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Abstract

In this paper, we obtain the stability of the multi-quadratic functional equation on a restricted
domain.

Keywords

Hyers-Ulam Stability, Functional Equation, Multi-Quadratic Functional Equation

Z L R R B A IR BRSIE X8 LY E S

E kY, &g, (FF’

BRSO EE, WR W 8
RIS, WK

Email: wlzwl@163.com, jipeish@yahoo.com

Woks H . 20164F10H8H: FHEM: 20164F10H24H; KA HI: 20164F10H27H

=
ASCUEH T 2 70— IR B BT R AR BR 16 SO b i Ra R k.

XESIH: EBE, AR, XFHFH. Zon IRREUTETE R e SUR ERE D). B8 588, 2016, 6(4): 107-114.
http://dx.doi.org/10.12677/0rf.2016.64014



http://www.hanspub.org/journal/orf
http://dx.doi.org/10.12677/orf.2016.64014
http://dx.doi.org/10.12677/orf.2016.64014
http://www.hanspub.org
http://creativecommons.org/licenses/by/4.0/

B

e 4
Hyers-Ulamf& @, BRBTE, Zrn_RKRBTE

1. 5|

KT REOT AR E R ) B, B 1940 4F S. M. Ulam [1[#2H T REEIZS R €. R4, D.H. Hyers

[2]3E%F G, 1 G, #fi Banach =¥ (1], 45 tHim LA mr i i il fsoe o 72 IIF BHIX — il @l i ik #2  Hyers £
TOCEBREY , R—ERM RS RRERR e A J1 TR, /£ Ulam-Hyers-Rassias f& 2 PEEE G [ 34 il
Bk B ECE SO R MR ARG, A H AT SRR, BRI E SR eR 7 R AR e e )
X T AE VER 7t BA BOR R . T LA E A VF 2 B0 K B v T e BR ) e SOk b vk #5007 R AR e M
W, AR 7 TR DR BRI S H [ /2 F. Skof AT Jung %5, 1983 4 F. Skof fif# ek Ulam A0 68 A 7E BR 3 5
EVER R, 2 5 R VR 2805 X4 T % 28 R ACE IR e SO AR e 1 A 56 4518 . Z. Kominek [3]HE B
1 Jensen Elﬁ?‘iﬁfﬁﬁﬁiﬁ)‘(iﬁiﬁ’ﬁ%iﬁﬁ S.M. Jung [4]UEH] T PR E S E Jensen iR #5075 R AR E 1t
I HLS X — G510 WE 78 a] I B8 B AL 5 . John Michael Rassias [5]7E Jung 26T — ¥k BR B0k & MEIE B 1)
Femth b, AH T IRBREERR ) U BRI R E M. Hyers, Isac 1 Rassias [6]45 H Al Cauchy 52
Hyers-Ulam-Rassis e P, 5 ' LA 70 # kA 544 . Dorota Wolna [7]3E B 1 22 1 3 2R 20 7E PR 52 L
W _EFEsE M. John Michael Rassias F1 Matina John Rassias [8]iFEFH T Jensen A1 Jensen 74 p& B 7E BR 1] 52 X
W ERIRE M, R HAZAH T Jensen AT Jensen Y pR BT ABAVE ) A, AEIE BH HR R 21 575V S SCRR[5] S —
# (). Jae-Young Chung, Dohan Kim £ John Michael Rassias [9]45 H! T & Jensen 7Y b 375 R il 52 X35 L
AR E T . Yang-Hi Lee [10]7E 2013 4k 1 BR il S b — YmT n ok #i077 #8 B9 F8 € 1% . Won-Gil Park Fi1
Jae-Hyeong Bae [11]UEH T Bi- Ik sk A7 FEAa e 1, A RTHE[12]45 T 2 00 IR BT RSN 0 FIE B
HAaEE.

AT EAIE W) 52 2 70 IR eR BT FRAE BR ) SO B RS E 1k
2. FELRXIERR

EX 2.1 [12]: R f X" Y ARMEZ 0 ZIREEE n - R F R f 0T — 2 n#lE ik
[y, B

(XX X+ £ (s
=2F (X, % )+ 28 (X X X X0 Xy )
HAF X, X X X X, X, € X o
L% X —IRTEZ P E, Y ZWYE Banach 77 [A]
FIE2.1[12]: REL X" Y XWX, X,y Xy X € X AR
Zil,m,ine{o,l} f (Xll +(_1)i1 X2ty Xm +(_1)in an) = Zanl,m,jne{l,Z} f (Xlil""’ X”jn) (2.1)

HHAY f R ZI0 IR,
SIE 2.2 [12]: WS X" —>[0,0)

X =X\ X Xy )

(Xu Xip0m Xon nZ) ZKO ( X110 2 %5, Xn12Xn2)<°°

VX Xty Xy Xop € X 5 BREL £ X" Y XWX, Xy, 000 Xy X, € X T EAZER



Tk &

S¢(X11'X12"“’an’xn2)

HZil,m,ine{O,l} f (Xll +(_1)i1 Xiz1" s Xpg +(_1)in an)_2nzh,.“,jng{1,2} f (th 7 Xy, )
HXﬂLv( )eXn ﬁu%f( e X ) =0 A X % HEAH —ATEER 0, MAELEE % T

( "Xn)_F(Xl""'Xn) < (Xl'xl""’xn'xn)’ VXP...’XHEX o
FﬁﬁﬁééﬁtﬂJ%CE%73“%5(2.1)?“BE%U%S(EELEM%%TL
EE 21 Wd>0, 5>024LEMNH, R f X" >V L

> f(xllJr(—l)ilxlz,--~,xnl+(—1)in xnz)—Z” > f(xlh,---,xnjn) <65 (.2)
i inef0.1} jedne{Li2)
VX Xigot s Xy Xop € X oo X+ Xz 2 e T e {Leeon} s BV (%00, %, ) € X IR f (%00, %) =0,
M X, %, PEDEH—ATTEREAO0, WA ZIC KR F: X" > Y {15
17"s
[t 0e) = F )| S oy W e X @3)

UEBH: & B AR R 43 9 DU3R 47
l. é‘%iﬁﬁﬂXﬂ- VXll,Xlz,"',ananz eX

il,-«%{o,l} f (X11 + (1) Xy Xy +(<1)" an)— 2" jl,---é{l,z} i (Xihn"n ann)
B[+ [Xea ] Z o s o]+ X = d s e {2, 0} oty =%, =0 B p, e X H [Py =d s 2 x| = x|
i 4 py = (L d /) il <ol 0 % py = (L d/fxo) %, o A8
s = oo+ + R 2 d s [y =%, = i+ R 24 = Xp|+[l2p 2 d
s = 2R+ %o 2 d o P+ = 2R 2 d s xy = o]+ =20 = B2 d
Iou+ % + P2 d % =2+ %~ X 2 d ]+ 20, 2 d
1% - e+ 20 =d 0 [xo = o+ =d . %, -3 +]p]=d .
% =2p 2 d s o+ %, ~3p=d [, = b+ %, — 2,2 .

<17™s

[2pd=d > [2p,]+ ], d - (24)
id
D,f (A A) =, o T (A% + () X X + (1) x5 ) »
Df (B B) =2, eus T (BuXep, Xy, )
|

T o T (D X X (0 0 )28 ()
—Df(X11+X12Az A )+ D (X =%, —2p, Ay A

~2"D, f (%, — Py, By, B, )= 2"D, f (%, + Py, By, By)

+D,f (Xy =X, Ay, A )+ DL (X =X, = 2P, Ay A)

~2"D,f (X% %, — Py, B+, B, )~ 2" D, f (. By, B,)
_[le(Xil_X12_2pl’A2""’A1)+D1f(X11—X12+2p1,A2,---,A1)



FHh &

—-2"D, f (X4 —%,B,,+, B, )—2"D, f (2p1,|32,...,|3n)]

_[le (X =X = 2P, Ao A)+ D F (X + X, = 2P Ay A)
-2"D,f(%,,B,,+,B,)-2"D, f (Xll—Zpl,BZ,...’Bn)J

+ D f (X =X, + 2P, Ay A )+ DT (X +%, —2p, Ay A)
-2"D,f(%,,B,,+,B,)—-2"D, f (%, —2p;,B,,+, B,)

—[ D F (2% =X =2y, Ao, A+ DL (X, Ao A
—-2"D, f (%, — P, By, B, )=2"D, f (%, — X, — P1, By, By)
_[le (X, +2p, Ay A+ D f (X, Ay A

~2"D, f (X, + P, By, B, )~ 2"D, f (p,, B+, B,)

+D,f (2%, =%, —2p, Ay A+ D F (X, —2pL, Ao, AY)
-2"D,f(x,-2p,,B,,,B,)—2"D, f (X, — %, B,,, B,)
+D,f (X12+2p11A21"'1A1)+ D, f (x12—2p1,A2,...,A1)
-2"D, f (%,B,,-+,B,)-2"D,f(2p,,B,, -, B,)

+D,f (g Ay A )+ DL (X~ 4Py, Ay, A)
-2'D,f(x,-2p;,B,,++,B,)-2"D,f (2p,, By, B, )

+Df (%, Ay A )+ Dy (X = 2P, AL AY)

—2'Dyf (X12_ pl’BZ"”’Bn)_Zn D, f (p1’82""*Bn)

_[le (X, —4p, A, A+ D f (X, —2p, Ao AY)
—2'Dif (X12—3p1,82,-..,Bn)_2” D, f (plsz""*Bn)}

_[Df (X12—2p1,A2,-~-,A1)+ D, f (x12—2p1,A2,...,Aq)
-2"D,f (%, - py, B, B, ) =2"D, f (O, BZ""’Bn)J

+D,f (2%, -3p,, A\, A )+ D f (3p, Ay, A

-2"D, f (x,,B,,-++,B,)—2"D, f (%, —3p,,B,,-+, B,)

—[Dyf (2%, =3P, Ay A )+ D T (P Ay A

-2"D,f (%, — P, B, B,)-2"D, f (x12—2p1,|32,...,|3n)]
_[le (3P, A, A)+ D f (A, A
-2"D,f(2p,,B,,-+,B,)-2"D, f (pl,Bz,...,Bn)]

+[Dyf (P A A )+ D f (P Ay A)
~2'D,f(0,B,,+,B,)~2"D;f (p,. B, B,)]

H1(2.2), (2.4)3 L LI #Io% R A5
> f(x11+(—1)i1xlz,-~-,xn1+(—l)i" xnz)—Z” > f(xlh,--~,xnjn)

i nine{0.1) jene(l2)
Hb, Wxys xpe X x|+ % |zd, ie{2n}. BIER

> f(xn+(—1)i1xlz,---,xnl+(—1)in xnz)—Z” > f(xljl,---,xnjn)
i ninel0,1) fee inetli2)

Hb, W xpe X ie{ln=1, x| +[x%e]=d -

<175 (2.5)

<17™'s (2.6)




Tk &

||Xn1||+||xn2"< d, i Xn = X2 =0, it P, € X "pn":d °
<ol 5. =l 88

"an - pn”+"Xn2 + Py " >d, "an ~Xn2

B 2 Xy |2 Xz B 2 py = (14 d /%)) Xt

P+l 2 =l +2m] 2 =20 [+ x> d

[l + %0z =20 d s e = poll % = X0 = Paf 2 s o[+ [+ po 2 %y = 2, |+ % = %o 2
el + 1202 d s % = pal+ 20,20 e = P+ llpa[2d s %, =3[+ [pa] 2 d s [x,, —2py ]2 d
ol + %2 =32 d s X, = po]+ % = 25| 2 d 2Py =d |2y ]|+ o= (2.7)
1t
an (Ai-'”' Ah): Zil,---,ine{o,l} f (Xu +(_l)i1 X5t X +(_l)in71 Xi120 Ah) ’
D, f (Bl""' Bn): Zjl,m,jne{l,Z} f (Xll-l’“.’xn’lvjnfl’ B”) °
Ul
Z.l Line{0,1) (Xill ( )1 Xlz""'xnl"'(_l)in Xn2)_2nzh,'..,jne{1,z} f (th’”"xnjn)

= an (Ai' 'A'l—l'xn1+xn2)+D f(Ai""'A1—1'an_Xn2_2pn)

~2"D,f (B, By X — Py)—2"D, F(By,-+, By gy Xy + Py )

+D, F (AL Ay X = Xao )+ Dy T (AL Aty X = X2 —2P,)
—-2"D, f (B, By 4 Xy =X, — Py )—2"D, f (B, B, 1, Py)

~[ DL F (AL A Xy =X, =2p, )+ D, T (A, Anl =X +2P,)
~2"D, f (B, By 4 X =Xy )—2"D, F (B, B, 1, 2p, ) |

_[an (A1' ”’A1—1 Xy —

n2 an)+Df(A1 Awlxnl+xn2 2pn)

_Znan(Bl" Bnl nz) ZHD f( : Bnl n1 2pn)]
+an(Ai""’An—1’ nl_xn2+2pn)+D f(Ai A1—1 Xn1+xn2_2pn)
_2nan(Bl’ ’ Bn 11 nl) ZnD f( : Bn 10 %n2 2pn)

-[Dnf(

Ai' "1A171-2Xn1

n2 2pn)+Df(A1 A]l n2)

_Znan(Bl’ ’ Bnl ni pn) 2" an( 1 "’Bn—l’an_an_pn):|
_[an(Ai' "’A1—1'Xn2+2pn)+an(Al’“"Ah—l’an)
~2"D, T (BB, 4, X, + P, )—2"D, f (B, +,B, 1, p, )]
+an(A1"“’A'\—l’2Xn1_ _2pn)+an(Al""’ph—l’xnz_zpn)
_Znan(Bl! ' B—l nl 2pn) Znan(Bl’ "’Bn—l’xnl_xnz)
+an(Ai""’An—l’Xn2+2pn)+D f(Ai ”"A1—1'Xn2_2pn)
—Znan(Bl, -, B, n2) 2"D, f( anl,an)
+an(AL’“"A\—1’ n2)+D f(Al’“"Ah—l’an_‘lpn)
_2nan(Bl7' Bnl n2 2p1) 2nan(Bl 7Bn—112pn)
+an(A1""’A\—l’ n2)+D f(Al'”"Ah—l’an_zpn)
_Znan(Bl" Bnl n2 pl) 2nan(Bl 'Bn—llpn)

_[an (Ai"“!A'l—l' n2_4pn)+an (Ai"“'A1—1'Xn2_2pn)

()



B

_2nan(Bll : ’Bn 1’ 3p1) 2nD f((Bll ’ n 11pn):|
_[an(Ai""'A'l—l’an_an)"_an(Ai""'A1—l'Xn2_2pn)
~2"D, (BB, 1, %, ~2p,)~2"D, f (B,,+,B,,,0)]
+an(A1"”'A1—l'2X _3pn)+Df(Ai'”"A\1 3pn)
~2"D, f (B, B, 4, %)~ 2" D, f (By,-+, By 4, %p —3P,)
_[an(A17""A1—172Xn2_3pn)+D f(Ai""’Ah—l'pn)
~2"D, f (B, B, 1, X, — Py)~2"D, f (B, B, 1, %, —2p, ) ]
_[an(Ai""'A171’3pn)+D f(Ai""'A1—1'pn)
-2"D, (B, B,,,2p,)-2"D, f (BB, 1, p,) ]
+an(Ai’”'7A1—11pn)+an(A17”"A1717pn)
-2'D, f (B, B, 4,p,)-2"D, f (B, -+, B, .,0)

H(2.6), (2.7)= e Lok R U153

)y f(X“’L(_l)ilXlz""’xn1+(_1)in an)_zn )y f(th"" m)

i1,»~‘ine{0,l} j1,~-,jne{l,2}

<17"s

HH, WXy X, Xy Xy € X o
1. 3E B (2.3) 30T

(2.8)

L(28)H Xy =%, =%+ i€ fLo,n}, ARIFERA . BEAL % (%, x ) e X" BEAH—ATLEN O,

f(Xl,"', H)ZO’ T'fﬂax‘j-vxl,, HEX ’

4n f( X Xn)_f(xl"”'xn)

F2x AR X, Tefl-n}, AP FIRR 4™ A4 vx, o %, € X

1 k+1 k+1 k 17n
Fx FIEREH m>k>0, vx,-x,eX, A
1 1

F(2M 0 2"%, ) == F(25%, -+, 2%,

m-1 l7n
2 i Szwﬁmﬁ

9(2.9)ﬁ43k—>ooﬂ?§{4%f(kal,---,kan)} J2Y Hif# Cauchy %1, T Y J& Banach =%

keN

Cauchy #Itsh. ic
F (X, %, )=lim L f(2"x1,~~-,2"xn), VX, 0, X, € X

Koo 4nk

29X+ k=0,
1
f(2™x -.- 2™x = f
4nm ( Xl’ 1 Xn) (X1' ’Xn)
HAm-—ooo, HERI10):AAHE, X vx, X, X,

()

m-1 17”
< Zi:O 4n(i+l) g

(2.9)

6], Bk

(2.10)



Tk &

17"
F(x, - x)=f(x,, < -
[F O ) = f (e ) < 2
1. IEBH RS F &2 00 kI,

Kr(2.8) A 2%, 5 2%, MBIAREE Xy 0 Xy o Be{l-e,n}, REXFUGIEER 4™, w15

1 i in
thmirﬁ{ol} f (2k Xll + (_1) ! 2k X12 17T 2k an + (_1) 2k an)
) (2.11)

1
_TWTELVM¢Af(?&r“”?Xm)

< " 17"5

HA vy, X, X X € X o Bk >0 3 F Z2Z LRI

IV. EWTER 2 F R
A F i 2.3), i FYAIF 550 kT,

|||:(X1,...7Xn)_F'(le...,xn)

1
<
4nk

1
4nk

F (2%, 2%, ) = F/(2%, -+, 2%, )

<

F (2%, 2%, ) = £(2%, -+, 2", )

l L

+ 4T

L2
4™ 4" 1

Lk o> i[BFE=F, MIMF:X">Y &ML r REE0H 2 e3)R.

F(2%, 0, 2%, ) = F/(2%, -+, 2%, )

1)

E&WE

R I PR R RT3 4 (No.BS2013SF014): 1L R4 sk - e RHE %I (No.J16L151) .

SEHk (References)

(1]
(2]

(3]
(4]

(5]
(6]

(7]
(8]

(9]

Ulam, S.M. (1960) A Collection of Mathematical Problems. Interscience, New York.

Hyers, D.H. (1941) On the Stability of the Linear Functional Equation. Proceedings of the National Academy of
Sciences of the United States of America, 27, 222-224. http://dx.doi.org/10.1073/pnas.27.4.222

Kominek, Z. (1989) On a Local Stability of the Jensen Functional Equation. Demonstratio Mathematica, 22, 499-507.

Jung, S.M. (1998) Hyers-Ulam-Rassias Stability of Jensen’s Equation and Its Application. Proceedings of the Ameri-
can Mathematical Society, 126, 3137-3143. http://dx.doi.org/10.1090/S0002-9939-98-04680-2

Rassias, J.M. (2002) On the Ulam Stability of Mixed Type Mappings on Restricted Domains. Journal of Mathematical
Analysis and Applications, 276, 747-762. http://dx.doi.org/10.1016/S0022-247X(02)00439-0

Hyers, D.H., Isac, G. and Rassias, Th.M. (1998) On the Asymptoticity Aspect of Hyers-Ulam Stability of Mappings.
Proceedings of the American Mathematical Society, 126, 425-430.
http://dx.doi.org/10.1090/S0002-9939-98-04060-X

Wolna, D. (2006) The Stability of Monomial Functions on a Restricted Domain. Aequationes Mathematicae, 72, 100-
109. http://dx.doi.org/10.1007/s00010-006-2832-z

Rassias, J.M. and Rassias, M.J. (2003) On the Ulam Stability of Jensen and Jensen Type Mappings on Restricted Do-
mains. Journal of Mathematical Analysis and Applications, 281, 516-524.
http://dx.doi.org/10.1016/S0022-247X(03)00136-7

Chung, J.Y., Kim, D. and Rassias, J.M. (2012) Stability of Jensen Type Functional Equations on Restricted Domains in
a Group and Their Asymptotic Behaviors. Journal of Applied Mathematics, 2012, 1-12.
http://dx.doi.org/10.1155/2012/691981

[10] Lee, Y.-H. (2013) Hyers-Ulam-Rassias Stability of a Quadratic Additive Type Functional Equation on a Restricted

()


http://dx.doi.org/10.1073/pnas.27.4.222
http://dx.doi.org/10.1090/S0002-9939-98-04680-2
http://dx.doi.org/10.1016/S0022-247X(02)00439-0
http://dx.doi.org/10.1090/S0002-9939-98-04060-X
http://dx.doi.org/10.1007/s00010-006-2832-z
http://dx.doi.org/10.1016/S0022-247X(03)00136-7
http://dx.doi.org/10.1155/2012/691981

B

Domain. International Journal of Mathematical Analysis, 7, 2745-2752. http://dx.doi.org/10.12988/ijma.2013.39224

[11] Parka, W.-G. and Baeb, J.-H. (2005) On a Bi-Quadratic Functional Equation and Its Stability. Nonlinear Analysis,
62,643-654. http://dx.doi.org/10.1016/j.na.2005.03.075

[12] Ji, P.S., Qi, W.Q. and Zhan, X.J. (2014) Generalized Stability of Multi-Quadratic Mappings. Journal of Mathematics
Research with Applications, 34, 209-215.

Hans iXlth

BT B E R E R T RS

BeRanr RS (QQ. MR MBAE & )
NIV HC B 4538 1 1 T

24 /INIRF DL Y AR 2 S5 FRD P A e ]

KU IR LB T

B R AT PR

FIPAE R

40 2% 78 s 2 S IR

AEE S http://www.hanspub.org/Submission.aspx

WITIMRAE : orf@hanspub.org

NoakowpE



http://dx.doi.org/10.12988/ijma.2013.39224
http://dx.doi.org/10.1016/j.na.2005.03.075
http://www.hanspub.org/Submission.aspx
mailto:orf@hanspub.org

	The Stability of a Multi-Quadratic Functional Equation on a Restricted Domain
	Abstract
	Keywords
	多元二次函数方程在限制定义域上的稳定性
	摘  要
	关键词
	1. 引言
	2. 主要结果及证明
	基金项目
	参考文献 (References)

