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Abstract

In order to achieve robust low-rank sparse matrix decomposition, this paper considers a noncon-
vex and nonsmooth optimization model, in which the ranking function of the matrix is relaxed by
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Capped-I1; regularization of the singular values, and I norm of the matrix is relaxed with the I;
norm of the matrix. First, we provide the closed-form thresholding operator for the matrix-
Capped-I1; function. Secondly, the alternating direction method of multipliers is proposed to solve
our nonconvex and nonsmooth optimization model, and the convergence analysis is provided. Fi-
nally, a large number of numerical experiments show that the proposed algorithm can effectively
and robustly decompose the low-rank and sparse matrices in the case of noise and noise. The
proposed algorithm is applied to the background separation problem of surveillance video, and it
is indicated that the proposed algorithm has good performance for this problem, which shows that
the algorithm can solve the relevant practical problems.
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1. 53|

TERBARAR, BEETHENAE BEARI S KSR, &SRS G R 2R, %I
SPEREN. 2R, SWERN. TR, S4EmiEREYE. TFRREIGERS &0 F B E L
PR HIX B R, B4y PO 28 s 2 HLOC AR (08 b B I0A 0 8 15 B B R EIHE ot 10 ) S
Wl —. K& A BT TAER RGN 0t FoX — IR T B

TEAN [ S B 37 FH AUk H B AR 02 2% SR e AN B2 2 Y ()46 R, JFCIE 3 T LR ERICRK 23 = A i 20
YLRRIRRAE, TR AR A RG] S PN AR S 2 R G AT AV AR A T P RE . SERLX R AR PR R R 1)
AP AT DU IR A0 R B4R B RR R 7 23 % (Low Rank and Sparse Decomposition, LRSD) [1] [2] [3]:

min rank(L)+/1||S||£0, st. D=L+8§, 1)
HAHSH >0, rank()RIEFFIFREREL, ||| RAEFRI o0 FOREREHITA R M AEE 20, HoA
i SR N T SR B B ANME PR A A S e R, B BRI R IR B R, AR B EE
PHERIE B .

A~ LRSD J592: 7 IR T % i 4343 #r (Principal Component Analysis, PCA) [4] [5]77 ¥t 3 i A AR B 57
A I BRURAEAE S AR A A AN E AR I BRI, R 7 V0 XOERR A E 32 o) 73 #ridk (Robust Prin-
cipal Component Analysis, RPCA). LRSD i & [ 3 A% & s 75 1R 2 1 SLbrdidis /i BE D A2 B i
5 R I MERRRE RO SRR . IR (L) S50 U T PR AR B L AR AR B AR R S o B
FERE, A& o e/ Mb il B—#F, [ RIL(L) AR 2 — A NP-hard fIR) 8, SRARMIE 24 E . EEESLhR
17 . FH o AT e g I DASRAB IR 0L, AN T2 AL AE S o o] A b (1 B

N T FERCRAR LRSD [/, Candés #1 Li [6]5FEH7E— &4 T, /b 1 EEORAS IR T
INE Mo FEECRAF MR, 1Rk R B0 AT U I AZ GBI AT AR A, %7 AR BERR O 44 1) T R B R
% (Principal Component Pursuit, PCP), ‘& {1 AR K LRSD FFE ™ Il @R 4T (Mba s, b ™ pe Ak 1n) A it
(I
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AESRARBEL (L), PCP J7 A I tH R e T MR AR A T AR A S (LG DL S 1, VSRR 1o YO KA 5
St gt TR AR R (1) IEAT R A B d5 R A ot [ R TR A
min L[ +2]s], st. D=L+S$ @

Forr |||, AR AT SEZ A, RO FE TG A ||||I1 FORFEMERTA U R AERE o SEBR R FH HZ s
R P 280 2 8 BE Ay Y max{m,n}, mFln 53 BIFORIGRIRE D AT HRI5UHL.

TER FRASE AL (L), A 1) PCP 75723 [6] 4 tH XK 73 A0 AR i 18 43 20 1 AN AL 1) 1) e PRI, TR 2
T 90 — BLAE - SRR R ORI R B P R B SE RS B K R IA vk . TEVF 2 481 LRSD Jy ik vp £ ZE A H
R AGHOS R R AT AL . BERAZ T O A EARARAE B R AR IA b iz A, (ER VSRR IR 1)
e dE T m EM A, FFARIRR B SRR o A TR RZ I R, SCER[7]9h 52 T T Z Y £ (Truncated
Nuclear Norm, TNN), S464h R8I Z 5 50E — e f2 8 L REEAEf 5 SR o, Je8h r 2 ik T
TNN 77724 1z B FH B RRAR B 20 % [8] [9] [10].

TERMEARA B (2) I, SCHER[11]E T B AR R B 1) — B {5 B4t 17 AR (i 5% (1terative Thresholding,
IT), BESREEREA T E RIS, B A ORI B AT — XA e 5 i BSIoR BEAR S, o HE A
A E R, TR R AR R TSRl . M5, SCHR[12)4% T SR 7] 58 (2) 1A I 30 s F5E
(Accelerated Proximal Gradient, APG)HI K fift A 82 % A5 1] 3 ) 5 b B0k, i i S5 v B G A B
Ab3E 1000 x 1000 4 (1445 B AR BT AR BIE SVEINI# 1 50 fi5 . 3E— 5 SCHR[13]4H T34 Fuk B H 75
T£(Augmented Lagrange Multiplier, ALM), H:rt ALM B3EAHLE 1T HEEM APG Hik B B P i s
F& LB 75 A7t 25 () BB /NS AR A, 7 S0 2 3 oy U O B2 1) (RTINS P R T APG BV . AT 4 H bR R 3
THEWAN KL LR RS, BT ALM ¥ IR BRI TE A R s ME, Z R R R
B, ARAwR T WA, Hik, 228 73T (Alternating Direction Method of Multipliers, ADMM)
SE[14] [15] [16]R3z T4, ADMM SR H 73 6 22 B RBAECRE A 55 SKAR D I RV 4K 9 28 2 SRR B0 Tl
AT R, A ILRII e L T I IR RIS B M SIE IR B . AN, IR R R ERAR, ARITR
fift, IHHAZEVERAE @R, B2 2R T )2 .

SO |y, ENEEE SR MR T8 6, Ly T 5 E S R Nm ik, F
P (5 5 B g o I RS B R R AR . VAR BIAERE D BEONREER RS B IR AR RN, A E R RN Ly,
TOHHES BUAERE, 73 Sy YEEL[17] [18] (BT SABAL G 5L 1 1y YEEO) R 1o Y0 EOK 21 8 5 B 1) Bk
PG SRR, 0 R R 57 B AR F 7 28 (11 1 JU BRI [19] [20]38 B, AHELF b, BEsiRpsk )
JE ™ IE W AE 5 SRR M AN B 1 7 T B RIS . 2 L IENAGEIR I RUFRIL IR, AR 0K
Capped-l; IEFE RN 46 FF il @b . F852 b, BATEUME SRR B 7 AT RPCA T3 A% T EUE
W, Capped-ly 1E o] 3 — 30 % SRR MR AR, RVAOUAR D i B AR A T

min ®(L)+2]s], . st. D=L+S ®)

L,seR™N
min{m,n}

o, ()= S min{l,#}, y RGEMBHL, o, (L) Frnt RBKARIE L HEAT 757 84 #(Singular

Value Decomposition, SVD) /i —™ &7 S8 BT X A I .

F 82| Capped-lI; 144 (1) B A5 oR £ 29025 A 0 TARBR AR M 5 0 i RE R A2 T 43 1Y), AR SCHRE T SR [14]
A2 B 7 6] 3 1% (Alternating Direction Method of Multipliers, ADMM).y2: AR M 28 B AR i 4 5
%o ZHEEFIHIT Lagrange Jfe T HEIR, AEEARE R SR FHAS B 4R 1) UARZE AN BB ICARAE e . AR
BiEFN Lagrange Ffe1-o AR 4 5 7 i R B0F (1) BT 75 SR R R A A AR AL T 1R R, 2 i AR T
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[ & (Y] Capped-l 5574 BIFE S TE, 45 L7 R R AR 10 B OB 3, 38 S B AT 0 JE kAT
TR E MR BE I, X MR KRR b ARAIE 1 T et S0 0 ks - S AR T A e
5 ALM SEAE, KRR S Ul A SRR S B IAAUEEE B A LU A I8 Bk
JIT 5 35 ARRHC S I TR KR B A 70 L AR R R e 00 ok B a0 T S S L [0 I 85092 1) ) S e
B L BRARFEEEMOBE D . 534, fE NI MUE SRR —SERR R v, S8 8 B ARSE IR RS 2 B
MBI T SR, B EORE i S I fe HLN B AN FE LT ALM S0 B ik — MR 2, X0 sk
B v i B AR AR R PR b F R T R
2. XBHEFTE
FEATI T, JRATTHR 52 B Ty ) e TSR AR TR 1) E(3), JF 4 Y i BRI S 73 #r
2.1. ZBEHEFTFHIENIER
AN T g5 AL TT e A RIAACHESE, JRATTE Sa 2 Y 1R RL(3) ) h ks B H R 4
- - Hip_| _gl?
L£,(LSY)=d(L)+2[s|, +(v.D-L $+ﬂp L-S|.
Hry e R™ 2 Lagrange e 1, >0 FK il &ML RBIET S
4558 (Liy Sio Yy )+ 52 FH M 1) RE(3) 1 38 5 7 T 3125 1T AR s SR AR R = AN 1) R
Skﬂzargmsincﬂ(Lk,S,Yk)
L, =argminL, (L,Sk1Yy) 4)
Yia =Y+ #(D =Ly = Sp).
R 5 Al LA H (4) N 28— 1)) A7 ot R T2k

Sca =argmin 2], +(¥,, D=L =)+ 7D -1, - [;

S—[D—Q+ENJ
7,

_argmi s _y
—argmsmﬁ||8||£l+5”8 Y

2

=argmin 4 ||S||£1 +% ®)

=

2
’
E

Y =D-L, %vk . SLAR() 2Rt P AR

[Sea =Si9“(ﬁj)'max{\\ﬁi “‘%’0}' (6)
RIEREA) T — T RS EAE, @RFRE AT RE LSS A

gﬂ=mgmm¢wLp{n,D—L—SM)+§MD—L—@Hﬁ

2

=arg mLincD(L)+%

L—(D—Shfhiﬂj
7

E

=argmin @(L)+%"L —\7"i ,

HRY =D S, + 1Y, . 54 AT 5 () R
Y7
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Lk+1 = TCappedﬁl (Y_) = UTCapped ‘1 (Z)V ' !

ERUIV T =V Y MAREM Tepp, (5) RIS REST, B
max{z“—i,o}, Zii S7+2L'
Teappeas, (Z)ii = & i

Ziis % >7+i-
2yu

(®)

©)

ERAZ T AR TR R AE AR UG AR AL BEOBIRBRAE S . FRBRAE AT Lagrange 31, L2
SRS PRI, SRR R T SRORS S I TR AR AR O L e T 20 (4) F P> [ R
o ()5 (8)anth T (4)h P AT DR A A 2, DRI IRATISR 1 4 5 77 A 3 i I (3) -

ik 2.1 LB T M TE(ADMM)
g VIR Y, Ly, Sy 10}

&1 HE:
2
S,., =argmin£x S—[D—Lk+iYk] +A[8]|,
S 2 H . 1
2
L, =argmin£k L—[D—sm+ivk] + (L)
L2 Hy F

Y =Yi + 44 (D L Sk+l)

B2 WHE p,=pu o

(10)

D-L.-S
& 3: %U%ﬁ""kl;%<xtol FER AL, A IIE; BL k=k+1, ¥H 1.
F
W L,.S,
2.2. WS4

Aopgigs WA S E T, B R Q) AT Sk

FEEE 21 A {(L,,S,.Y, )| 1 ADMM S AR S, LD R 5108 T s
) FA{(L.S,.Y, )} R T

i) lim[S,,,~S,[. =0, lim|L,, -1 . =0:

k—w

iii) I!il?o||D—Sk+1—Lk+l||F =0, HA{(L, S Y )} (R AR i B T AT A7 o

iEH. i) AU AV, WHEFEY, =D-S,, +ﬂivk 7E K+ LI 25 SR, AR L, 7E @) 72
k

X, B
L = UkTCappedll (Ak )VkT' (11)
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FRH(L0)H 28 =5 (L), e

||Yk+1||p = ||Yk + 4 (D —La— Sk+l)

=

iYk +D L =S
/uk E

= Ky ||U AV -U KT cappedry (Ak )VkT ||F
= My ||Ak _TCapped/fl (Ak)

Jm

<——< o,
v

I T, () SLNQ)FTR, BIBE{Y, | A 5.
Bk, HATEETH{S, | A F. h(10), FRAFFE
L( Lt S Yoo ) S L(Leats S Yoo £ ) S £( L, Sy Yo 14 ) (12)
BEAIEARAR Yy =Y, + 44 (D - Ly S ) » TR
L£(Leas Seas Yo ) < L(Li, Sen Vi 14 )

= Hy

E

= £(Ly, SerYiews e )+ (Y ~Yeu, D - Ly —sk>+%”0— L -S|

— 1
= E(Lkisk’Yk—lwuk—l)'F%"D -L - Sk",Z: +<Yk _kavlu_(Yk _Yk1)> (13)

k-1
= E( Lo Sir Vi /uk—l) + ﬂk2+ ;uk_l "Yk _Yk*1||l23
My

p+1

= L( L, Ser Vi His ) 2%

¥~ Yiall -
Wit (12). (13)A p>1, SLEIATE

(p+1)O (1)
’C(Lk+1'Sk+1'Yk’:uk)SL(Lllsl!YO'ﬂO)+p—Z(_j <0,
2uy G\ p

K O &Y, Y |f 0 ER . ERER L(L S Yo i) A BRI, BARATE

O(L )+ A8 ], = £(Le.Se.Yiw hs) = (Y D=L =S ) - ”;:1 ID-L -S|

1 1 2
= ﬁ( Lo, Se Y :uk—l) + <Yk1’y_(Yk —Yiu )> _m"Yk _Yk—l|||: (14)

k-1

1
= L( Lir S Vi #H) _m("Yk "2F _"Yk—1||2F ) < .

B[S, |, REECABEINER, B lim|S|, =+o, Ho(L)E500, Fih@aaT @ (s,) 4 5.
B REFF A (L) 04 0 R, B g AOSRRERUAN im o, =vo0 ., LARC{Y, ) BOF R0, B

AR R
. 1
lim ID—Les =S, = l!lm—"YM -Y,|. =0, (15)
. % phy
BeANEA
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||Lk+1|||: = ”D —Siu _(D —Lea— Sk+l) E (16)
<[[Blle +[Seesfe +1P = b = S

TAMH(L5)s (16)LhJ (S, } A e, I {L, } B 5 L2 EATRFE1{(L.S,.Y, )} A 5t
ii) ﬁaﬁfé;‘am%gm IS =S|l =0 - HH(LO)FIES =/ SR I L J% (5) &l

lim|S,., -S| =lim

Sia — ( D—L — Y + Y )”F

k—w k—o0
= I!TJO S~ ( D—L + .Y, ) - (/uk_—llYk—l — 1Y~ 1Y )”F
S llT; Sia _(D =L+ Yy ) . +||ﬂ|:-l1Yk-1 — Ny — LY, "F

v2
<lim [Z[Sm i _[D —Lo+ Yy lj rj + ||/‘ll:—11Yk—1 = 1Y = 1Y, "F

k—0 i

_/Nmn

k

<lim

k—o0

e,
=0,
R SR TN Y, Yy, A0, L lim g =t . BB (LO) 35 =/ AL
8). (ML)
Lea = (D =S+ Y =Y )|
Teappeart (D = Sicen + 24 Y, ) =(D = Siea + 24, ) = (Sics = S ) = (Vi — 25 Ye = 47Y, )

< !m"[\k _TCappedi,l (Ak )"F +||Sk+1 - Sk "F +ﬂl:1 "Yk "F + tqul "Yk _Yk71|||: (18)

|-, = fim

=lim
k—o0

E

<tim -8, M, + N Y,
% Yy

=0.
e a0 (15) (A7) A1(18) mI A& 18 i) oL
i) F () AR BONES (LS, Y, )} A 7 Fﬁ%ﬁﬁ?ﬁﬁ(L*,S*,Y*)iFD*/I\LI&@I??ﬁU(ij,skj,ij)
{43 lim (ij,skJ Y, ) =(L,sh YY), HURQO)R P =A%, Tkl
L1+ S —D :i(ij _ijﬂ) (19)
Hy

FRA joton, AL +S —D= (YY" ) =0, HH AN BT THE
7]

3. B{ESCIE

AATERATHE XS Frde tH 9 ADMM L5 DU = FR0E 4T U Augmented Lagrange Mutiplier (ALM)
5H5[13], MoG [21]532: 41 Weighted Nuclear Norm Minimization (WNNM) [22]53%. X645 20 1 55
DeR™", RFFEFAER UM LEI(GCAE pe)kzlE KBRS S FIMBLAREE, FAERERL r 5485 m 1
FEAE (AR pr)keZ) i AR s L RARRRARBE o AR H S5 AH SCHIE 75 [6] [12] [23MBAA B =k A= 46 B Do

X T =M L I S 2, TR TR IR AR AT R 46 R HUE - Bt ALM BRI R A6 28 p=1.1, o =1,
B=0.2. MoG 5iEH B 5 14, =0, B, =1e—6, a,=1e—6. WNNM SLEIZ% 1=1/Vm, p=1.05.
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AT IA T ADMM 5%, B E S p=1.1, y=025, A=1/Jm, maxiter=1000, xtol=1e—7.
AV T AT 45 AR AE & 2N (CPU A 3.40 GHz, N7 8.00 GB)_Effi il % {1 Matlab R2018b

FERH -

3.1. BE#SEIEHRIL

RHAER . EAETIRAEL T, i ALM. MoG. WNNM Fl ADMM X DY 5k S AR B -
RARFE R RS B SR, IR AT TS0 TR R AR RR AR BE 15 W L R 70 O R P O R A

311 ERAHEATHLEER

FEARGE S, E AR RAE D e R™™, HARAERWIF: 1) MOrAEMBHUAER U, VeR™, X
Hr=prxm, U=randn(m,r) M1V =randn(m,r). 4 L=UV', BEHN r (HIEHERE. 2) B5IBbLE
R AR FE S e R™™ [ pexm® NER TN E, X4 B oo R M BUE A RO, 11X 8] 515
fi. 3) D=L+S, BRFFAMM D, HIX, % HE m=500:500:3000, pr=0.01, pe=0.05. %fF
DA B, FRATEAT 10 RISk A N4 R BRIR B AT i IR (B (CPU Time). 1A £k(Iterations) 1
FHXF IR 2, AP ZE I SR

*

||s-s
IS

Jo-u
E rel errS = =

rel errL="———"
L]

AR 1R 1 R

Table 1. The numeric results of ALM, MoG, WNNM and ADMM algorithms for sparse low-rank matrix factorization prob-
lems of different scales (o = 0)
F* 1. ALM, MOG, WNNM #1 ADMM B £t R AR IR ER I FXFEPE 2 R IB)RE AU BB 25 R (0 = 0)

Promblem Algorithm rel_errL rel_errS Iterations Time
ADMM 8.69e—09 1.06e—06 100 0.87
WNNM 9.85e—09 1.09e—06 138 1.35
m =n =500
ALM 6.53e—02 1.12e+00 51 22.27
MoG 1.37e+00 0.00e+00 16 1.17
ADMM 1.39e-09 2.23e—06 103 5.72
WNNM 1.41e—08 2.25e—06 188 10.30
m =n=1000
ALM 4.17e-02 1.01e+00 50 133.66
MoG 2.22e+00 0.00e+00 16 3.89
ADMM 1.38e—08 2.82e—06 105 17.03
WNNM 1.39e-08 2.83e—06 190 32.39
m =n=1500
ALM 3.77e-01 1.13e+01 35 640.07
MoG 2.81e+00 0.00e+00 15 9.24
ADMM 1.37e—08 3.19e-06 106 94.52
WNNM 1.46e—08 3.34e—06 192 73.97
m =n=2000
ALM 6.62e—01 2.29e+01 31 1802.02
MoG 3.32e+00 0.00e+00 15 16.78
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Continued
ADMM 1.39e-08 3.62e-06 107 86.27
WNNM 1.43e-08 3.73e-06 193 73.97
m =n = 2500
ALM 7.35e-01 2.84e+01 29 3816.63
MoG 3.77e+00 0.00e+00 15 27.38
ADMM 1.37e-08 3.95e-06 107 131.47
WNNM 1.42e-08 4.05e—06 196 250.85
m =n=3000
ALM 7.83e-01 3.31e+01 28 4467.64
MoG 4.14e+00 0.00e+00 15 205.32

H7e 1 VA e FE T A 5O , ADMM 509 B8R Iterations =T ALM F1 MoG 52, {H2 ADMM
HER) rel_errL. rel_errS il CPU Time #f 2 /T HAWE VLN, Hf HEEEHFE4EE m, n 380, FIFERT L
53] ALM 5 MoG 3% ADMM 531 rel_errL. rel_errS #1 CPU Time 84518 &, Bl ADMM &40 fi#
23 rel_errL. rel_errS. Iterations #3fL T ALM. MoG &k, XFF WNNM B s, i rel_errl.
rel_errS. lterations 1 CPU Time #i# T~ ADMM 5%, Ak, ADMM 5%tk FoRE T HAph = A5k,

RE 5 HEH I 20 i M — (IRRRAE R o

Sparse and low-rank matrix decomposition

0.9
0.8
0.7 Ao
0.6 #
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01]
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rank

rel_errL

40 45 50

Sparse and low-rank matrix decomposition

1000

800

Number of iterations
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rank
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Figure 1. The numeric results for sparse low-rank matrix factorization problems of different scales (¢ = 0)
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Table 2. The numeric results of ALM, MoG, WNNM and ADMM algorithms for sparse low-rank matrix factorization prob-
lems of different scales (o = 0)

< 2. ALM, MOG, WNNM #i ADMM EEMT AR MR HRIETAERE 2 RN BEE R =0)

Promblem Algorithm rel_errL rel_errS Iterations Time
ADMM 2.38e-03 2.25e—02 146 3.84
WNNM 7.64e—04 4.52e-02 146 2.95
m =n =500
ALM 6.72e—02 1.17e+00 50 19.79
MoG 1.44e+00 0.00e+00 24 1.83
ADMM 1.68e—03 2.25e-02 146 26.19
WNNM 5.65e-04 4.52e-02 146 34.62
m =n=1000
ALM 4.39e-02 1.07e+00 49 103.59
MoG 2.26e+00 0.00e+00 19 4.56
ADMM 1.37e-03 2.25e—02 146 75.31
WNNM 1.17e-03 2.28e—02 146 152.45
m =n = 1500
ALM 5.15e-01 1.54e+01 34 389.45
MoG 2.90e+00 0.00e+00 15 11.38
ADMM 1.18e—03 2.25e-02 146 156.07
WNNM 1.07e-03 2.25e—02 146 319.90
m =n =2000
ALM 6.64e—01 2.30e+01 31 1180.51
MoG 3.39e+00 0.00e+00 25 24.08
ADMM 1.06e—03 2.25e-02 146 269.40
WNNM 9.78e-04 2.25e-02 146 659.92
m =n =2500
ALM 7.37e-01 2.87e+01 29 2489.94
MoG 3.83e+00 0.00e+00 15 39.97
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Continued
ADMM 9.69e-04 2.25e-02 146 446.00
WNNM 9.07e-04 2.25e-06 146 954.96
m =n = 3000
ALM 7.82e-01 3.32e+01 28 4528.83
MoG 4.22e+00 0.00e+00 20 47.86
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Figure 2. The numeric results for sparse low-rank matrix factorization problems of different scales (o = 0.01)
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TP . TP recall*precision
recall = ., precision = , F-measure=2————.
TP+FN TP+FP recall + precision
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Table 3. The numeric results of all the compared algorithm
=3 BALREZENHESER

Promblem Algorithm precision recall F-measure Time
ADMM 0.4170 0.6296 0.5017 6.0355
WNNM 0.1425 0.6866 0.2360 19.2749
Campus
ALM 0.0725 0.6439 0.1303 141.8244
MoG 0.1427 0.6895 0.2358 61.5361
ADMM 0.9735 0.8235 0.8923 5.1696
WNNM 0.9767 0.8235 0.8936 13.7341
Lobby
ALM 0.9963 0.7479 0.8544 153.1680
MoG 0.9703 0.8235 0.8909 39.4163
ADMM 0.2606 0.7742 0.3899 6.6002
WNNM 0.2438 0.7616 0.3694 19.1113
Escalator
ALM 0.1373 0.7652 0.2328 156.0334
MoG 0.2377 0.7867 0.3651 63.2443
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