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Abstract

Critical node set identification is one of the fundamental issues in complex network control and
propagation dynamics theory. Traditional methods have limitations such as high dependency on
global structural information, high computational complexity, and lack of guidance for macro-reg-
ulation. This research proposes the concept of Sub-Laplacian Matrix for the first time. By extracting
the corresponding rows and columns of the target node set in the original Laplacian matrix, a fea-
ture matrix is constructed. Its determinant value is proven to serve as an effective metric for node
set influence. Theoretical derivation shows that the diagonal elements of this matrix characterize
the global connectivity of nodes, the off-diagonal elements reflect the internal connection strength
of the node set, and its spectral properties reveal the coupling mechanism between the node set and
the overall network. Using different network models such as small world networks (Watts-Strogatz
small-world model, WSSW), BASF (Barabasi-Albert scale-free model) networks, and real-world net-
works, this paper compares sub-Laplacian matrices with traditional node set identification meth-
ods, verifying the effectiveness and advantages of determinant-based representation of node set
importance. Compared with traditional grounded Laplacian-based methods, our approach exhibits
threefold superiority: (1) Requiring only local structural information and external connection counts
of node sets; (2) Enabling macroscopic parameter guidance for propagation dynamics regulation;
(3) Significantly reducing the scale and effectively lowering the computational cost for quantifying
the influence of important node sets (this problem is an NPC problem leading to exponential growth
in computational complexity with scale). The research results not only provide macro guidance
strategies for policymakers to formulate social contact scope to delay disease spread progression
or public opinion diffusion trends, but also offer decision implementers with quantitative evalua-
tion criteria for the influence of specific node sets.
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Figure 1. The influences of the sub-networks in WSSW networks. The size of network is N =300 . (a) The relations of C**
versus the sub-network size k and the rewiring probability p, for d=2;(b) C*" versuskandd for p, =0.15; (c) The
dependence of position of summitond and p, ; (d) The dependence of summitondand p,
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Figure 2. The influences of the sub-networks in BASF networks. The
size of network is N =300 . (a) The relations of C** versus the
sub-network size k and the number of added nodes each step m. In the
sub-panel, a logarithm-scale is adopted; (b) The dependence of summit
position on m; (c) The dependence of summit on m
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Table 1. Topological characteristics for the empirical networks
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Figure 3. The relation of the determinant of sub-Laplacian matrix versus the smallest non-zero eigenvalue of the
grounded Laplacian matrix for WSSW network. The parameters are chosentobe N =300, d=4 and p, =0.15
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Figure 4. The relation of the determinant of sub-Laplacian matrix versus the smallest non-zero eigenvalue of the grounded Laplacian
matrix for BASF network. The parameters are chosentobe N =300 and m=3
[E 4. BASF &g Fh B R HTERE R TR St R B R T S/ N ETFHMEEC B X R. BHIREAN =300 1 m=3

124 (a) Dolphin k=1 . 100 (b) Dolphin k=2
) °
104 o o 804 oo
* ® i . e
8 . o0 ° oo
L] L] e o L] 60_ [ ) ° ° L]
6 . awen e °
- come o 40+ :. B :.: b
4 . (L X LIS .
a— L) - o oo 20_ L d :.. [ ]
= 2 ® o s ° o *
N
o T T T T T T T T 0 T T T T T T
EI 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.02 0.04 0.06 0.08 0.10 0.12 0.14
= (c) Dolphin k=3 8x10°% (d) Dolphin k=4
800 - . o
. 6x10°+ o
600 1 : .
400 . & ) 4x10° *
1 L)
° :. ....o o ® .‘ °
200 I 2x10°1 ‘e .
r .s. (] ¥l o °® °
. ...o.f ° . '. .
0 . ; 0 - 3.0 S e r .'
0.05 0.10 0.15 0.20 0.25 0.05 0.10 0.15 0.20 0.25
7\‘min

Figure 5. The relation of the determinant of sub-Laplacian matrix versus the smallest non-zero eigenvalue
of the grounded Laplacian matrix for the Dolphin network
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Figure 6. The relation of the determinant of sub-Laplacian matrix versus the smallest non-zero eigenvalue
of the grounded Laplacian matrix for the wildbird network
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Figure 7. The relation of the determinant of sub-Laplacian matrix versus the smallest non-zero eigenvalue
of the grounded Laplacian matrix for the human contact network
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Figure 8. The relation of the determinant of sub-Laplacian matrix versus the smallest non-zero eigenvalue

of the grounded Laplacian matrix for the scientists’ co

-authorship network
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