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Abstract

In this paper, the MCP function is used to continuously relax the ¢, function for
the least absolute deviation with sparse penalty, and the equivalence of the solutions
of the two multi-parameter absolute value optimization problems is studied in two-
dimensional space. Under simple conditions, it is proved that the two problems have
the same global optimal solution and optimal value, which provides a reference for

further study of the corresponding high-dimensional problems.
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Mo L 4 AR A T R [1-3]2 Fi5 s 7 s 0 240 SR B0 — i AR 2 P D0 A ) AL 3K SR e 2 I P A 4

A THEZG. BB, BEGRA ARREERE. RS WL MRE, RRAE%E2 D

S [4-7). ORIE A A B A SR AU A — A A SR TR, — ORI, BRI AL B 1 3 AN

AEFH T AL BEAZ IS 1), (H 2 Wi 20 R B & B RS IR G5 A B 9 BRATT AW ST 3R it T — N I ALE. At
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min G(z) == f(z) + Allzo, (1)
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Hor, f(o)FoRB RS, Bl /h—R, /DT, Huber BEZE. |zl R R EFHEM
N N AN IER R

N A Lo IE U R A A ) @8 JE N JEG T, dELipschitzf), H SCER (8, 9]t 48 H 3K fi# ]
(1) ZNPHER). FlttDonoho-Candés-Tao 55 AK€ YUK A0, JEH [10-12], HAR .

min G(z) := f(z) + A||z||1,

rER™
Hlt, |zl = || + 2] + - + |2a], A > 0.

WEFCR M, 04 KA AR TR 150 788 ST AB U A b b A0SR A M FBE R R FAAR [13], Ly BT () i 25 5% 3
T IRASER R FEEe fasha s 580 B E Nk, BSR4 B2 tmfh k& [14], JF
HAZBRL I fAER > Oracle HEFT [15-17). BRIk, #0700 7038 B SOR FL A R4 02 A 4 28 111 ek R
5th 0o 70 EL, L, Capped-¢,, MCP, SCAD %547 28 [V 41 bR 4, ax Sl (B 8 = 2 () A TF 2 BAT To
BESNE, Mt [17) 55 RAFIOMER, [N E, TEX L5 %, MCP 7Ef i AU Oracle
PR, T HLAEFR G DA R Bl B BRI [18]. Ak, A0 e FIMCP B8 R AA Bt T2, #A5H
RN T

min G(z) := f(z) + ®(z),

rER™

Hefi®(z) = 300, o0, i), JHH

Mo = 2, x| < 60X,
w0, N\, ;) = A>0,0>1.
%9A2, |$i|>’0A,

FEN G, fie/I—Fedi SR n] AAT RO A BB B AEL, XA A5 fe /I — TR R A B [19].
DRI, ASSCRH Foe Iy — et R R 2L

S LA A 5 ) A FEEAR H9 5% 2R i B (18, 20-22).
RSCLE = AT T8 B R by )8

min G(z) := [ax; + bxy — ¢ + Al|z|lo, (2)

r1,22€R

=

0, 1 = T2 ::0,
lzllo =191, 215 B BAE A0,
9 $1£§ m2ﬂ32<y907
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55 R Bt )
xrriiréR G(x) == |azy + bxy — ¢| + D(z), (3)
Hee(z) = 30, o0, ),
Alz; —wi, il <ON,
(0, N, ;) = il =z, o A>0,0>1,
19x2, 2| > A,
ZIFEHISEM . W L(2) 5 (3)# e & 2 SR A B LA R, #2 AR ARG .

2. FEFER

S R (2) 55 (3) AR A4, 7 S Y A (2) RO

EIE 2.1 ®a#0,b#0,ceR, A>0, zcR2 W2 KRt 0T

(0,0), A > |cl,
Tt = (070)3 (ga O)Ez(oa %)7 A= |C|7
(£,0)5(0, %), A < el.

MERR. Yz, =0, 2o = OB, ||lz|lo =0, H
Go(z) = lazy + bxy — [ + Allzllo = [c];
My # 0, vy = OWF, ||2)lo = 1, W
G1(z) = (azy — ¢)sign(az, —c) + A,
My = 0,19 # OB, ||2|lo = 1, N
Ga(x) = (bxy — ¢)sign(bxs — ¢) + A,
My # 0,20 # OB, ||z)0 =2, A

G3(x) = (axy + bxy — ¢)sign(azy + bxry — ¢) + 2.

LRy iR 3 A
#Go(z) < min{G(z), Ga2(x), G3(z)}, BIX > || B}, Ha* = 0;
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Gi(z) = Ga(x), BIX = ||}, FHAG(0) < Gs(x), #ha* =0, (£,0)8(0, £);
Gl((IJ) = GQ(%’) < min{G0($)7G3(I)}, EI:I)\ < |C|Hﬂ‘, E&SC* - (iuo) Ejz(ov %) 0

KT ZICRR B, A LR 5L
513 2.1 [23]8Lf 1E (2o, yo) ML EAT “BrESM FEL, (20,90) Nf MEERL L

A:fmc (x()?yO)a B:fmy (x07y0)a C:fyy (anyO)v

A B
B C

= AC — B2

(). HH >0: A >0 B f (z0,y0) NWAME; A <0 B f (20, yo) AMKAA;
(ii). HH < 0: f (x0,y0) NREWAE;

(iii). MH =0 B, f (2o, yo) W HERMAA, AT REARIRAA.

T ARSI R B LG R

EIE 2.2 ab#0,A>0,0>0, =2, NVe € R, [715(2) 5 (3) 54 F 45 S AL RA T L.

WERR. T I 2 I I 18 R AR S S AN R X3P 25 2 RN SRR O R BRI T
VE R E 1) (3 ) FA S DL AR

10 2 < N0, 25 < =0, Hazy + bxy < clif,

Gi(z) = c — amy — bry + OX* > ON2.
20 21 < =M\0, 20 < =0, Haxy + bxy > i,
Go(x) = axy + bry — ¢+ X% > ON2
39y < —A\0, 15 < =0, Haxy + bxy = clif,

Gs(z) = OX\2.

ZRE10-30, fFREIXIRS, = {21 < N0, 20 < =N} EHIEBAAEN: © € {x € R? : az; + bxy =
e,z < =0, x5 < —AO}, BB NG (z) = ON2.
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40 31 < =N, =M\ < 25 <0, Hald > —c, Wax, + bxs < c,

N 1 )
Gy(z) = c—ax; — by + 59}3 — Ay — i
T
(i) G(=X0,0) = c+aXd + 1022 > Lo = G(£,0).
(i) G(=A0,=A0) = [c+ abA + BN + 0N > OX° > 30X° = G(,0),
FL(2, 0)RTEZIX 5, 0 H A AME A, #0% K M.
50 21 < =0, —\0 < 25 < 0, HaXd < —c, Wax, + bxy > c,
Gs(x) = + by — +19)\2,)\ 71’3
5() = ax; Ty — C 5 s o

HF

(i) G(=X0,0) = c+afX + 10X% > LOA2 = G(<,0).

(ii) G(=M0,—=A0) = [aBX + bON + c| + X2 > OA2 > 10X% = G(<,0).

FL(S, 0) R ZEZ X4, MG BEARE ML 2, 5012 X 4R AR /M

6° —\0 <z < 0,25 < =M\, HHDNO < —cif, azxy + by > c,

2
5 () = e L
Ge(x) = axy + bxry — c — \xy 50 + 29)\

SN

(i) G(0,—X0) = bOX + ¢+ 2022 > L1oA2 = G(0, ¢).

(ii) G(=N0,=A0) = [afX + DOX + c| + 0X2 > OX% > 102 = G(0, ¢).
H(0, €) ATERLIX IS, 0 HARME A, #AE 2 X T /ME.

70 N0 <21 <0,29 < =0, HHbN) > —clf, azy + bxs < c,

A 2 1,
Gr(z) = ¢ —axy — by — Azq — %4_59/\

N

(i) G(0,—X0) = c+bOX + 2002 > L0X2 = G(0, ¢).

(if) G(=A0,—A0) = [afX + DOX + c| + X2 > OX% > 102 = G(0, £).
H(0, §)ANFESLIX 2R, 70 HAb AR AME SR, SR 2 X Te /M.

dar
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N <z <0,-00 <zo <0, HHN > a:beﬂL,axl +bxy > c,

Cos() = ay + by — ¢ — Awy — S \gy — 22
s\ ) = axry X2 C T, — 29 T 29

(

(ii) G(=N0,0) = [c+ afA| + 302 > 10X = G(%,0).
(
(—

(i) G(0,—A0) = |c+ bOA| + 10X2 > 10X% = G(0, £).
(iv) G(=M0, —=A0) = abX + bOX + ¢ + O > O)2.
(v) Gs(x) = O, T ((a — N)6, (b— N\)b).

it A

AL FON? > —2¢, (0,0) WH/ME AT, {H(0,0) AFEILIX .

B. #0A? < —2c, (0, %), (£,0) M/ ME R, HAATE X

C. 0N = —2¢,(0,%),(£,0),(0,0), (35, o55) ARAMERL, (0, 5), (£,0), (0,0) AAEBL XK,
WOAZ I 1(555, ) FEAERR/ME, JLE 02,

D. iR4E5IH2.1, A=C=-3<0,B=0,H=% >0, \fiGs((a — \)0, (b — \)), £ %Xk
PR B A, AN 1% DX AR /M R

M <z <0,-M0 <z <0, HHNO

a+b

x x? x5
Go(x) = c—axy —bry — Az — % — ATo — 20

—A0,—A0) = c+ ab + bOX + 622 > O)2.
—20,0) = |c+afA| + 10X% > 10X% = G(£,0).
(iv) G(0,=M0) = [c+bOA| + 2022 > LOA2 = G(0, &).
(v) Go(z)" = O, FEIE& ((—a — N)b, (b — \)b).

A FHON2 > 20l (0,0) R/ME KL, {H(0, 0) ANEIEIX K.
B. #70)% = 2¢ltf, (0,0),(£,0), (0, £), (55, 255) AM/ME R, (AL X
C. #0X* < 2], (£,0), (0, §) 9/ IME AL, (HAEAFE L XIS,

2% &

g.T

Tﬁ Hiﬂ =

ﬁﬂx
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D. 4521, A=C=-1 <0,B=0,H=2% >0, \iGy((—a — N8, (=b— \)§), £&i%

DX 35 PRI AR AR AT, A 2 122 DX T AR /DML
ZEA10-9% FEX IS, = {21 < 0,20 < O} B AFTE S /ME NONE, L Ne € {x € R? :

ary +brs =c, 11 < —A0, 15 < )\G}U{(a+b, aib)}

10 2y < —M0, 25 > N Hazy + bxy > ¢, 1

Gio(z) = awy + bry — ¢+ ON%,

TG (z) > ON2, A I X I P T ft /M.
110 2y < —M0, 25 > N Haz, + bxy < c, 1

Gi1(z) = ¢ — axy — brg + ON%,

T G(x) > 0N, HOEILIX 50 P T Joe ML

120 2y < —M0, 25 > N Haz, + bxy = ¢, 1

@12(3:) = 9)\2

H TG (o) WE B, BRAMERIRA: G(2) = 022

ZEA100-12°, FEXIBSs = {21 < —N0, 20 > N0} EAFAEI/IMENON?, TN iz € {x € R?

ary +bxry = ¢, 11 < —\0,x9 > NG},

13% 21 < —=X0,0 < 29 < N0, HMaN0 < —chf, azy + bz < ¢, T
2

Gha(x ) = c—azi—bry+ 5 Lyy2 +)\m2_%

H T
(i) G(=X0,0) = c+afX + 10X% > LOX2 = G(<,0).
(ii) G(=A0,A0) = | — abX + bOX — | + X2 > 0% > G(£,0).

H(&,0) A% XK, I HAMIME =, e % X 30 R M.

14° 21 < —=X0,0 < 2o < N0, HHa\0 > —clf, axy + bxy > ¢, Il
G14< )—a:cl—l—bxg—c—l— 9/\24-)\172—@

H ¥
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(i) G(=X0,0) = —c — afA + 3002 > 10X% = G(2,0).
(ii) G(=M,A0) = | — ab\ + bOX — | + OX2 > A2 > G(£,0).
H(&, 0)ANFEZ XIS, BI0 HAMAR/IME 5, BOEAZ X 8T e LA

N0 < zq < 0,20 > NH N > ], azq + bxy > ¢, X

xl

92
29—|— A

6'15(x1,x2) =axry +bry —c— Ax1 —

HT

(1) G(0,70) = bAO — c+ 10X% > 10X% = G(0, £).

(2) G(=X0, M) = | — afX + bOX — c| + A2 > OA% > G(0, £).
H(0, §)ANFEBLIX R, 70 HABAR AME R, WA I 12 DX B DL .

160 =0 < 1 < 0,29 > N H. 20N < i, axy + bzy < ¢,

351

9)\2
20 +

G(xl,m2) =c—ax; —bry — A\x1 —

BT
(1) G(0,70) = —bA0 + c + $0X% > LOA2 = G(0, ¢).
(2) G(=A0, M) = | — afX + bOX — c| + 0A2 > OA% > G(0, £).
H(0, §)ANFELLIX R, 70 HABAR AME R, SOAS 12 DX B DL .
170 X0 < 31 < 0,0 <z < MH N < BN > =S, azy + bry < ¢, i

2 2

29-1—)\ 2—%

Gi7(x) = c—axy — bry — Ay —

GENR
(i
(ii FON = G(£,0).

) G(0,0) =
) G(-

(i) G(0,70) = c — DO + 2022 > 10X% = G(0, 2).
) G(-
) G

M,0) = ¢+ afX + 3677 >

a’

(iv
(v
FIrA

AL 20X > 2ei, XA (0,0) AERLIXIE, HOE1Z s I /ME.

MO, N0) = | — abA 4 bOX — c| + A% > G(=<

) = A2 > G(2,0).

a+b’ a+b

x)' = O, BEFE 5 ((—a — N, (=b+ N)0).

B. 90X = 2¢Bf, H1T(0,€), (£,0),(0,0), (=<, ) RTELLIX I, Wby ok /IMA.
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C. M0X% < 2cBf, FT(0,9), (£,0)ANELIX I, HUE TERk/IMA.
D. FHEG((—a — N8, (=b+ N)) > G(=I, \0),G(—N0,0),G(0,0), G(0,\0) HA A& iZ%IX 155 1

—A0 <21 < 0,0 < zp < MHENG > £8ING < =2 I, axy + bxo > ¢, #]

(x)—ax1+bx2—c—Ax1—g;+A 2—;—;

SR

(i) G(0,0) = —c

(ii) G(=N0,0) = —c — afX + 20A% > 10X% = G(£,0).
(i) G(0,M0) = —c+bOX + 302 > L0A2 = G(0, %).
(iv) G(=A0,00) = | — abA + bOX — c| + 0N > G(55, =%5) = 0A2 > G(£,0).
(v) Gig(x) = OB, HEFE 2 ((a — N0, (b+ N)O).

fitEA

A HON? > =2, (0, 0) RTESLIX IR, #OEZ IR/ ME.

B. M0M2 = —2¢Iif, FA(£,0), (0, %), (—<, £) REBLXIR, HOGZ 5 KM,

C. H0N* < =2, B0, §)AEM X, MU R(E, 0) A A AE R /IME, BT PA(S, 0) 5 % X 5
¥R/ IMEL.

D. #3211, A=C=-1<0,B=0,H=2% >0, \iliGis((a — N8, (b+ \)§), &i%Xk

£75130-18°, FEX IS, = {1 < 0,A0 > ao} EAFER/IMANZON, B e = (£,0).
199 x1 > N0, 29 < —MN,ax1 + bxo < c, [

élg(Il,Ig) = C— ary — bxg + 9)\2,

HTG(x) > ON?, B/ ME.

200 1 > N0, 9 < =N, axy + by > ¢, 1
Gzo(l') = ar; + ba:2 —Cc+ H)\Q,

HFG(x) > ON2, I /ME.

219 21 > N0, 29 < =N, ax1 + by =, T

é21 (33) = 0)\2,
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BT G (2) RHE, MW/ METEaz, + bry = LA, B N: X2
ZRE199-210) FEXHSs = {x1 > M, x0 < N} EAEE &R /MEON?, LiE e € {v € R? :

axri + bxre = c,x1 > N0, 19 < —A\O}.

220 0 <z < N0, 20 < —NOH. BN > —clf, axy + bxy < c, T

ézz(x):c—axl—bszr)\xl %Jr 9)\2

R

(i) G(0,—X0) = b0 + ¢+ 202 > L1oA2 = G(0, ¢).

(ii) G(AG, =) = [aBA — bOX — c| + A2 > X2 > G(0, £).
FL(0, &) ARTEML IR, HOTEHE M.

239 0 <z < N0, 20 < —NOH 4N < —cHf, azy + bxs > ¢, T

623(391,%2) =ax; +bry —c+ Ay — 20 + 9)\2

SR

(i) G(0,-X0) = —bA0 — c+ 20X2 > 102 = G(0, 9).

(i) G(AG, —A0) = |afX — bOX — c| + OXN% > 0X2 > G(0, £).

H(0, §)ANFESLIX R, 170 HABAR AME R, WA I 2 DX B DL .

24°% 21 > N0, —M0 < xo < 0H.MaNd > i, azq + bzy > ¢,

ég4(l‘1,l’2) =ar; + bl’z — C — )\1’2 — % + 9)\2

G

(i) G(A0,0) = aXd — c+ 10A% > 10X% = G(<,0).

(ii) G(N, —A0) = [aAd — DAO — c| + OA2 > OA% > G(2,0).

TH(<, 0)ANTEREIX I, B IEHAMAR IME £, SO 12 X Sl B A

259 21 > N0, —\0 < 29 < 0H.HaNd < i, axq + by < ¢,

Gos (1, T3) = ¢ — axy — by — Axy — 20 + 0)\2
T
(i) G(A0,0) = c—aXd + 10)% > 10X% = G(<,0).
DOI: 10.12677/orf.2023.132089 869 8% SHH
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(ii) G(N, —A0) = [aXd — DAO — c| + OA2 > OA% > G(£,0).
H(E, 0)ANFESLIXIZ, 0 AR ME S, HOAN 2 12 DX B DL
26° 0 <y <M, —XN0 < x5 <0 HHN < SHN > S, axy + bry < ¢, T

x? x2
- 2 2
Gog(r1,22) = c—awqy —bry+ Ary — — — Mg — —

20 20

HT
(i)
(i)
(iii)
)
)

(Y]]

0,0) =

QD

(
(0, =A0) = c+ bA0 + 20X2 > L0X% = G(0, £).
G(M0,0) = c — aXd + 30X% > L0A2 = G(£,0).
G

(iv) G(N, —A0) = [afX — bOX — | + X2 > 02 > G(0, £).
(v) Gos(x) = OBF, BEIEGE (N — a)f, (=b— \)P).
it A

A 22002 > ity H17T(0,0) FIAEIZIX IR, HOE1Z s HIR/ME.
B. 1A% = cif, HA(0,0) IFF & %A, {A.(0, 0) SATEIZ XK, MG Z A iR/ ME.
C. 43002 < o}, BT (L, 0)RTEREIX IR, HMURTE(0, &) AAFTENR/IME, HAEALON.
D. #5121, A=C=~-1<0,B=0,H =2 >0, \fiGas((A — )0, (=b — \)0), %X
SRR KB A, WA AZ X TR AR /M R
270 0 <@y <M, M < @ < 0 HHN > SHEEN < S, azy + bay > ¢,

2 2

~ T
G27(.’E1,.’E2) =axri + b.’L'Q —c+ )\.’El — 275 — )\1’2 — %

(ii) G(0,-X0) = —c —bAO + 20X% > LOA2 = G(0, ¢).
X,0) = —c+add + J0A* > 10N = G(£.0).
(iv) G(\0, =) = |a)\9 — DA — | + 072 > 0X% > G(0, 9).

A 21007 > —cltf, H17(0,0) FATEIZIX IR, MOE1Z A HIR/IME.
B. H10X* = —cif, (AL XIS —cff, HE(£,0), (0, %), (£, —€) ALTEHRAE.

a’
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o
=

C. 24L0N? < —clif, T #(£,0), (0, ) TESLIR I, MR/,

D. #RIEFH2.1, A=C=—-1 <0,B=0,H =2 >0, \fiGor (A + )8, (b — \)8), %Xk

(PIARORAE A, WA 12 X TR /B 15
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