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Abstract

This paper studies a class of set-partitioning integer programming problems with route-level joint
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chance constraints. Service times at different nodes are mutually independent and follow finitely
supported discrete distributions. Path-selection decisions are represented by variables, and multi-
ple resource constraints are incorporated into the model. For each selected path, the joint chance
constraint requires the probability of simultaneously satisfying the time windows of all service
nodes to be no lower than a prescribed threshold. To address the large number of feasible paths
and the complexity of evaluating probabilistic feasibility, a branch-and-price algorithm is devel-
oped. Column generation solves the linear relaxation, with pricing formulated as an elementary
shortest path problem with resource constraints. We recursively propagate unnormalized proba-
bility mass via discrete convolution and time-window projection, and combine probability-based
label dominance with origin-indexed arc branching to establish the conditions under which com-
plete pricing certifies a valid lower bound for the linear programming relaxation. Numerical exper-
iments show that the method can construct linear-relaxation lower bounds certified by complete
pricing for deterministic instances with 30 to 100 service nodes. Ablation experiments show that
the improved strategies reduce mean computation time by 12.9% and increase the root-bound cer-
tification rate from 94.4% to 100%. Stochastic instances with 20 and 30 service nodes further illus-
trate how the reliability threshold affects the feasible path set and the objective value. The proposed
method provides feasible solutions and linear relaxation lower bounds for this class of integer pro-
grams.
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Figure 1. Framework of the improved branch-and-price algorithm
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Table 1. Parameter settings of instance generation
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Table 2. Weighted-objective comparison of instances of different sizes under a common 15-second budget
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3 x30 24.0 26270.2 24.0 26289.4 26.7 29360.5 293 32038.0
2 x40 31.7 35170.9 31.7 35194.2 36.0 40066.0 373 41416.2
3 x40 31.7 34437.5 31.7 34451.0 35.0 382255 36.3 39458.4
2 x50 41.0 45490.1 41.0 45524.5 453 50501.8 48.0 53252.5
3 x50 41.0 43910.6 41.0 43946.6 44.0 47415.7 47.0 50265.3
2 x 60 48.3 525429 48.3 52598.2 54.0 58947.7 57.3 62340.3
3 x60 48.3 52082.6 48.3 52154.7 533 57802.1 56.7 61029.5
2x70 55.0 59982.2 553 60443.5 62.3 68292.4 63.7 69559.0
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3 x 80 62.3 67776.6 62.7 68343.7 67.3 73767.9 72.7 78961.9
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3 x90 70.3 76294.7 70.7 76834.6 81.0 88143.5 83.3 90302.6
2 %100 71.7 84780.7 71.0 84351.1 90.7 99041.0 90.0 98239.5
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Figure 2. Weighted-objective comparison of four methods under a common 15-second budget
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Table 3. Route-density comparison under different vehicle capacities (mean and standard deviation across 3 seeds)
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5 24.00£1.00 1.25+0.05 2359+154 26359 + 848 3/3 1.30
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Table 4. Ablation comparison of the basic and improved B&P under the same budget
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Figure 3. Delivery routes of a representative instance under different vehicle capacities
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Table 5. Branch-and-price results for chance-constraint thresholds at N =20 and 30 (mean + standard deviation over 6 random seeds)
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Figure 4. Effects of the chance-constraint threshold on the weighted objective and minimum route feasibility probability
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