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Abstract

For the single-machine dual-agent scheduling problem under release time and fixed periodic mainte-
nance constraints, this study establishes a mixed-integer programming model with the objective of
minimizing the weighted sum of the maximum completion times of the two agents, i.e., min Z = C4 +
0Cs. To address the expansion of the search space caused by release times, maintenance downtime,
and non-preemptive processing, a branch-and-bound algorithm is designed. First, feasible solutions
are constructed using multiple sorting rules and local neighborhood transformations to obtain the
initial upper bound of the search tree. Subsequently, a preemptive relaxation is applied by relaxing
the non-preemptive constraint to derive a preemptive lower bound; additionally, capacity lower
bounds and packing lower bounds are constructed by employing, respectively, the effective pro-
cessing capacity constraint under a release time threshold and the packing feasibility constraint
under a periodic operation window. The maximum of these three bounds is then taken to form the
composite node lower bound. Building upon this foundation, a state domination rule is established
based on the partial order between node states, and an insertion domination rule is constructed
using the feasible insertion relationships among workpieces belonging to the same agent. This ap-
proach eliminates duplicate states and suboptimal branches while preserving global optimality. Nu-
merical experiments were conducted using randomly generated instances of varying sizes, and the
results were compared against those obtained by the mixed-integer programming solver CPLEX.
Across 30 test instances, the proposed branch-and-bound algorithm achieved smaller time-limited
objective function values in 18 instances, while in the remaining 12 instances, the results were iden-
tical to those of CPLEX; the average optimality gap of the constructed initial upper and lower bounds
was approximately 2.80%, and the overall pruning hit rate of the state domination rule reached
44.15%. Experimental results demonstrate that the branch-and-bound method—constructed based
on integer programming, relaxation lower bounds, and dominance relations—can effectively com-
press the discrete feasible solution space and improve the efficiency of solving this class of single-
machine dual-agent combinatorial optimization problems exactly.
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Table 1. Main notation of the mixed-integer programming model
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Algorithm 1. Multi-strategy upper bound construction
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Figure 1. Example diagram of preemptive relaxation during processing
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Figure 2. Flowchart of the branch-and-bound framework using the retained module
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Table 2. Recorded objective values and running times of B&B and CPLEX
# 2. HXEARS CPLEX WA BIFMEFEITREIZR

0=0.5 0=1 0=15

N a T U (b Obj Time Time Obj Obj Time Time Obj Obj Time Time
B&B CPLEX B&B CPLEX B&B CPLEX B&B CPLEX B&B CPLEX B&B CPLEX

0.3 131 131 003 0.17 196 196  0.04 0.16 2295 2295 0.19 0.12
10 0.5 b : 1385 1385 0.15 0.05 202 202 024 0.07 2375 2375 013 0.07
0.3 2775 2775 171 2528 411 411 7.54 600.0 4815 4815 2.19 600.0
20 0.5 20 : 283 283  0.60 18.05 425 425  1.07 176.1 531 531 087 218.1
0.3 419 456  6.14 600.0 624 674 879 600.0 7485 786 7.01 600.0
% 0.5 » 10 419 4555 6.88 600.0 624 687 793 600.0 762.5 7845 11.83 600.0
0.3 820 886 164.5 600.0 1223 1360 149.2 600.0 1445 1553 1549 600.0
0 0.5 010 8275 884 198.1 600.0 1232 1352 156.8 600.0 1448.5 1595.5 147.7 600.0
0.3 1013 1289 600.0 600.0 1528 1863 600.0 600.0 1869.5 1994 600.0 600.0
% 0.5 0B 1053 1277.5 600.0 600.0 1579 1781 600.0 600.0 1928 2201 600.0 600.0
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4.2. EEMREG

Table 3. Initial bounds obtained by the retained construction

3. RBERENYE L TR

0=0.5 0= =15

N a WL W46 Gap% W4 W4 Gap% WL W4 Gap%
et i T B&B 7 T B&B et 7 T B&B
0.3 131 131 0.00 196 196 0.00 261 250 4.21
10 0.5 138.5 136 1.81 204 197 3.43 237 232 2.11
0.3 277.5 275 0.90 412 395 4.13 483 461 4.55
20 0.5 283 275 2.83 425 410 3.53 531 501 5.65
0.3 426 419 1.64 639 624 2.35 756 734 291
% 0.5 428 419 2.10 641 624 2.65 772 747 3.24
0.3 830 810 2.41 1239 1204 2.82 1457 1411 3.16
0 0.5 852 826 3.05 1245 1227 1.45 1460 1437 1.58
0.3 1030 1009 2.04 1556 1520 2.31 1880 1836 2.34
%0 0.5 1064 1014 4.70 1598 1525 4.57 1978 1889 4.50

Table 4. Initial bounds of the baseline construction

4. BEMENGRLETR

0=0.5 0= =15
N a WL W46 Gap% W4 W4 Gap% Ik W4 Gap%
et i T B&B 7 T B&B et 7 T B&B
0.3 382.5 77 79.87 510 102 80.00 637.5 127 80.08
10 0.5 412.5 85 79.39 550 117 78.73 687.5 149 78.33
0.3 879.5 148.5 83.10 1177 202 82.83 1474.5 254 82.77
20 0.5 954.5 177 81.46 1277 235 81.60 1599.5 293 81.68
0.3 1757 172 90.21 2347 232 90.12 2937 292 90.06
% 0.5 1862 252.5 86.44 2487 348 86.01 3112 443.5 85.75
0.3 2732 356 86.97 3647 487 86.65 4562 598 86.89
0 0.5 2912 561 80.73 3887 732 81.17 4862 903 81.43
0.3 3392 379.5 88.81 4527 508 88.78 5662 635 88.78
% 0.5 3632 598 83.54 4847 810 83.29 6062 1022 83.14

122 3 WL, ASCHTR A I BT SIS T ik eGSR IS R IR IR, 30 41541 1 T34 9146 Gap £
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N 2.80%, BKAEINN 5.65%, #43/NAEFIH EAMA SR E R B R —8%. wHEEER B
JR A8 2R L 2 FEORE TR [ 0 ] 5 4 285 1 (1) S Re 8 E A RATHE 2 40 /N il AT i 5 300 N S R B
B 5% 4 SRR RE A L, JPIARIAG Gap 2900 83.95%, BT A E. WEZES U, K
PRI (8] [ 58 4547 & V55 @R AE RN B R IEfS, AT LR IR e AR &, NS SRy B A R iR
BTG R A

Table 5. State-dominance statistics by job scale

5. RIHARLERIRS B %I

FE55 U n B oA 1=K 1Y 53 B R
10 71 7 9.86%

20 1063 284 26.72%

30 322 80 24.84%

40 42,718 19,399 45.41%

50 110,936 48,710 43.91%
ait 155,110 68,480 44.15%

Table 6. State-dominance statistics by objective weight

F* 6. MBRNELSREXE ST

HFrHLE 0 AT HEEA R
0.5 57,217 25,046 43.77%

1.0 58,855 28,127 47.79%

1.5 39,038 15,307 39.21%
&t 155,110 68,480 44.15%

H2e 5 A4 6 nIAn, 30 LSBT 155,110 JOIRASSCRUAR A, Horr 68,480 11 s ELHE L IFBY
bR, kA ERIk R 44.15%, 5A 27,885 K IHRESHEE VRS R A SRR . Bk, Do EFR R T
A AR, RIS A A B 220 B P AR B AT S K 58 L IA), REAE A AU B R B B HORAS, AT
ToRAE 2R

4.3. THERRH

RTHEHT —MEE 2040 AR 20 4~ B 2R TR E 2. 28268 T4 20m TR a2 582,
B KRBT [A] 2 148 1] 3 25 HY 1 2 S 56 N PR B U T AT R P o 2% A 2995 A2 R TS ) (R RO ] 52 49 29 3R,
BOAIE T A5 5 ] s P RS VR T AT M . 1ZoRBITE 114.9 s B R TH %59 SORGRALIR AN 1271,

Table 7. Job data of the recorded 40-job instance
7. BB 40 THEE L6 8

A T p r B T P r
J1 24 142 J21 21 133
12 12 77 J22 11 68
J3 22 59 J23 15 141
J4 19 131 J24 8 72
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XER 5%

R
35 4 120 125 17 139
16 25 148 126 3 148
17 10 66 127 14 126
18 16 104 128 12 64
19 7 57 129 23 107
110 20 137 130 9 132
Il 13 45 131 15 71
I2 18 124 132 5 144
113 6 63 133 18 35
I4 23 100 134 2 124
Is 9 129 135 12 146
116 14 52 136 20 91
n7 17 88 137 7 48
I8 5 37 138 25 118
119 21 143 139 13 81
120 1 9 140 16 103
B4 o KEBA = KT8
B Dk B EE =R 4
0 25 50 75 100 125 150 175 200
i8]

h ENED EalE B0 BB B
225 250 275 300 325 350 375 400 425
B8]

_ Il N ERE BN q
450 475 500 525 550 575 600 625 650
A8
ERE EE e $EE
660 680 700 720 740 - 760 780 800 820 840

Figure 3. Best feasible schedule for the recorded 40-job instance
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5. &t

ASSCHIEFE 1 i T TSR ) R[] 5 o S 4 47 F) S LOUA QR O 38l AL, DA/ N P AR A K e T (] 1
IR B bR, AL T AR A BRI, R80T 7B RHZIR U 23 SO AR . AR BRI T
I, FIE T 2 SR L ARG ORI [R) L ] E 4R R ANET R WI TRAE R R B, IR AR RS
SCHECAN FIARHR A A SCECARI , LR To R R AT R B SRS . BB S0 & ], B&B £ 2 HU5 6l A%
#R135 CPLEX AH R B EAL PRI 45 SR, I v 55 R BRI il AL_E 2 0 L S ) B8 (R SR AR AL 5 o A SR i
HIRI4G b 12 Gap £108 2.77%, RS SCIC A oA TA B 44.15%, UM TS th ) 5 R 5 BT R L ] E
7 R RS BN o A SO 15 RS A ROR ARty R TS 1] A [F5 5 245 7 240 TR FR) B AL UUA B
RRAHE PRI T PRS0 5T R, PRy R E AR, BHLE R
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