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Abstract

In this paper, the MCP function is used to continuously relax the `0 function for

the least absolute deviation with sparse penalty, and the equivalence of the solutions

of the two multi-parameter absolute value optimization problems is studied in two-

dimensional space. Under simple conditions, it is proved that the two problems have

the same global optimal solution and optimal value, which provides a reference for

further study of the corresponding high-dimensional problems.
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1. Úó

DÕ�å`z¯K [1–3]´��kDÕ�å�����5`z¯K. ùa¯K2�A^37

K!Oþ²LÆ!ã�?n!�ª£O!CþÀJ!Cþ�mü�!DÕ­�!Ý]|Ü�õ�+

� [4–7]. ¤�C�c�`z9Ù�'+����9:ïÄ�K. ��5ù, ëY`z�nØÏ~Ø

U^u?nTa¯K, �´DÕ�å8Ü�AÏ(���·��ïÄJø
��#�Å�. DÕ`

z8�´Ïé��j½�5½��5�§�DÕ), =�¦�"©þ�ê¦�U�, Ù`z�.X

e:

min
x∈Rn

G(x) := f(x) + λ‖x‖0, (1)
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Ù¥, f(x)L«��¼ê, ~X���¦!���¦!Huber ¼ê�. ‖x‖0 L«�þx �"©þ�

�ê, λ ´����~ê.

Ï��k`0�K�`z¯K´�à!�1w!�Lipschitz�, �©z [8, 9]��Ñ¦)¯

K(1)´NPJ�. ÏdDonoho-CandWs-Tao �<ò`0�êtµ�`1�ê [10–12], Ù�.�:

min
x∈Rn

G(x) := f(x) + λ‖x‖1,

Ù¥, ‖x‖1 = |x1|+ |x2|+ · · ·+ |xn|, λ > 0.

ïÄL², `1tµ�.�`0¨v�.�'©ÛÚ¦)JÝ��ü$ [13], �`1 �.�)N´Ï

Lyk�`z�{��. �Ä�`1 tµ²~��LÝ�Kz, =���(J´k �Oþ [14], ¿

�T�.�)"�Oracle 5� [15–17]. Ïd, Ü©ïÄöïÆæ^äkûÐ5��òU]¼ê5t

µ`0�ê, 'X, Capped-`1, MCP, SCAD�òU]v¼ê, ù
�à�.�)��OþäkÃ 5,

ëY5, DÕ5 [17] �ûÐ�5�, ��'5�´, 3ù
v¼ê¥, MCP 3tµþØ=kOracle

5�, 
�3nØ±9ê�þäkûÐ�Ly [18]. Ïd, �©�Ä^MCP¼ê5tµ`0�ê, tµ

�.Xe:

min
x∈Rn

G(x) := f(x) + Φ(x),

Ù¥Φ(x) =
∑n

i=1 ϕ(θ, λ,xi), ¿�

ϕ(θ, λ, xi) =

λ|xi| −
x2
i

2θ
, |xi| ≤ θλ,

1
2
θλ2, |xi| > θλ,

λ > 0, θ > 1.

3A^ÚO+�, ���¦���±k�/?nl+�, ù¦����¦��äk°�5 [19].

Ïd, �©æ^���¦��¼ê.

��­��k��¯K´�©¯K�tµ¯K)�'X¯K [18, 20–22].

�©3���/e?Ø±e`0 v¯K

min
x1,x2∈R

G(x) := |ax1 + bx2 − c|+ λ‖x‖0, (2)

Ù¥

‖x‖0 =


0, x1 = x2 = 0,

1, x1� x2k�=k���0,

2, x1� x2þØ�0,
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�Ùtµ¯K

min
x1,x2∈R

G̃(x) := |ax1 + bx2 − c|+ Φ(x), (3)

Ù¥Φ(x) =
∑2

i=1 ϕ(θ, λ,xi),

ϕ(θ, λ, xi) =

λ|xi| −
x2
i

2θ
, |xi| ≤ θλ,

1
2
θλ2, |xi| > θλ,

λ > 0, θ > 1,

�m)��d5. ¯K(2)�(3)Ñ´¹õëê�ýé�`z¯K, Ñ´�à�1w�.

2. Ì�(J

�?Ø¯K(2)�(3))��d5, Äk�Ñ¯K(2)�).

½n 2.1 �a 6= 0, b 6= 0, c ∈ R, λ > 0, x ∈ R2, K¯K(2) ��Û�`)x∗Xe

x∗ =


(0, 0), λ > |c|,

(0, 0), ( c
a
, 0)½(0, c

b
), λ = |c|,

( c
a
, 0)½(0, c

b
), λ < |c|.

y². �x1 = 0, x2 = 0�, ‖x‖0 = 0, k

G0(x) = |ax1 + bx2 − c|+ λ‖x‖0 = |c|;

�x1 6= 0, x2 = 0�, ‖x‖0 = 1, K

G1(x) = (ax1 − c)sign(ax1 − c) + λ,

�x1 = 0, x2 6= 0�, ‖x‖0 = 1, K

G2(x) = (bx2 − c)sign(bx2 − c) + λ,

�x1 6= 0,x2 6= 0�, ‖x‖0 = 2, k

G3(x) = (ax1 + bx2 − c)sign(ax1 + bx2 − c) + 2λ.

�Û)©Û:

eG0(x) < min{G1(x), G2(x), G3(x)}, =λ > |c| �, kx∗ = 0;
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eG0(x) = G1(x) = G2(x), =λ = |c|�, ðkG(0) < G3(x), �x∗ = 0, ( c
a
, 0)½(0, c

b
);

eG1(x) = G2(x) < min{G0(x), G3(x)}, =λ < |c|�, �x∗ = ( c
a
, 0) ½(0, c

b
). �

'u��¼ê�4�, k±eÚn.

Ún 2.1 [23]�f 3(x0, y0) NCäk��ëY �ê, (x0, y0) �f �7:. P

A = fxx (x0, y0) , B = fxy (x0, y0) , C = fyy (x0, y0) ,

H =

∣∣∣∣∣∣ A B

B C

∣∣∣∣∣∣ = AC −B2.

(i). eH > 0 : A > 0 �f (x0, y0) �4��; A < 0 �f (x0, y0) �4��;

(ii). eH < 0 : f (x0, y0) Ø´4�;

(iii). �H = 0 �, f (x0, y0) �U´4�, ��UØ´4�.

e¡�Ñ�©�Ì�(J.

½n 2.2 �ab 6= 0, λ > 0, θ > 0, λθ = 2, K∀c ∈ R, ¯K(2)�(3)äk�Ó��Û�`)Ú�`�.

y². e¡Ì�ÏL?Ø¼ê3½Â��ØÓ«�S�ýé�ÚÏé4�:¿'�����

{5(½¯K(3)��`).

10 x1 < −λθ, x2 < −λθ, �ax1 + bx2 < c�,

G̃1(x) = c− ax1 − bx2 + θλ2 > θλ2.

20 x1 < −λθ, x2 < −λθ, �ax1 + bx2 > c�,

G̃2(x) = ax1 + bx2 − c+ θλ2 > θλ2.

30 x1 < −λθ, x2 < −λθ, �ax1 + bx2 = c�,

G̃3(x) = θλ2.

nÜ10-30, ��3«�S1 = {x1 < −λθ, x2 < −λθ}þ��`)�: x ∈ {x ∈ R2 : ax1 + bx2 =

c, x1 < −λθ, x2 < −λθ}, �`��G̃(x) = θλ2.
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40 x1 < −λθ,−λθ ≤ x2 < 0, �aλθ > −c, Kax1 + bx2 < c,

G̃4(x) = c− ax1 − bx2 +
1

2
θλ2 − λx2 −

x22
2θ

du

(i) G̃(−λθ, 0) = c+ aλθ + 1
2
θλ2 > 1

2
θλ2 = G̃( c

a
, 0).

(ii) G̃(−λθ,−λθ) = |c+ aθλ+ bθλ|+ θλ2 > θλ2 > 1
2
θλ2 = G̃( c

a
, 0).

�( c
a
, 0)Ø3T«�, �ÃÙ¦4��:, �T«�Ã4��.

50 x1 < −λθ,−λθ ≤ x2 < 0, �aλθ ≤ −c, Kax1 + bx2 ≥ c,

G̃5(x) = ax1 + bx2 − c+
1

2
θλ2 − λx2 −

x22
2θ

du

(i) G̃(−λθ, 0) = c+ aθλ+ 1
2
θλ2 ≥ 1

2
θλ2 = G̃( c

a
, 0).

(ii) G̃(−λθ,−λθ) = |aθλ+ bθλ+ c|+ θλ2 ≥ θλ2 > 1
2
θλ2 = G̃( c

a
, 0).

�( c
a
, 0)Ø3T«�, �ÃÙ¦4��:, �T«�Ã4��.

60 −λθ ≤ x1 < 0, x2 < −λθ, ��bλθ < −c�, ax1 + bx2 > c,

G̃6(x) = ax1 + bx2 − c− λx1 −
x21
2θ

+
1

2
θλ2

du

(i) G̃(0,−λθ) = bθλ+ c+ 1
2
θλ2 > 1

2
θλ2 = G̃(0, c

b
).

(ii) G̃(−λθ,−λθ) = |aθλ+ bθλ+ c|+ θλ2 > θλ2 > 1
2
θλ2 = G̃(0, c

b
).

�(0, c
b
)Ø3d«�, �ÃÙ¦4��:, �3T«�Ã4��.

70 −λθ ≤ x1 < 0, x2 < −λθ, ��bλθ ≥ −c�, ax1 + bx2 ≤ c,

G̃7(x) = c− ax1 − bx2 − λx1 −
x21
2θ

+
1

2
θλ2

du

(i) G̃(0,−λθ) = c+ bθλ+ 1
2
θλ2 ≥ 1

2
θλ2 = G̃(0, c

b
).

(ii) G̃(−λθ,−λθ) = |aθλ+ bθλ+ c|+ θλ2 ≥ θλ2 > 1
2
θλ2 = G̃(0, c

b
).

�(0, c
b
)Ø3d«�, �ÃÙ¦4��:, �3T«�Ã4��.
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80 −λθ ≤ x1 < 0,−λθ ≤ x2 < 0, ��λθ ≥ −c
a+b
�,ax1 + bx2 ≥ c,

G̃8(x) = ax1 + bx2 − c− λx1 −
x21
2θ
− λx2 −

x22
2θ

du

(i) G̃(0, 0) = −c.

(ii) G̃(−λθ, 0) = |c+ aθλ|+ 1
2
θλ2 > 1

2
θλ2 = G̃( c

a
, 0).

(iii) G̃(0,−λθ) = |c+ bθλ|+ 1
2
θλ2 > 1

2
θλ2 = G̃(0, c

b
).

(iv) G̃(−λθ,−λθ) = aθλ+ bθλ+ c+ θλ2 ≥ θλ2.

(v) G̃8(x)′ = 0�, ��7:((a− λ)θ, (b− λ)θ).

¤±

A. eθλ2 > −2c, (0, 0)�4��:, �(0, 0) Ø3d«�.

B. eθλ2 < −2c, (0, c
b
), ( c

a
, 0)�4��:, �ÑØ3d«�.

C. eθλ2 = −2c,(0, c
b
), ( c

a
, 0), (0, 0), ( c

a+b
, c
a+b

) �4��:, �(0, c
b
), ( c

a
, 0), (0, 0) Ø3d«�,

�T«��k:( c
a+b

, c
a+b

)�34��, Ù��θλ2.

D. �âÚn2.1, A = C = − 1
θ
< 0, B = 0, H = 1

θ2
> 0, l
G̃8((a− λ)θ, (b− λ)θ), ´T«�

�4��:, �Ø´T«�4��:.

90 −λθ ≤ x1 < 0,−λθ ≤ x2 < 0, ��λθ < −c
a+b
�, ax1 + bx2 < c,

G̃9(x) = c− ax1 − bx2 − λx1 −
x21
2θ
− λx2 −

x22
2θ

du

(i) G̃(0, 0) = c.

(ii) G̃(−λθ,−λθ) = c+ aθλ+ bθλ+ θλ2 > θλ2.

(iii) G̃(−λθ, 0) = |c+ aθλ|+ 1
2
θλ2 > 1

2
θλ2 = G̃( c

a
, 0).

(iv) G̃(0,−λθ) = |c+ bθλ|+ 1
2
θλ2 > 1

2
θλ2 = G̃(0, c

b
).

(v) G̃9(x)′ = 0�, ��7:((−a− λ)θ, (−b− λ)θ).

¤±

A. eθλ2 > 2c�, (0, 0)�4��:, �(0, 0)Ø3d«�.

B. eθλ2 = 2c�, (0, 0),( c
a
, 0), (0, c

b
), ( c

a+b
, c
a+b

) �4��:, �Ø3d«�.

C. eθλ2 < 2c�, ( c
a
, 0), (0, c

b
)�4��:, �ÑØ3d«�.
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D. �âÚn2.1, A = C = − 1
θ
< 0, B = 0, H = 1

θ2
> 0, l
G̃9((−a − λ)θ, (−b − λ)θ), ´T

«��4��:, �Ø´T«m4��:.

nÜ10-90, 3«�S2 = {x1 < 0, x2 < 0}þ�3����θλ2, �`)�x ∈ {x ∈ R2 :

ax1 + bx2 = c, x1 < −λθ, x2 < −λθ} ∪ {( c
a+b

, c
a+b

)},

100 x1 < −λθ, x2 > λθ�ax1 + bx2 > c, �

G̃10(x) = ax1 + bx2 − c+ θλ2,

duG̃(x) > θλ2, �3d«�SÃ���.

110 x1 < −λθ, x2 > λθ�ax1 + bx2 < c, �

G̃11(x) = c− ax1 − bx2 + θλ2,

duG̃(x) > θλ2, �3d«�SÃ���.

120 x1 < −λθ, x2 > λθ�ax1 + bx2 = c, �

G̃12(x) = θλ2.

duG̃12(x)�~ê, �4���,�: G̃(x) = θλ2

nÜ100-120, 3«�S3 = {x1 < −λθ, x2 > λθ}þ�3����θλ2, ��:�x ∈ {x ∈ R2 :

ax1 + bx2 = c, x1 < −λθ, x2 > λθ}.

130 x1 < −λθ, 0 ≤ x2 < λθ, ��aλθ < −c�, ax1 + bx2 < c, �

G̃13(x) = c− ax1 − bx2 +
1

2
θλ2 + λx2 −

x22
2θ

du

(i) G̃(−λθ, 0) = c+ aθλ+ 1
2
θλ2 > 1

2
θλ2 = G̃( c

a
, 0).

(ii) G̃(−λθ, λθ) = | − aθλ+ bθλ− c|+ θλ2 > θλ2 > G̃( c
a
, 0).

�( c
a
, 0)Ø3T«�, �ÃÙ¦4��:, �3T«�Ã�`�.

140 x1 < −λθ, 0 ≤ x2 < λθ, ��aλθ ≥ −c�, ax1 + bx2 ≥ c, �

G̃14(x) = ax1 + bx2 − c+
1

2
θλ2 + λx2 −

x22
2θ

du
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(i) G̃(−λθ, 0) = −c− aθλ+ 1
2
θλ2 > 1

2
θλ2 = G̃( c

a
, 0).

(ii) G̃(−λθ, λθ) = | − aθλ+ bθλ− c|+ θλ2 > θλ2 > G̃( c
a
, 0).

�( c
a
, 0)Ø3T«�, �ÃÙ¦4��:, �3T«�Ã�`�.

150 −λθ ≤ x1 < 0, x2 > λθ��bλθ > c�, ax1 + bx2 > c, �

G̃15(x1, x2) = ax1 + bx2 − c− λx1 −
x21
2θ

+
1

2
θλ2

du

(1) G̃(0, λθ) = bλθ − c+ 1
2
θλ2 > 1

2
θλ2 = G̃(0, c

b
).

(2) G̃(−λθ, λθ) = | − aθλ+ bθλ− c|+ θλ2 > θλ2 > G̃(0, c
b
).

�(0, c
b
)Ø3d«�, �ÃÙ¦4��:, �Ø´T«���`).

160 −λθ ≤ x1 < 0, x2 > λθ��bλθ ≤ c�, ax1 + bx2 ≤ c, �

G̃(x1, x2) = c− ax1 − bx2 − λx1 −
x21
2θ

+
1

2
θλ2

du

(1) G̃(0, λθ) = −bλθ + c+ 1
2
θλ2 > 1

2
θλ2 = G̃(0, c

b
).

(2) G̃(−λθ, λθ) = | − aθλ+ bθλ− c|+ θλ2 > θλ2 > G̃(0, c
b
).

�(0, c
b
)Ø3d«�, �ÃÙ¦4��:, �Ø´T«���`).

170 −λθ ≤ x1 < 0, 0 ≤ x2 ≤ λθ��λθ < c
b
½λθ > −c

a
�, ax1 + bx2 < c, �

G̃17(x) = c− ax1 − bx2 − λx1 −
x21
2θ

+ λx2 −
x22
2θ

du

(i) G̃(0, 0) = c.

(ii) G̃(−λθ, 0) = c+ aθλ+ 1
2
θλ2 ≥ 1

2
θλ2 = G̃( c

a
, 0).

(iii) G̃(0, λθ) = c− bθλ+ 1
2
θλ2 > 1

2
θλ2 = G̃(0, c

b
).

(iv) G̃(−λθ, λθ) = | − aθλ+ bθλ− c|+ θλ2 ≥ G̃( c
a+b

, c
a+b

) = θλ2 > G̃( c
a
, 0).

(v) G̃(x)′ = 0�, ��­½:((−a− λ)θ, (−b+ λ)θ).

¤±

A. �θλ2 > 2c�, qÏ�(0, 0)Ø3d«�, �ÃT:�4��.

B. �θλ2 = 2c�, du(0, c
b
), ( c

a
, 0), (0, 0), (− c

a
, c
b
)Ø3d«�, �d�Ã4��.
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C. �θλ2 < 2c�, du(0, c
b
), ( c

a
, 0)Ø3d«�, �d�Ã4��.

D. ðkG̃((−a − λ)θ, (−b + λ)θ) > G̃(−λθ, λθ), G̃(−λθ, 0), G̃(0, 0), G̃(0, λθ) �Ø´T«�4

��:.

180 −λθ ≤ x1 < 0, 0 ≤ x2 ≤ λθ��λθ ≥ c
b
½λθ ≤ −c

a
�, ax1 + bx2 ≥ c, �

G̃18(x) = ax1 + bx2 − c− λx1 −
x21
2θ

+ λx2 −
x22
2θ

du

(i) G̃(0, 0) = −c.

(ii) G̃(−λθ, 0) = −c− aθλ+ 1
2
θλ2 ≥ 1

2
θλ2 = G̃( c

a
, 0).

(iii) G̃(0, λθ) = −c+ bθλ+ 1
2
θλ2 > 1

2
θλ2 = G̃(0, c

b
).

(iv) G̃(−λθ, λθ) = | − aθλ+ bθλ− c|+ θλ2 ≥ G̃( c
a+b

, c
a+b

) = θλ2 > G̃( c
a
, 0).

(v) G̃18(x)′ = 0�, ��­½:((a− λ)θ, (b+ λ)θ).

¤±

A. �θλ2 > −2c�, Ï�(0, 0)Ø3d«�, �ÃT:�4��.

B. �θλ2 = −2c�, Ï�( c
a
, 0), (0, c

b
), (− c

a
, c
b
) Ø3d«�, �ÃT:�4��.

C. �θλ2 < −2c�, Ï�(0, c
b
)Ø3d«�, ��k:( c

a
, 0)?�34��, ¤±( c

a
, 0)´T«�

����.

D. �âÚn2.1, A = C = − 1
θ
< 0, B = 0, H = 1

θ2
> 0, l
G̃18((a− λ)θ, (b+ λ)θ), ´T«�

�4��:, �Ø´T«m4��:.

nÜ130-180, 3«�S4 = {x1 < 0, λθ ≥ x2}þ�3���� 1
2
θλ2, �`)�x = ( c

a
, 0).

190 x1 > λθ, x2 < −λθ,ax1 + bx2 < c, �

G̃19(x1, x2) = c− ax1 − bx2 + θλ2,

duG̃(x) > θλ2, �Ã4��.

200 x1 > λθ, x2 < −λθ, ax1 + bx2 > c, �

G̃20(x) = ax1 + bx2 − c+ θλ2,

duG̃(x) > θλ2, �Ã4��.

210 x1 > λθ, x2 < −λθ, ax1 + bx2 = c, �

G̃21(x) = θλ2,
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duG̃21(x)´~ê, �4��3ax1 + bx2 = c?��, ��: θλ2.

nÜ190-210, 3«�S5 = {x1 > λθ, x2 < −λθ}þ�3���θλ2, �`)�x ∈ {x ∈ R2 :

ax1 + bx2 = c, x1 > λθ, x2 < −λθ}.

220 0 ≤ x1 ≤ λθ, x2 < −λθ��bλθ ≥ −c�, ax1 + bx2 ≤ c, �

G̃22(x) = c− ax1 − bx2 + λx1 −
x21
2θ

+
1

2
θλ2,

du

(i) G̃(0,−λθ) = bλθ + c+ 1
2
θλ2 > 1

2
θλ2 = G̃(0, c

b
).

(ii) G̃(λθ,−λθ) = |aθλ− bθλ− c|+ θλ2 > θλ2 > G̃(0, c
b
).

�(0, c
b
)Ø3d«�, �Ã4��.

230 0 ≤ x1 ≤ λθ, x2 < −λθ��bλθ < −c�, ax1 + bx2 > c, �

G̃23(x1, x2) = ax1 + bx2 − c+ λx1 −
x21
2θ

+
1

2
θλ2

du

(i) G̃(0,−λθ) = −bλθ − c+ 1
2
θλ2 > 1

2
θλ2 = G̃(0, c

b
).

(ii) G̃(λθ,−λθ) = |aθλ− bθλ− c|+ θλ2 > θλ2 > G̃(0, c
b
).

�(0, c
b
)Ø3d«�, �ÃÙ¦4��:, �Ø´T«���`).

240 x1 > λθ,−λθ ≤ x2 < 0��aλθ ≥ c�, ax1 + bx2 ≥ c, �

G̃24(x1, x2) = ax1 + bx2 − c− λx2 −
x22
2θ

+
1

2
θλ2

du

(i) G̃(λθ, 0) = aλθ − c+ 1
2
θλ2 > 1

2
θλ2 = G̃( c

a
, 0).

(ii) G̃(λθ,−λθ) = |aλθ − bλθ − c|+ θλ2 > θλ2 > G̃( c
a
, 0).

�( c
a
, 0)Ø3d«�, �ÃÙ¦4��:, �Ø´T«���`).

250 x1 > λθ,−λθ ≤ x2 < 0��aλθ < c�, ax1 + bx2 < c, �

G̃25(x1, x2) = c− ax1 − bx2 − λx2 −
x22
2θ

+
1

2
θλ2

du

(i) G̃(λθ, 0) = c− aλθ + 1
2
θλ2 > 1

2
θλ2 = G̃( c

a
, 0).
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(ii) G̃(λθ,−λθ) = |aλθ − bλθ − c|+ θλ2 > θλ2 > G̃( c
a
, 0).

�( c
a
, 0)Ø3d«�, �ÃÙ¦4��:, �Ø´T«���`).

260 0 ≤ x1 ≤ λθ,−λθ ≤ x2 < 0 ��λθ ≤ c
a
½λθ ≥ c

−b�, ax1 + bx2 ≤ c, �

G̃26(x1, x2) = c− ax1 − bx2 + λx1 −
x21
2θ
− λx2 −

x22
2θ

du

(i) G̃(0, 0) = c.

(ii) G̃(0,−λθ) = c+ bλθ + 1
2
θλ2 ≥ 1

2
θλ2 = G̃(0, c

b
).

(iii) G̃(λθ, 0) = c− aλθ + 1
2
θλ2 ≥ 1

2
θλ2 = G̃( c

a
, 0).

(iv) G̃(λθ,−λθ) = |aθλ− bθλ− c|+ θλ2 ≥ θλ2 > G̃(0, c
b
).

(v) G̃26(x)′ = 0�, ��­½:((λ− a)θ, (−b− λ)θ).

¤±

A. � 1
2
θλ2 > c�, du(0, 0):Ø3T«�, �ÃT:�4��.

B. � 1
2
θλ2 = c�, �k(0, 0):ÎÜ^�, �(0, 0):Ø3T«�, �ÃT:�4��.

C. � 1
2
θλ2 < c�, du:( c

a
, 0)Ø3d«�, ��3(0, c

b
)?�34��, Ù�� 1

2
θλ2.

D. �âÚn2.1, A = C = − 1
θ
< 0, B = 0, H = 1

θ2
> 0, l
G̃26((λ− a)θ, (−b− λ)θ), ´T«

��4��:, �Ø´T«m4��:.

270 0 ≤ x1 ≤ λθ,−λθ ≤ x2 < 0 ��λθ > c
a
½öλθ < c

−b�, ax1 + bx2 > c, �

G̃27(x1, x2) = ax1 + bx2 − c+ λx1 −
x21
2θ
− λx2 −

x22
2θ

du

(i) G̃(0, 0) = −c.

(ii) G̃(0,−λθ) = −c− bλθ + 1
2
θλ2 > 1

2
θλ2 = G̃(0, c

b
).

(iii) G̃(λθ, 0) = −c+ aλθ + 1
2
θλ2 > 1

2
θλ2 = G̃( c

a
, 0).

(iv) G̃(λθ,−λθ) = |aλθ − bλθ − c|+ θλ2 > θλ2 > G̃(0, c
b
).

(v) G̃27(x)′ = 0�, ��­½:((λ+ a)θ, (b− λ)θ).

¤±

A. � 1
2
θλ2 > −c�, du(0, 0):Ø3T«�, �ÃT:�4��.

B. � 1
2
θλ2 = −c�, �3d«�Ã{��−c�, �3( c

a
, 0), (0, c

b
), ( c

a
,− c

b
) ?Ã4�.
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C. � 1
2
θλ2 < −c�, du:( c

a
, 0), (0, c

b
)Ø3d«�, �Ã4��.

D. �âÚn2.1, A = C = − 1
θ
< 0, B = 0, H = 1

θ2
> 0, l
G̃27((λ+ a)θ, (b− λ)θ), ´T«�

�4��:, �Ø´T«m4��:.

nÜ220-270, 3«�S6 = {x1 ≥ 0, x2 < 0}þ�3���� 1
2
θλ2, �`)�x = {(0, c

b
)}.

280 x1 > λθ, x2 > λθ, �ax1 + bx2 > c�,

G̃28(x) = ax1 + bx2 − c+ θλ2

duG̃(x) > θλ2, �Ã4��.

290 x1 > λθ, x2 > λθ, ��ax1 + bx2 < c�,

G̃29(x) = c− ax1 − bx2 + θλ2

duG̃(x) > θλ2, �Ã4��.

300 x1 > λθ,x2 > λθ, ax1 + bx2 = c, �

G̃(x) = θλ2

duG̃(x)´~þ, 4���,�: θλ2.

nÜ280-300, 3«�S7 = {x1 > λθ, x2 > λθ}þ�3����θλ2, �`)�x ∈ {ax1 + bx2 =

c, x1 > λθ, x2 > λθ}.

310 0 ≤ x1 ≤ λθ, x2 > λθ��λθ ≥ c
b
�, ax1 + bx2 ≥ c, �

G̃31(x1, x2) = ax1 + bx2 − c+ λx1 −
x21
2θ

+
1

2
θλ2,

du

(i) G̃(0, λθ) = bλθ − c+ 1
2
θλ2 > 1

2
θλ2 = G̃(0, c

b
).

(ii) G̃(λθ, λθ) = |aλθ + bλθ − c|+ θλ2 > θλ2 > G̃(0, c
b
).

�(0, c
b
)Ø3T«�, �Ã4��

320 0 ≤ x1 ≤ λθ, x2 > λθ��λθ < c
b
�, ax1 + bx2 < c, �

G̃32(x) = c− ax1 − bx2 + λx1 −
x21
2θ

+
1

2
θλ2.

du
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(i) G̃(0, λθ) = c− bλθ + 1
2
θλ2 ≥ 1

2
θλ2 = G̃(0, c

b
).

(ii) G̃(λθ, λθ) = |aλθ + bλθ − c|+ θλ2 > θλ2 > G̃(0, c
b
).

�T«��34��:(0, c
b
), 4���: 1

2
θλ2.

nÜ310-320, 3«�S8 = {0 ≤ x1 ≤ λθ, x2 > λθ}þ�3���� 1
2
θλ2, �`)�: (0, c

b
).

330 x1 > λθ, 0 ≤ x2 ≤ λθ, ��λθ ≥ c
a
�, ax1 + bx2 ≥ c, �

G̃33(x1, x2) = ax1 + bx2 − c+ λx2 −
x22
2θ

+
1

2
θλ2,

du

(i) G̃(λθ, 0) = aλθ − c+ 1
2
θλ2 > 1

2
θλ2 = G̃( c

a
, 0).

(ii) G̃(λθ, λθ) = |aλθ + bλθ − c|+ θλ2 > θλ2 > G̃( c
a
, 0).

�( c
a
, 0)Ø3T«�, �Ø´T«���`).

340 x1 > λθ, 0 ≤ x2 ≤ λθ, ��λθ < c
a
�, ax1 + bx2 < c, �

G̃34(x) = c− ax1 − bx2 + λx2 −
x22
2θ

+
1

2
θλ2

du

(i) G̃(λθ, 0) = c− aλθ + 1
2
θλ2 ≥ 1

2
θλ2 = G̃( c

a
, 0).

(ii) G̃(λθ, λθ) = |aλθ + bλθ − c|+ θλ2 > θλ2 > G̃( c
a
, 0).

��3:( c
a
, 0)?�4��, ��: 1

2
θλ2.

nÜ330-340, 3«�S9 = {x1 > λθ, 0 ≤ x2 ≤ λθ}þ�3���� 1
2
θλ2, �`)�: ( c

a
, 0).

350 0 ≤ x1 ≤ λθ, 0 ≤ x2 ≤ λθ��λθ < c
a+b

, ax1 + bx2 < c, �

G̃35(x1, x2) = c− ax1 − bx2 + λx1 −
x21
2θ

+ λx2 −
x22
2θ
,

du

(i) G̃(0, 0) = c.

(ii) G̃(λθ, 0) = c− aλθ + 1
2
θλ2 ≥ 1

2
θλ2 = G̃( c

a
, 0).

(iii) G̃(0, λθ) = c− bλθ + 1
2
θλ2 ≥ 1

2
θλ2 = G̃(0, c

b
).

(iv) G̃(λθ, λθ) = c− aλθ − bλθ + θλ2 ≥ θλ2 > 1
2
θλ2.

(v) G̃(x)′ = 0�, ��7:((−a+ λ)θ, (−b+ λ)θ).

¤±
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A. � 1
2
θλ2 > c�, :: (0, 0)�d«�4��:, 4���c.

B. � 1
2
θλ2 = c�, :: (0, 0), (0, c

b
), ( c

a
, 0)�d«�4��:, 4���c.

C. � 1
2
θλ2 < c�, :: (0, c

b
), ( c

a
, 0)�d«�4��:, 4��� 1

2
θλ2.

D. �âÚn2.1, A = C = − 1
θ
< 0, B = 0, H = 1

θ2
> 0, l
G̃35((−a+ λ)θ, (−b+ λ)θ), ´T

«��4��:, �Ø´T«m4��:.

360 0 ≤ x1 ≤ λθ, 0 ≤ x2 ≤ λθ��λθ > c
a+b
�, ax1 + bx2 > c, �

G̃36(x1, x2) = ax1 + bx2 − c+ λx1 −
x21
2θ

+ λx2 −
x22
2θ
,

du

(i) G̃(0, 0) = −c.

(ii) G̃(λθ, 0) = aλθ − c+ 1
2
θλ2 ≥ 1

2
θλ2 = G̃( c

a
, 0).

(iii) G̃(0, λθ) = bλθ − c+ 1
2
θλ2 ≥ 1

2
θλ2 = G̃(0, c

b
).

(iv) G̃(λθ, λθ) = aλθ + bλθ − c+ θλ2 ≥ θλ2 > 1
2
θλ2.

(v) G̃(x)′ = 0�, ��7:((a+ λ)θ, (b+ λ)θ).

¤±

A. � 1
2
θλ2 > −c�, :: (0, 0)�d«�4��:, 4���−c.

B. � 1
2
θλ2 = −c�, :: (0, 0), (0, c

b
), ( c

a
, 0)�d«�4��:, 4���−c.

C. � 1
2
θλ2 < −c�, :: (0, c

b
), ( c

a
, 0)�d«�4��:, 4��� 1

2
θλ2.

D. �âÚn2.1, A = C = − 1
θ
< 0, B = 0, H = 1

θ2
> 0, l
G̃36((a+ λ)θ, (b+ λ)θ), ´T«�

�4��:, �Ø´T«m4��:.

nþ350-360,3«�S5 = {0 ≤ x1 ≤ λθ, 0 ≤ x2 ≤ λθ}þ�3�`):

x =


(0, 0), 1

2
θλ2 > |c|,

(0, 0), ( c
a
, 0)½(0, c

b
), 1

2
θλ2 = |c|,

( c
a
, 0)½(0, c

b
), 1

2
θλ2 < |c|,

nþ10-360, �duθλ = 2, ��Û�`)�:

x∗ =


(0, 0), λ > |c|,

(0, 0), ( c
a
, 0)½(0, c

b
), λ = |c|,

( c
a
, 0)½(0, c

b
), λ < |c|.
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�Û�`��:

min G̃(x) =

|c|, x1 = 0, x2 = 0

λ, x1 = c
a
, x2 = 0½x1 = 0, x2 = c

b
,

=y²
¯K(2)Ú(3)äk�Ó��Û�`)Ú�`�. �

3. o(

�©3���¹e&?
d���¦¯K�`0¨vÚMCP¨v���ü�¹ëýé�`z¯

K�Û�`)�'X. 3�½^�e, y²
ùü�¯Käk�Ó��Û�`)Ú�`�. ù�?�

ÚïÄ�A�p�¯KJø
éuÚ/�.
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