9L 170 A 25
RRAE, BRI EIUT R AZ . KPR T ST AR NN RGN R, ek T R EMRHA G R A
GLEA AL RS AR S ME R 9 A AR . HAB BT #1755 Runge-Kutta V5 AFS 25
P2V SEGSRIEAN) £, BOAIE T {3 P WP I200] 25 RS B AR 2 Ve (K B 5 M RL AL 5 BREASE AR SRR ) A 2

3.2. St hih S SN R AR RIET A& 550 R 53 4

AN A MR A B R 2 1 A S5 A SR W AR R, B A A 2 M sk FL AR s e
MR . FET 1 2(a), RMERHFRENIEE & =2 x 103 N/m, ZRPEHE SR k=2 x 103 Nm/rad I},
SAEMRHERMET 2 PRESIREE 4 FoR. RHIEAIR19), BEASHRE R AE B e E B AR I R A7
B, i A REFARENE IS IRELE — 80, 48 PRAABUS IR B T B AL P s XS
i, PIIRFEERAC IR BRI N T2 G R AR B IR A 20U B R A — 8, &R
FERBSYR BN T E B AL b i SO FR AT, AR B b tH R e K AR = (12)w] FOAHX A7
Rk, ARLRESABET G LB, ARZRTEBL GO &
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Figure 4. Mode shapes of composite beams under low linear stiffness
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HERERGH — i B A SR ML a2 . I 5 AR AT, Hars& s, BT RiR
BEERA AR Z RN, — B B IR T ARV SO A &, F T LRI AN T

Table 3. Nonlinear spring sets used under low linear stiffness
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Case 1 0 0
Case 2 6 x 10* 6 x 104
Case 3 7 x 10* 7 x 104
Case 4 8 x 10* 8 x 10
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Figure 5. 1st-order amplitude-frequency response curves of different nonlinear springs under low linear stiffness: (a) F = 10
N;(b) F=15N; (c) F=20N

E 5. REMNE T AEIEE NS E R —MIRMMRHZ: @) F=10N; (b)) F=15N; (c)F=20N

6 NHERZAGH b B AR MIT iR N 2. FEARLRIEIBERIER T, REH _HEE
BRI AR S WA SR A T R E AL, BEE AR LR B NI AR, AR VRIS B o, LR
WS ) A 2 o 1] 6 AR EE T AMBUBIIEAE 23 00 10 N 15 N 5 20 N BRRZS R Ama B, 5@ i 43 47 i
BN BRI KRR T 2R GE B AR LAk RN, W A 52 2 B Sk 1) e AT 1 25
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Figure 6. 2nd-order amplitude-frequency response curves of different nonlinear springs under low linear stiffness: (a) F = 10
N; () F=15N;(¢c) F=20N
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Figure 9. 2nd-order amplitude-frequency response curves of different nonlinear springs under high linear stiffness: (a) F = 10
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Figure 10. Vibration suppression of NiTi-ST connected with different nonlinear springs
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