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Abstract

The Wahba problem refers to the estimation of the optimal rotation matrix between two sets of vectors
in the context of rotation matrix estimation. This problem is commonly encountered in fields such as
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aerospace engineering, robotics, and computer vision. It plays an important role in applications like
satellite attitude estimation, image stitching, and 3D reconstruction. In these applications, data are of-
ten affected by measurement errors and outliers, leading to a decrease in estimation accuracy. There-
fore, solving the Wahba problem under these imperfect conditions has become a crucial research issue.
To address these problems, algorithms are required to have stronger noise resistance and robustness,
so as to ensure reliable results can still be obtained under conditions with inaccurate data. This paper
primarily investigates the Wahba problem in three-dimensional space and introduces several algo-
rithms designed to handle errors and outliers, including quaternion-based semidefinite relaxation for
robust alignment (QUASAR), fast global registration (FGR), and RANSAC algorithm. Additionally, this
paper proposes a new algorithmic approach based on the quaternion-based robust Wahba problem,
aiming to improve algorithm performance. The computational principles and derivations of the pro-
posed algorithms are briefly outlined, and through computer simulations, the paper compares the ac-
curacy, computational time, and robustness of different algorithms under the influence of errors and
outliers.
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1. 5|

Wahba [r] i & F Grace Wahba [1]28—/kX T 1965 442 H, Wahba [7] /8 /& 45 F-$& S e 4 skt 55 i 4
CENIA BER N R EMIE . femimeE, Hh—4dRillng, H—4 h2%nE, His
FE AR B — AW FE R, A0 ) B AE 480 e A fE R T REb 5 2 F I B 55 . AR LR HLE AR A
THE N SE SR P ) — AN A ), SR s o . BUGPHE. iZ2ahfhit. 3D Hal. PREEEM
THEM AP AEELZERH. 8%, Wahba o] @ n] Do 25 508 70 00 072K et g, SR fE X 28
SERR R, FNE T EHUALGE R, ARG T (1) 79 2 50 38 o SR P ARFAE D C 4 Ak AT FHLIT AT, 540
7 2D Hd ] SIFT [2]5 ORB [3]777%, 3D hfdifl FPFH J7i, X S8By0:45 31 (50 45 AT AL AR iR A0
FEARICHES, BIAn(EfE ] FPRH [4]3HT s~ BCHERS, WL5% F] 959% 1) 74 E IEA /D WL[5]. fEXAER T, &
e R RER AR SR EERKIME, XTEEEEEA ERmAPTE g, EEe 5
Bl —ERE o A SOK 6 A2 LR R A7 A5 1R 22 R 5 (B R 1Y) Wahba ) @ (19 5092, B dE 25100t
B2 1E 5E FA 3th 51322 (QUAternion-based Semidefinite relAxation for Robust alignment, QUASAR) [6]. HRi%
4 JE S : (Fast Global Registration, FGR) [7]. RANSAC #i2:, it iF EALEIET B, XF LA R A%
WORETERE  THEI TR L R B btk JRAE DU e i S a3 — Rl B, SRS S BRI g

2. MHRGRIR

oF T ANAEAE 15 22 F1 55 (B 1) Wahba 5] 55, Schonemann [8]32 Hi 48 FH & S48 73 A 1R 77 5 3R HA AR AT A,
Bt A N A2t A P DO e AR [ R FH e i B [ 10158 7~ (1 77 ¥R HH Wahba 7] B ) S £ A - B Wahba [l
FIZE 1z, B R ZE N A AL, B S NTIERH T S Wahba [A] 38, B 1% i% 22 i A E A %
[F1) S 0 e BT 20 A1, KT 2615 B, Cheng 1 Crassidis [11]#2 H— R #8544 4L 532 , Briales A1 Gonzalez-
Jimenez [12]472 H A s ot () JE G SR 45 R IR 7 %8, Ahmed [13]%5 A48 A SDP st (1) J7 v i vk — 25
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A M HG W AR ) R R 28 5 A fR R AP AE A VR UL G ¥ Wahba [ RN 25 52 S (B2, K B
KRR N RE[14] B0 06L& S8 (B 1) Wahba ] SR ST BON E 5, fci FH R J7122& RANSAC #9216
PRAEARME S A (B O T, TR I [R] A B B R HE R 45 R [14] [15], HoAh B BRI 2 . 7
4b, RANSAC HEAETHE I AFE— 2 FIBENLYE, SEURIFER M RO AT 4 R AT Re AN, HA—E R
BRI AR . Zhou [T1Z NTR PG 4 R BCHER 7715, MRS B br s BUE RIS Bl oA, (HBEE
—RUGEA, BB EIARN Y, WIEAREIRIIE S R . Hartley £ Kahl [16] 15 JCH H A 73 3@ 51
JiFRAT IR R, 2 5 Bazin [17)55 AHEH 45 G SR R KA 7 VR AR A SO SN, R S
bk, RETTUSRE 2 Rs i, EARKE S -, Higrafan g 288 . Yang Fl Carlone [6]#2
T DU e B ek 7 ik, w AT FH AT B/ 3fe 1] BT Wahba il BB, 456 DU e R R o IE 2
P st SRR e L fifE - A SO 35 FE AR AIST B RANSAC 592, FGR 5075 DL R 6 T DU e $ i 2 1 8 Fa st B

3. 1R

XA T A4 Wahba 1] SRR, JH 1 8/ 43 RANSAC 595, FGR 5% LK 3T 1Y 70 %k
(120 1 S8 A S BVE O SR B, B 3 T D 7o B0y v 7 0 L
3.1. Wahba |5]58

P RALITR R B A={a)" B={b)" , Hrhab RS, Wahba FIBEECAEL I, &,
H N 2
i, 2o [~ Ray| (1)

SRR ekt R 475 A B RN % . Horb (o) Rt R,
SO(3)={ReR**,RTR=RR" = I, det(R) =1} 2 =L [{IHHRIECHE, |, Fm =LERAERE. 1 (a,b) £IE
HOUCECES , R4 b, T AR R Na, Zd e in iR 2243 50, W (ay, b, ) RHFREICER, Wb 5 a AL
Ko RBORZEMN T IME B [ [F R A, W2 A, B JCER 8] 5% B W] AR IR A

{bi =Ra; +¢, (a,b) R IEILHA

b =0, (a,b;) R4 RILHT )

SN (0,,0%1,) 0 eR° R g 5EKMAER M. S (1)RETF R WHEKBAM T, 4
i=1---No

1

|

2
Q_I e

3.2. RANSAC ¥

RANSAC FEM AR B R R A T &G AR, S 5w 8, X0 5w 5 vT f8 2 i
. B FE A, AR RANSAC Fik ks @& — A IEff A0, 1776 m] DATE 5 H A & 50 1
B S H I 770 AR IE R R — A n PSR, n /NTREARE RN, MFEAREE o BE AL 1
NHFESE, HEERPLE RS, eS8, ARG GBI AR AR, ARYE ke T
BRI R BR AL, FL IR A B (0 s g O SRR B () — 305y . EAUDIR, HREBRUIIA T
BEALER AT o

S8 FEh AL A B MR {(a, b, )}.N:. HHBE LA n ANMENFEARLE, FEIXMEARSE I BL il
I 515 5> fi# (Singular value decomposition, 104 SVD) 7 R i i L IE 7 FE R, 4 R i A FLia
#{(a.h, )}|N:I » THER b — Ray | FE AU VR 2 TEF A AN KL, B ZLJI(Hq_Rain) , H I RfEREmE, 4
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lo; —Ra | <n i, I =1, T ) =00 FERETLHEA MBS, BUIIERFERE R L&

| BORHITEFAFE R AF 45

(lor—Ray [i<r7)

BT S PEREBLAI —EREOR, YT

b —Raj||<n
Ibi ~Ras <
3.3. FGR &%

Xt RANSAC 57k, FGR HyL[71H & AMKH T WIGaRLrE I & . %7776 Wahba (7] #5531 pR 5 sh
&, HONE BaerEr B, 1.

Rgggf(g)ZiN:lP (b, - Ray[)

)
Hrh p(x)= ﬂ+XX2 o 1% 11 BRI AT AR YH 7 (6 H bR pR B2 SR 1T (2) FF AN PSR A, 1% 59545 ) Black-
7
Rangarajan X8 77 725 (2) 55 # 38 1t B ik 28 5L
. N 2
ReSOIg)I,QE[O,l]zElZi b —Ray["+y(2) @

thy(z)= y(\/Z—l)2 o JEINT HAR BT A BRI 7, BI4p 00 R # 2 AT AS Bi Ak, SR3kAR
DA -
[ R X} z AT AL R AFE RN R, B A AR BRI T 7, M 15 21

S
p+[b —Ray|

[ 52 z, % R #EATARAL, ZEIER R Oy Aok, R
1 v B

y 1 —alR*

- a 1

Forbt R b VO HOTEREHIRE, U FLAR B SR T 6T ¢ = (., B,,a,b,C) HU/N — TR F 8,
FFGHT - EBOT R AR, WTTEHR .

AW B R A {7, B RS
3.4. ETMTHAEIE B EIE[6]

007 U A Wahba [ B OSBRI BN TR, B

min Zi”lmin(izubi ~Ra’ ,EZJ
f

ReSO(3)

pip

R ~

()
51 PR IR 17 22 BRI © SRAR I FR el S 8 A0 45 SR PRI 2
g5 AL DU TR LR RS, IR SIN —on R (4) sUAR N, H BR BR BT DL D 2% T DY e
TURAR U )
min " x"Qx

XERA(NH)

T p—
sit. Xq Xq = 1

T— T -— Y
Xg Xq = Xq Xgs vi=1---,N

(6)
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HoehleHg=[0,,0,.05,0,]eR" g efd,-q}(i=1-N), ﬁx:[quchT,'”:qg]T’ X BN X HOGE R g F)
M. Q eRWHMND (j=1... N)ZEia,bBEKCMMAERE. “®”7 FRNICH q %, AN
THTE, W q, ®q,. AR

3.5.

q, ®d, =, (a,)0, =9.2,(a,)

Hrp
q4 _q3 qz ql q4 qa
0s a, -0 —03 a,
Q(9)= , Q,(q)=
l( ) _qz ql q4 q3 2( ) qz _ql
-0, -9, —G4; q, -0 -9

T k8 % K 5 DY e T PR AR EL AR T LA TR
Ra |04 ®
o |74®4@q

Hrirg =[a] 0]
ZEEAS Z =xx", (5)EiN:
min tr(Q2)
st. tr([Z]qq):l
[Z]qiqi :[Z]qq Vi=1-N
rank(Z)=1
TSI R 240 SR A8 FH 21 1 8 i 5t R 5 00 Tr) R A R T AR A I
min  tr(Q2)

st tr([z],)=1

[z adj =[ ];q Vi<i<j<N
GIGERN R
MEL

A HAL DY e R R e e (1757%, # Wahba 7] 4% 4520y -

min ZL%HB. -q®3 ®q’1H2

ges® o

()

®)

©)

Hob §° = (g e R* g =1} FR AL PRI A . T50(8) AT AF R AT g 19 YR 3R UL o A

min >, 4'Qq
geR
st. q'g=1

Hrp

(10)
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i NﬁW+ﬂ@W}u+2QJ&)QAﬁJ _
Qi:q 3 q, |:1,...,N
20

4Z=qq", W) EAFRA:
Tip r(Q2)

st. tr(z)=1
rank (Z)=1 1)
kIR ERAG, (10)FAGH A LAk 1] 8
Ty w(Qz)
st. tr(Z)=1 (12)

I S AR FE R, ZEEM SR R SRR A T (a,h) 2Bk
SRR

1. WafL: iﬁTE%C={(ai,bi)}L

2. fEHIRSECH, RM12), THEAGHRARIEHEERE R,

3. ﬁ?ﬁ%ﬁﬁ%%ﬁﬁﬁﬁ‘]l‘ﬂ%(am,bm):a(rgmgacx”q -Ray

4. MG C—{(a,,b, )} T RAR(L2), PFELR IR HESE RS R,

5. R ECRIRZEN R & (a,,b, )= argmax  |b —R,a
(a1 61)<C—{(a b )}

6. WIE m I UAEARER K, W C=C—{(a,b,)}, WL, 7Bk 4,
7 W LA S max b -Ra<n, 7=1x10°

TENCSRPE b, ARRIRAR,  SEvmad sRAROL Ak I L (12) 15 31 24 R SR 4 v O AR e AE o, TRy A (12)
SRR MO IE R, SRAFIOAMRR A R . FTOLY BRI BRI AT, 2 I N L5200
BB X R RSO TR, HRZE T RS S T BN R . 164 R R 8 g
BF AZ LRI T B 5 R A B bR BRI 2 R AR, F52 2 P LA A B2 P SR 2 1 2

TESARE b, AFUCEAREREHEAT — VR A I 5 MR ) B DR AT AR 2 015, TR EEEAT O(N), TE i
RS R M IEHEAT O(N) o BTLLSAIRT W) Z6 FER O (N?) .

ZETIENT e QUASAR B3, 18 SRR T #A T 17 LN 7 H bR R B0 B 2 b, T2 BTk 02
FTHERE . it FGR S0 RANSAC 3%, HA R B4R TF TR SR, ATEEHIR S
U L1 R T O L MR R T R
4. BEXTEE
4.1, R

BENLA B N = 40 ARSI 44 BN R 1 s iy i B A A R 2 A, B AR B IE 20 A B
R € SO(3) LUK ZE I € ~ N (05, 0°1, ), SUATURRZ I TARALRE, JAT IR MG r , /) nf
Rio, =0.01H o, =0.1. M4 b = Ra, +¢, AR EES B, ILIN B A% THERE FH AW
Wi, B —E RHEEG o (a=0.204,06)K B il BBk BENLAERI ANy 1 e, 48
P AR 5 5 A TR R O . O 7 BE SR 0 45 SR BB LY DAL DUR B0 AT 40 YCSEBR, 49
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BT S UE F R ZE R GE T B AT IR, RS 45 ST X b
4.2. EiExTEE

FEFEPERERIXT L by ASCRATH SRR ZAMGE T T S TR 177 30, MRS FEE A A B I 8] f4 #7120 LA
FAERE . STFEAUEL, % 1RO T YR SAAEAR R S I O ANFE R A TS 0L R = L.

Table 1. Under low noise condition (o =0.01) with varying levels of outlier interference

=1L RIREBAT(0=00)FRFEETIMEENFIRESIEES

S A LA QUASAR FGR RANSAC AL
0 0.0037 + 0.002 1.2827 + 0.3407 0.0581 + 0.0047 0.0036 + 0.0020
20% 0.0037 +0.0021 1.1724 +0.3447 0.8844 + 0.3691 0.1886 + 0.0506
40% 0.0044 + 0.0026 1.0663 + 0.5910 0.9658 + 0.2152 0.5565 + 0.2029
60% 0.0062 + 0.0027 1.7776 + 0.6369 0.9789 + 0.1581 1.0780 + 0.4088

% 1 DB, 7R (RN AR 7 [ LB A5 L R, QUASAR Syk AT 5Lk iR 2 /), HfaE
PR, HGZE RANSAC #yk, FGR Rl 2, HEEEFHETFEERNIEM, QUASAR HikJLT A%
T, 1M RANSAC A0 8024 B 21T .

Table 2. Under high noise condition (o =0.01) with varying levels of outlier interference

%2 BRI

AT (o=00) T EREEFREENTNRESIEE

S A L QUASAR FGR RANSAC Rk
0 0.0449 + 0.0195 1.2989 + 0.2996 0.1109 + 0.0429 0.0449 + 0.0195
20% 0.0496 + 0.0251 1.2082 +0.2932 0.5447 + 0.5409 0.2164 + 0.0846
40% 0.0593 + 0.0277 1.2058 + 0.6667 0.9599 + 0.8037 0.5982 + 0.1909
60% 0.0742 + 0.0463 1.7989 + 0.6067 1.1889 + 0.7310 1.1588 + 0.4307

Table 3. Computation time

= 3. THEREFD/s)

QUASAR FGR
5.6399 0.0014

RANSAC
0.0185

G APS
0.0888

HI7%C 2 ATCLA Y, fE e B E R R TR RS OL T, QUASAR SUENUHT Sk IR Z i), FasE
PEsg, HKE RAN, ATLLE B QUASAR FBTRELE UM RE /1 b b 53 AP Al Sk o, (HLBE A e (L)
frfem, BRI R 2B, SRR LA QUASAR FIERLE .

EAESR 3 PR, R QUASAR SUETERG L ERIILT, (HAETHER AL, e T HR =A%

SRE LA RSP, EARMRN R T BLER AR S, Wk 4 Bos,

Table 4. Usage scenario recommendation

4. ERIARER

Vs ml HEFRSIE P i
TR A SR QUASAR s UNER Vi
RS, SR B RTS FEAR S H {8 T 5L QUASAR K51, InHia] T %52
RAGRE . TR ST 1 RANSAC PU IR F R E
BT, BRRE FGR TRk
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4.3. &ip

MRS E AT DU, QUASAR SLVEFIE FIATE DU B L 5 A A VAR I 47, {H QUASAR
RSt L AT oR, 25 AR s e HLAS e, (BiH S Il 32 1 3 SRV A AR M A S o
PeZ T, THESE RN, HREE SR AN, HiEER2ammmRmEzE, ARErts,
HEBE AL QUASAR Hi%k. RANSAC FLEEMMEIC R B E LR MG T, THEMRZEN, 45
BB, (HPUTPLae SIS, BEEM SRR HE AR MR, SR\EAZE, (HETHEN T A
11 RANSAC ik QUASAR BLE TR, £E SRS v, B 256 R FH 0] 250 1 8 5 e S B 3 ) B,
W 4, FERGEE. S REIERITH S A 4R 2 B 5 .

5. &57&

Wahba 7@ 5 7ESR PN MBS A, B RIS IR 6 M, AT LA, MR THENU 4
AU ) A () . FE SRR ] e, pa) B AR G 2 (A) Y DG G R 23 52 B iR 22 A1 RS 1 U ) P AR SO
QUASAR #y%. FGR k. RANSAC Skt TxTLL, B THENTE, 8T AS R BEAEAS A I s 4
SR A TR RS R I RO R

SE AR E IR, QUASAR FIELEDIM: Al m W AH T 007 RN T Hofh Sk . R FGR Rk HAR
Bk BRZERA, BERSES MR EETIT, X RANSAC HyEF nfae, RANSAC HiLTEGE:
AR E RGO T, SR EmAEs, FA3 s s sl TR, 85 R S 2R R, £
A% . (HLESERRR R, BVEREER T R EAM TR B B A G e, TR BRI E R . &gl
X FGR 52 A RANSAC 5% AT QUASAR 57k,

£ QUASAR FLEM R RN, ARSCHE 1 —Flos 1) SR A7 7 1 75 ML o {H Wahba [a) K 5% . FE [H]
FERISZIGIAIE R, SEIG4s AR, Bk S A S s M R IE 0L S, HERFE I 2 T FGR &%
A RANSAC Hi%, 5 QUASAR BVEAHIT, SRIM, BEERFEELRRAIGN, HrEEARRRELR, 4
RABRAUERS . ARRE TAER E AT EIE MR, Rl ES R ETIMEN T, et

BRI RIS R
TESCBRRIAI AR, R B I SR HE BRI S A A TR, ARSI A b ) 2

i e 5 T4
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