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Abstract

Queueing models with two classes of customers of different priority levels are widely observed in
real-life scenarios, for instance, priority users in ride-hailing services, emergency patients in hospitals
and vehicles with prior reservations for charging stations. Consequently, many scholars at home
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and abroad have incorporated dual customer classes as a key strategy in the construction and anal-
ysis of queueing models. In this paper, based on possible situations that may occur in real-world
queueing systems, non-preemptive priority policy, multiple working vacation policy and repairable
server policy are incorporated into the queueing model to construct a system that accurately re-
flects practical conditions. The main contents of the paper are as follows: model description of the
state transition rate matrix of the system, analysis of the three-dimensional Markov chain, and the
derivation of the system’s steady-state distribution using the matrix-geometric method and itera-
tive techniques. Based on the steady-state results, performance measures are derived and numeri-
cally analyzed. Finally, individual and social benefit functions are established for further analysis,
and suggestions for improving overall efficiency are also proposed.

Keywords

Queueing Theory, Non-Preemptive Priority, Markov Chains, Matrix-Geometric Solution, Benefit
Analysis

Copyright © 2026 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 518

BA WA R e 2 ) HE A B AE S PR 2B 3% ol e i A7 7, B2 2RSS AR Se B P L =
RS2 TR BT TIL 78 HOPE IR AR 0055, DR L IR P AV 22 22 380 H T 2R s VDl 32 2 SR I N HEBASE Y

HEBAABEEIE T 20 tHh4C#) 22 TR AK. Erlang [1]%F BiEASHe RS IF QU ERF 7T,  Hom i MEZ8 07
R T BN HIEASLA  AR TR . G SE, BEAE Kendall 7375 42 H DARRH RS SR E R TIRSS
AR Z AL RN AT, HEPAR I T AR 18 B 24 T i BN LIR 25 R MEREM B B R 7 3. TE
SRR SIS 07 T, Kamoun [2]43 87 1 32 AH 5% B JR A] 5k b sk R 5 i (1 46 o5 A e BUHERA R G2
PEREs RIS [B1HRTT T 2 H TAERMEM M/M/c HEA RSG5 Afnan [4155 0053 — BT T 5 A IR 55 28 IR 1R
FIEHE AR SER M /M /m A5 &R A B 1T 4, Korenevskaya [51%514 16 1 4 A BEHLET H ML AR
o RS B ARHEA R G T ER[6]50H T AN U A A EE AR R AR o5 IR B A s SR [7]55
W T ZR RS 23T 1 4545 5 S T AT (1 M /M /L R GE R 5Rms o A s B R0t S5 B i, 35
[8THF AR o5 AL S ACHE BN B 12 B FH T BRI7 IR 55 R G IRAGTIE 72, A8 (9] MIAE LAt |, i — B IR AR
T AR S BURIR 25 6 B R HE BN R G0 S HAH DG MR RE AR A o ST A P 2RO SE BUBA [ M /M /L HEBA,
TRABIE[10]5545 T ARG MR T . BEAE, ST A AL ECHLEI M /M e+ m BEAY, R AE[11]55F]
FHAA: SO R b 7 AR e s i VL M B4R b, N ARG RGBT R AE T #IR S0 8%

BT BRWEI, AW T — N EEWREIE . [F25 2 E TR L AT e S AL HEBL R 4.
SCEIES 2 WONBRAIRR, 2B 3 N RGARE T LSRR R R, 5 4 TR EUE T AR RGN
BRE T T 4k,

2. HRB ik

ARSCENL T AN BAT WRBUE AR 2 B TARRE R T2 M /M /o FERAE A, a2 R R 4t
IR 73 IR, P Il A S AR SE B o AR TRLBE 1 I 2 4% IR B A A HE A, e rpI2
g AT AERR Bk, A TER A AR A3, IR o KA B2 A co AR iR AR 79 2% 247 A o

DOI: 10.12677/0rf.2026.161007 66 B2 S5


https://doi.org/10.12677/orf.2026.161007
http://creativecommons.org/licenses/by/4.0/

TR, 2R

B 5B IR S IR .

HA PR AR A 2 B AR AT 2 M /M /e HERA R GE i) B AR B R il i F -

(1) BIEERE: PR Bk 0y Possion I E, R GE AR ISR BUA AN IS B % 1A B AA I [A] [1] B T
T, 00 RANSH A M A0 asEEsm, Kb 4,4,>0. B P{T <x}=1-e"x>0,
P{T, <x}=1-e7"*,x>0.

(2) MRS5S RS IERUT A ISR AT 1) R 55 6] ) (8] B S, F1S, 73 IR ZHCR 1y A
(Mo A, Hod gy, >0 BPP{S, <x}=1-e" x>0, P{S,<x}=1-e"* x>0,

(3) LAERMBGLRE: iR 55 & R E RIS TAR R 2 SRR, 27 R G IR ST 6 #9730
ARG HZEG EAERBURE A R SIS, W ARG IR S5 & BRI IR 5538 R, B AR SS,
JIR 55 65 AR AR S0 1) e TR ot 2 RIS ot 5 i 55 1 T 101 % S, A0S, 20 IR HON 1,y A, BB BT
s o g, >0 BIP{S, <x}=1-e" x>0, P{S,, <x}=1-e" x>0, 53— MRIILE AT,
A B AL WSS 6 SRS IERETT AR IR ST, 45 R GE NI A S5 A5 M 4k SRR . R AR MRS,
WG SL RN Y IE H R A g R IR ST . AR A B Dy MR Z B 0 1 AR B A . B
P{M<x}=1-e" x>0

(4) WPRAEES R : RGN ERAEN, [ . 75 TAERMEIE, IR 5% & ATE IERUT 2 R A i,
WA AT IS5, TR IRSS 6 %5 dr L IRMSECH o MITUREUM . RGTHA o MERLT, RS A
MBS PRI S 2T YRS, BEN RV RS ECY p 380G, iR LSRR 2 a0griRds, |
P{L<x}=1-e,x>0, P{U<x}=1-e" x>0,

(5) HEBAKUN: TEMHEBNR G H, MIKBEHEN RGN, &H RS TWIRS 6 W B2 RS
H ARG WIRSS & BB, MR HEBA BRI J5 S A g5 . 2 RGN EE
AN, T Bk A R T 2K

R e BT I 1) A B AR BT IR S F 80537

3. RGRSoHh

3.1. =BT
L () ML, (1) TR N RS 2R IRBE IR BE S 3 (1) ARG MRS,
RAF

0, IMAIALEAL T TAE LIRS
3(t) =11, BERRGAT ER-HIRA
2, W AR Sk TR s

L (1), L, (1), 3 (t),t = 0} & —=4 Markov #, R A:

Q={0,0,0fu{(0,j,k),1< j<c,k=012}U{(i, ] k),i=10< j<ck =012} . HAvRE= (0,0,0) %
RARGUAET TARMRBRS HBCA B (0, k) WET RGP RA 1 2Km%, Hhl<j<c; (i ).k)KRE
FORRGTYA | BBEBA 1 EW%, Hhix180<j<c, k=012 MR RR/RGAAT TIERE.
IE R R B R A . (0,0,0),(0,1,0),(0,1,1),(0,4,2),-++,(0,¢,0),(0,¢,1),(0,¢,2) & XKy 0 KF, #
(1,0,0),(i,0,1),(i,0,2),(i,1,0),(i,1.1),(i,,2),---,(i,c,0),(i,c,1),(i,c, 2) =& XK i /K

3.2. RGRESERI
¥ RGURE T I FHFHES], o LA 2% Markov I FR KPR MER B REHERE Q 1 T

DOI: 10.12677/0rf.2026.161007 67 B2 S5


https://doi.org/10.12677/orf.2026.161007

TR, A

AOO COl
By Ay C
BZl A22 c
B C
Q — 32 633 N . (1)
Bc—l‘c—z A\:—l,c—l C

Bc ,c-1 A:c C

HrP Ay Ages At Bigr Bysr ey B o 13 Copr C 4 BIZER Mt K P 2 TR IR AT SR e o A0 e A o
B, X E En s o Eonr & S Eior Eun 14, T :

Ay =

HARFERE T -

Ay N (3C +l) B 77 B
~(h+4h) 4

Huyp Siw 0

Hy 0 &

B

21, 0

2u,

A, 4 (3¢ +3) i

&=—(4+4+ig +ia)l<i<c-1
Ew=—(A+4+0+in,)1<i<c-1
& =—(A+cu, +ca)

Sow :_(ﬂi“'e‘*‘cﬂwz)
Eo=—(h+A+iy+a)l<i<c-1
Eow=—(A+A4+0+iy,)1<i<c-1

& =—(h+h+im+ju,+ja)l<i<c-11<j<c-1 @
G =—(h+ 0, +0+im, +ju,)l<i<c-11<j<c-1
Eo=—(4 +ig +cu, +ca),l<i<c-1
égicv:_(A‘l"’g“'iﬂwl‘i‘c/—lwz),lﬁiSC—].
¢=~(4h+2+p)
¢c:_(ﬂi+ﬂ)
R
0 4
a 0 A,
¢ 0 0 A
O §2w ‘9 O 12
0 0 &, 2a 0 4
0 0
oo " ®
-V, 0 0 &y 6 0 4
(C_l)ﬂz 0 0 g (C—l)a 0 4
B ¢ 0 0 4
C/’IWZ 0 0 gcw 12 0
Ci, 0 0 ¢& ca
B &
R

DOI: 10.12677/0rf.2026.161007

|
X

68 12 5 S R

[
3


https://doi.org/10.12677/orf.2026.161007

TR, 2R

§i0w 9 0 2'2
&o o 0 A,
g 0 ¢ 0 0 A,
:uwz 0 0 (vgilw 9 0 12
w 0 0 & o 0 )
B ¢ 0 0 A,
A 2, 0 0 bow 00 ’12 § 1<i<c (4)
(c—1) e 0 0 Sicow 0 0 &
(C—l),u2 0 0 fi(c-l) (C_l)a 0 4
B ¢ 0 0 4
C,uw2 0 0 gicw 0 0
Cu, 0 0 §|c Ca
B¢
By, M (3c+3)x(3c+1) BirrBE, &P
luwl
H
0
:uwl
H
0
By, = ®)
/uwl
0
/uwl
H
0
B M (3c+3)x(3c+3) Bk, Ef
i;uwl
)
0
i/uwl
B .- 14 2<i<c (6)
, 0
i/uwl
i
0

Co, N (3c+1)x(3c+3) BirrkE, &P

DOI: 10.12677/0rf.2026.161007 69 B2 S5


https://doi.org/10.12677/orf.2026.161007

TR, A

U]

@)

SR AHT Q MIMERIAE M E T AL, =4 Markov ARAR (L, (1), L, (1), (1), > O} B KL 1

(Quasi-Birth-and-Death process, QBD).
LWFEH =A, +B, , +C 1}

—(ﬂg +9) 0 0 A
(L +a) a 0
B 0 ~(4+B) O
H - - .
Clhyy 0
Cu,

4

0 4

0 (0+cumy)
0 0

0

0

—(ca+cu,) ca

B

Y ={m,my, 77} RN H PRSI E, W2 LR T TR
zH =0
re=1

(A +0) 7y + P, + 75 =0

FE b W P I K N g i

Ory —(A, + ) + 7, =0
am —(A4+pB)7, =0

—(12 +‘9+iﬂwz)”i+z + A7+ ([ +D)y,,7.. =01<i<c-1

_()‘2 +ja+ j/‘z)”ns"'ﬁz”j +juris=01<j<c-1
~(A + B) Ty + 27y +Kam, 3 =0,1<k <c-1

_(0+C:uw2)7[c—2 +227z'c—5 =0

—(C+Cy ) oy + A7,y +6r,_, + P, =0

—can,  +A,r, ;- pr, =0

-B

©)

(10)

(11
(12)
(13)
(14)
(15)
(16)
17)
(18)
(19)

DOI: 10.12677/0rf.2026.161007 70


https://doi.org/10.12677/orf.2026.161007

TR, 2R

me+y me=1 (20)

i=1

i BRIl HE TSR] LR RS B S M2 {7y, 7y, 75, 7 ) o
ARFEINA FE AL { L (1), L, (), J (1)t 2 O} IEH RINFESF U BES AT nCe < 2B, e I 13

Cln 1 Px 1
cuy 1 A4 1
0 1 A 1
(7,7, 7)) 1> (m, 7y, : 1| (21)
C;uwl ﬂi :
CLy 1 A4 1
0 z
ARG R TR AT ARy
/,{1 < C(:uwl +lul) (22)
3
i 2 IR SRR, 1% QBD IR IEH IR
TRrSE R RERE JL (TR
=4 Markov 12 {L, (1), L, (t),J (t),t 2 0} JNIEFIRAT, Fadsodisg LanR:
R =limP{L (t)=i,L,(t)= 1,3 (t) =k} (i, j. k) e @
P= (I:’,F’l,l:’2 PP )
R= (PO.O,O’ P0,1,0' P0,1,1’ Po,1,2v"'l PO,C,O’ PO,C,l’ Po,c,z)
R= (Pi,O,O' Pi,o,1l Pi,O,Z’ Pi,l,O' Pi,l,l’ Pi,l,z T Pi,c,O' pi,c,l’ Pi,c,2>’i >1
TS B P 2 TR
PQ=0
{Pe =1 @3)
KRR RT3
PoAw +RBy, =0 (24)
PC, +PA; +PB, =0 (25)
PC+P+1A+1|+1+P|+ZB|+2|+1 —O,lS i<c-2 (26)
PaC+RA =0 @7
PC=0 (28)
P0e+ZC:I:’ie:1 (29)
i=1
Hpe @SR H TR 2N 1 WA &E. 80 J7 8 48 3L K i 7T DUAS 210488 35 8 R 17 &

P=(R PP R
=% Markov 2 {L (t), L, (t), I (t),t > 0} IEH R FEE A& NHERE I 72 R?B, ., +RA, +C =0

DOI: 10.12677/0rf.2026.161007 71 B2 S5


https://doi.org/10.12677/orf.2026.161007

TR, A

FAERCNESUE R HH SN g2 sp(R) <1, RIS FIEE Y 3¢? +6c +1 4E 77 [

Aoy Cy
Bo Ay C
B, A, C
B [ R] = By, Ay C (30)

Bc—l,c—z Ak—l,c—l C
Bc,c—l RA\:,C—I + A:c

FAELFRE. MIZARRIEREIRE, REREDS MWL T

(R, .R)B[R]=0
_01Pie+Pc(|—R)’1e=1 (31)
P=PR‘i>c

c

UEBH: MRHE Q HEFE LUK B[R] FEMFA M T 40, B[R] AERE & — A 3c? +6c+14EM 7 RE . 1%, H
(P, PPy, P) B[R] =0 W % B[R] fAAE [0 & HLIR, 1% =4 Markov i F2ili & V#5712 PQ =0, 7fF
NIRRT P = PR i>c.

%EﬁﬁEﬂ%%#&mﬁﬁuﬂu&R=aWﬂQcﬂﬁ

0 c-1 0
Pe+Y Pe=Pe+Pe+--+Pe+P, e+ ZP.e+PCZRke (32)

i
i=1

H T R A B ) 55/ 3 #EWMAJ%H%ﬁZWWﬂ?( R)', # A ERWHS

n
AR

P|e+PC(I ~R)'e=1. Hrhe il UM EATGE AN L, | J93c+3 4RI,

TN
o

4. RGMERES
4.1. g%ﬁuh\ ﬁb Eﬁ

I s AT AT LS B R G R SR, IR RGNS MR TR I RE M & AR bR, AR
BedRbrRiIA R T
(1) BT BB

E(L)=3iP(L =)= 33 3R, )
i=1 i=1 j=0k=0
(2) I PRI K
E(Lz)zijP(LZ:j):iiijﬂj‘k (34)
j=1 j=1i=0 k=0

(3) RGN THIE N 1
[E(L)+E(L)]=— (iiznﬁ,m )W) iPi,j,k] (35)

%+%

B SR

&
Sghﬂ

DOI: 10.12677/0rf.2026.161007 72


https://doi.org/10.12677/orf.2026.161007

TR, 2R

(4) Mess & LA

P, =§:z°: Pi.jo (36)
i=0 j=0
(5) RGN
H Hy My
(6) IRss &R HEERN
Puse=min{E(L1)+E(L2),c} (38)

4.2. WIESHR

AL 4 R G NS BAG B  MEREAR TR S B A i 85 R ORI AR AT AT AL AL B, i S Hont
P BeFa AR AR S IR RE M o

K1 HhEES A, =184, =254 =2,1, =1 u,, =2,0 =5,a =15, = 1.1 W 7 RGAE AT
KR IS5 5 g, VLI R GRS 6 8 ¢ IR AP XA E (L) BUREIH o 2, [ E AR, IR 1Y)
I E (L, ) BB RS 680 ¢ I K. BUANSRIUS HA E & e, Rgrhpg i ks
Baes TURBUEMEH, s 68 E c NS RGP IEEBUEHZ RS RN R, B 38k
(RIS At 22 1E R 40 b S5 A IR 25 AT -3 BRI 1) P B BAKC I s 24 ¢ [ @ AR, R 40 P IRIBUE (1)
SFEIBK E (L) BEE w1, MR/ o BT RGOSR AR S5 33800, 2238 R G844 1 AR &5 3 0k,
MTHEIRSS & BB & R 50 &, 7EF — I R — MRS & W DUIRSS B 2 RIS, AR 2T NRS 6w
LA IR BT IRSS, AT ARG IR (1 3B E (L, ) BEE w, I TN o UE H A S A
B GLR , $28 R GU TR 1) I 2% 238 1] LR i RGE IS AT R, YD 2 G0 W IR S R I (1 P24 A K
TE RGOSR RS EAZ MBS T, H BIINRGRS & 8RB T EUR G N 555 U
ifi N R G 64

I T K E(L1)

1 L
7 8 9

1
3 4

6
WKBEES% 4,
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Figure 5. Relationship between the server availability B, £,and «
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Figure 6. Relationship between the benefit W,, 4, ,and ¢
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Table 2. Relationship between the individual benefit function Wz, ¢, and z,

F 2. DMAHERE W FESH ¢ By, BIXRFR

A NG R W
‘ =4 H2=5 u2=16 u2=17 u2=18 12=9 n2=10
10 50.7084 66.8582 82.6938 98.3122 113.7826 129.1499 144.4437
11 49.9305 66.26 82.2084 97.901 113.4223 128.8263 144.1475
12 49.171 65.6884 81.7534 97.5208 113.0924 128.532 143.8792
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Table 3. Relationship between the social benefit function W, , parameter ¢, and  x,
® 3 RGEEYEEEW, FESH c My, BXHR

RGAR T Wy
‘ =4 H2=5 u2=6 u2 =1 H2 =8 H2=9 w2 =10
10 102.4734 129.0391 153.4856 176.8757 199.6746 222.1149 244.3235
11 100.9156 128.0325 152.7698 176.327 199.2298 221.7382 243.9945
12 99.3419 127.0446 152.0827 175.8085 198.8132 221.3882 243.69
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