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Abstract: By some methods and techniques developed from bifurcation theory, this paper investigates the
recognition problem of degenerate critical points of smooth functions. Each one of such critical points lies on
a sub-manifold included in domain of function. The so-called %, -equivalence theory is established, includ-

ing a theorem to insure ‘R, -equivalence between two function-germs, an exact formula for higher-order
terms, a characterization of low-order terms, and so on.
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1. 5|8

V. I. Arnold 7ESCHER[1] s R T B AR RE D9 78 TR, XML TRt L G BR BB AL e 5 s 3R 4T TR AR
33 TRRZON T B A G2, e SRR 1o TS EE 7 M4 T R BUE TR _ERIR LI A R
SR 73 R R o BATIEOS BRI — A U Bl R0 A AL, R s by I8 B BRI s T AE AT
LKA T 45 IR 2 il R R A, ASOR A A S B e S B M DI R . M.
Golubitsky Al D. G. Schaeffer £ 3CHR[2,3] 4 51 A T NI #F i B T3 ¥EMT 5T 70 B ) il ) RB AR, 45 70 B g 15 213
M o FRATTIR I L 70 BCERAR rP TR JRE I — 280 S 5 X (WL SCHR[41) 2K 25 18 B3R IR 1R K . AR SCAE BTN
RERy ~ PUEVIER LR R, -N S-S )G, @ R, -SSR IR R e 7. €2 3.1 FIATLIEY)
[ P RO Ry, -SSR, e R 3.2 ZIE T ORT f e g IR B R O SR 4 T 96T A [R]
WA HE S, B 35 AEHMIE 1 s BCE fAERE Ry, VR BT 19 R e B 300

TRBNE R EIR H AR5 4 ¥ BI(10971060) .
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SIRCIRL], ASC R SRR 1 TERECE. SIS 510 SRR, S (4]
SK[5].

2. F&EA

B (H,0) & R & JR A i — 4Ok F UM S, Ak — Mtk BUH={(xy)eR|y=0} . &
o:(R?,0) > (R,0) WA IR, EARFF T3 (H,0) A%, WA p(H)cH - it
Ry ={0:(RP,0) > (R0 WA FIE 5 |p(H) = H},

‘B J Mather T 5| AR SR EE R (L SCHER[S]) I IERL T #E .

‘X 21 % f,g :(RZ,O)a(R,O)?yﬂﬁﬁ\ﬁ‘C?%’@ﬁ%to MR EpeR, H1Fg="Fop, BAMUREF IS g
Ry M, 2N~ g ERREERE SRS FE (X y)=(X(xY).Y(xY)), #HEY(x0)=0,
xe(RO), 3 g(xy)="f(X(xy),Y(xY))-

fERT T e p,, W AR SE PR b A2 20 f 2RS0T RE Ry, AEHTF BIBUERHIE -

X 22 W fep, . EREREMTT f ARPIETIZE TR, ()€ 8 PrA RN T8
p(x y) HIIES,

p(x.y)=a(xy)f,(xy)+b(xy)f,(xy), abee,,a(0,0)=0b(x0)=0,
RIETR, ()2 &, TN, B, yf, S yf B, B

TRy (1)= (4, ¥ ¥F,) (2.1)

HIEABRE D (x,y)=(X(x Y)Y (xy)), HH0(0,0)=(00). X O WREBY 0 e, >e,, H
® (f)(xy)=f(D(xy)). O HE FAMET: & (f+g)=d"(f)+d"(g), @ (f-g)=d"(f)}d'(g), Mo
IR . # O S AN TTASRAH, W @ R NIRR . 50k AR (07) T = (07) . iR Q R,
AR, B4 0 (Q) =0 ()| f e ke, MR TR, QR e, HH—1EAE,
207 (Q) .

SI[4HE 2 %, 313 122 WIENIJTE, ATLEN: g~ f . HIIFEpe R, fF =g (). I

TR, (9)=¢" (TR, (1)). (2.2)

EX 23 BWQ Ne,  THEE. FH QAR EHTAZ, WIRHY R, -NEHEE, &5 Q 2NamEE.
S, TGS RAKL: WM f,ges,,, feQ Hg~f=g9eQ.

Qe PHAARRYENHE, HANTCREEQ PR ANAABEEFNEEQ WAL T, B
ItrQ o I, ItrQ=N, ., ¢ (Q). 55 HQ Fore, W—NARYEFRETE, ©REANET Q KI1E R
Xl X+ fees,,,» MS(f)RA-ETH T HMRDNEEE, TN SH f A SEERA.

MMISCHR[4], 5 2 % oA e el UE B 7 5307, WA 3R = A

W 24 W Q e, , PRAARREMNNEIE. &7 feq, WX, Vi HETQ.

i 25 W Q e, PEAARRUENAZEIE, W QTRRN

Q:,uk +#k1<y'1>+...+luk5 <y'5> , (2.3)

ek k| A s, HET
O<l, <<l Sk +lg <<k +1) < k. (2.4)

BERFFR X, Xy XK y's S Q P2 T
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R 26 W fes, AAAMRRYE, MBETR, (f)Es ,  TRAHRRYE, A
1) S(f)fe,, THRRFEEAMR, FHZg~f 1, S(g)=S(f),
2) S(f)= _(Z ){y“l<y“2>D“f(O,0)¢O}. (2.5)
X 27 ¥ e AHHRAYE. 052 O pes,, FIRZEILN P(T), Z&MR
1) peltr TR, (f),
2 M ges,, . FHg~f, MIMEEteR, ATR, (g+tp)=TR,(9) .
P(f) BRI f T8 R, BRI S MBI, 3 A HEIE T 471
i 2.8 W f e HEAMWARYE, WP (f) NG, HFHYSg~f I, P(g)=P(f).
315 29" ¥ f,ges,, HIME(f,0) s, THEHRAGE. BEFE fes,, B3
a(x,y)f(x,y)+ﬂ(x,y)g(x,y):OXﬂ‘Fﬁﬁ(x,y)e(RZ,O),
MLIHERIERE K, FTEQ(X,Y) € &, , M3 T il — 5L

a(xy)=-Q(xy
B(xy)=+Q(xy

k+1

)a(xy) mod ",
)f(xy)  modu

3. FELR

EH 31 W fes A peTR, (F), HTR, (f+tp)=TR, (f)XWFrate[01] &L, M f+tp 5 f 2R, -
AT

UERH FATRAE B 70 B AR LB R AE

1) # peTR, (f), HH

TR, (f+tp)=TR, (), (3.1)
XFEHGET O WA tERSL, NfFEabes, 1T
p(xy)=a(x y.t)F (X y,t)+b(x y,t)F, (X, y.t), (3.2

HF(xyt)=f(xy)+tp(xy), HHa(001t)=0b(x0t)=0.
L, HpeTR, ()M, £ A,B,Ceg , flif7
p=AXf, +BYf, +C¥f, . (3.3)

MARRBEIRAT, AFAE RNty # 0 f43(B.1) 3 Ukar, M TR, (f +t,p) FIZEMITAT S TR, () KA RITH)
LMl s, TRAEAB.Ces,, (1=234), i

Xt +txp, = AXE, + B, Y, +C, ¥,

YE+toYP, = A, + BoYE + CoMf, (34)

Yy +typy = AXE, + B Y, +C M.

FINES: MMER hes,, é‘v(h):(h xh,  yh yhy)T, Hrp «“T” R%E, W335 B4 LUHE
BTN N v(p)=Qu( ), Hrh Q2 4xa%ils, HtRW N e, MR ERECF, HFHQME St ReN
F. WF="f+tp, #v(f)=v(F)-tv(p), MIMTH (I +tQ)v(p)=Qv(F), Mt | & ax4 BAFEFE. 2t 785y
AN, 1 tQ AT Ax A HRE, HUHEN e, P, FRA V(p)=(1+1Q) QU(F) . FEEFIQ M7
s RENE, Fri

p:aXFx+ﬂny+7/yFy, a,ﬂ,yegx’y’t.
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% a=ax+pyb=yy, XFEEHRE2)N.
2) [FFELE )RR T, Bl pe TRy, (f), HED)AXHGET 0 K t{ERAL, WX 780408 T 0 KA t,
f+tp R, -S4 T fo BT
[R] 24y (3.2) 2k R BU5F BT Jklziz—?%/%ﬁXﬂ“?ﬁ(O,O,O)Exyt—’EI‘EUEPE"J%—@BWV\]EEj 1% B IX [i]
K, LM {332 :07E Kx LxM B, JATRAUEXN B EET 0 IsE—t, F(.,-t) &R, -0 T f, HiwHL
TS X (X y,t),Y (% y,t) i1
(DF (X (% y:1),Y(xy.t),t)=f
(2)X(0.0,t)=0,X (x,y,0) = x,
(3)Y(x0,t)= OY(xyO)z

(3.5)

%[F(X(X’ Y0, Y (% ¥,0),8) | = F (X6 y,0,Y (), :0) 1) X, (% i)

+F, (X (% ¥,), Y (x y,1),t)- Y (%, yit) (3.6)
HF (X (% y:),Y (%, y:1),1),

L R T A o TRl

c;)t((x y.t)=-a(X(xy,t),Y(x yt),t),
%—\t((x,y,t):—b(X(x,y,t),Y(x,y,t),t), (3.7)
X(xy,0)=x Y(xy0)=y.

AR 5 153 75 B2 2H 00 A 5 B (L SCHR[7]), AR AE X ) Ko, Ly S IESE#L e, {819 (0,0)e Kyx Ly c KxL,

(-e.6) M, FEHAEK xLyx(—¢,¢) L, ﬁfiéﬂ(&?)ﬁﬂﬁ*j‘lﬁ?%ﬁﬁ()((x, y.t),Y(x, y,t)) - il X(0,0t)=0,

Y (0,0,t) =02 T FRALB MR, Y(x,0,t)= 0L FAEB.7)FIEE 2 I
BARAGTIME XY RANGE)XIHFFAHF = +tp, HATHEH

%[F(X(x, 1), Y (x, y,t),t)] =-a( X (% y.t),Y(X y,t),t)-F (X (% y:1),Y(x y.t),t)
=b(X (% ¥.1),Y (% y,t),t)-F, (X (% y,1),Y (% y,t),t)+ p( X (X V1), Y (X 1))

m(s.z)ﬁzaﬂﬁ%[F(x(x,y,t),v(x,y,t),t)]Eo, FRE

F(X(xy.t),Y(xyt),t)=F(X(x,0),Y(xY,0),0) = f (x,y),

T (3.5) F K AT

3) H 2%, KRR KA. FIH X E[0,1] @ e R 25 5 3 A e B, 40717 B 45 1503 B
Z55 SCHR[4], p. 98.

i@t 2.6 37 BIATHIE R R 41,

TH32 W fe REHAWRAKYE, Hag~f, N

1) xR x 1y e S(f), H Dg(0,0)=0, a =(ay,a,) »

2) XF S(f) MRE— WA TG X1y, 5 D*g(0,0)20, a=(a,a,)-
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ZEHZIE T ORT e p® MR R BURR AL 7O T P I a AR . FHMHE &ML A
PRI T HE

518 33 & fep® AHAMARYE, Qite, PR AMNEHEHLQCTR, (). BENTH - peQ, A
TR, (f+p)=TR, (), H2QcP(f).

W HQ e, TR MAEEEHQCTR, (), MQcItr TR, (f), XYY Q P RIER L E X 2.7
&M D), USRS 2)

wpeQ, Hog~f HiMifFfEpe R, flifdg=9 (), TIEERteR, TR, (9+tp)=TR, (9). FxLE,

TR, (g+1p) =TH, (go* ( f+(ot) (tp))j 'R, ( f+(ot) (tp)) . (38)

HofR IR — MR R T (22)R.
PEREIQ RN, #(p7) (t0)eQ. KEWRALE,

TmH(r4¢4fum)=TmHU). (3.9)

H1(3.8), (B9)M, FFAH(22ARMMEETR, (g+tp)=TR,(9), #peP(f), MiiQcP(f).

BWfes,, %e , THRHEE

O(f)= (X, ¥, 0, Y, ) =1 TR, (1)+R{¥,}.

AHAEH: B peR i g=9"(f), BL2O(g)=¢ (0(f)).

BIH 3.4 ¥ f e u® BAEHRARYE, N

1) Itru- TR, (f)cP(f),

2) HipeltrO(f)FHEAT yp, e - TR, (f) -

R 1) 2Q=Itr TR, (). KT 33, RFIUEY: W —peQ, ATR, (f+p)=TR, (f)EW. X

NQREANNEIATF R AARRYE, i 24, % peQ, Wxp,yp, Yo, WET Q. MQcu-TR, (f),
I xp,, yp,., Y, BB T - TRy, (f) . SH] Nakayama 51 B —MEIE (IL[4]) 7T LA

TG‘RH (f + p)=<Xfx+pr'yfx+ypx!yfy+ypy>=<Xfxyyfx|yfy>=T§RH (f),
PRI 51 3.3, A Itr w- TR, (f)=P(f).

2) BNTR, (f)BAARARYE, HWo(f)mEAARRYE, Fitiro(f)&—DEAH RGN A 2
Mo fadmit 24, 35 pelro(f), U

Xp, ¥P, €It O(f)cO(f)=(xf,, ¥, 0,y f, ),
MIAEAE o, B,7,6 € &, 1515

XPy, :afx+ﬂyfy1

(3.10)
yp, =7 f, + OV,

HH1(0,0)=a,(0,0)=5(0,0)=0,7(0,0)=7,(0,0)=5(0,0)=0. #HEUEH y,(0,0)=0, MM (3.10)f1155 1T
Woyp, e p-TR,(F)-
$(3.20) 30 (155 — 3R LAy, 25 3R DA x, SRS HIBAT

(ya—-xy)f, +(yB—x5)yf, =0.

VERCEIFAR (1,9, ) S TR, (1) BIITE o, P AHHIALE, 315 20 WM, 17EQ(xy)es,,
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ya-xy=-Qyf,  modu,

(3.11)
yﬂ_X5EQfx mOdﬂk,

Forb IEREH k ATHUR K.
KB AN EE —KPTLR KT x y iR & S HOFE R G HUE, 15
-7,(0,0)=-Q(0,0) f,,(0,0).
FEXF (1) HEE —APTILR KT y (Kl P EOFE B BUE, EEEH £(0,0)=0,1,(0,0)=0, 15
Q(0,0)f,,(0,0)=0, MiMi y,(0,0)=0, 27
SEH 35 % f e’ AAARRYE, Wire(f)=P(f).
E 1) HARIEHIre(f)cP(f). HAIro(f) 2 ~Aﬁﬁﬁrﬁé§é&mwgﬁfﬂ'&*ﬁ BARA
Itro(f)cTR, (f). KIIHEIIFIEN: W THEE pelro(f), TR, (f+p)=TR,(f)-
Fdnrtl 24, Hpeltro(f)i, xp,yp.yp, eltrO(f)cO(f), WMfEAB.Cee,(i=123), 4T
P, = AYF, + Bxf, + G,
=AY, +BXf, +C,\i,, (3.12)
ypx = Agyfy + B3Xfx +C3yfx'

A A(0,0)=B(0,0)=0(1=1273) . b, H5IE 34, 2)%1, C,(0,0)=0. FATHT LK (3.12)2 5 B FER

X, [=Q(xy)| xf
YP, ¥,

Horp 3x3HifE Q(0,0) & — N L=k, Hxffzk LR nReNE. Hna
y(f+ p)y v,
x(f+p), [=(1+Q)| xf
y(f+p), ¥f,

K +Q 7 (0,0) ML —4BIR R ATy AR TR, (f + p) L TR, () BIAERTCR B — A AT LI
HARKE, TR, (f+p)=TR, (f). #WIH 33, Iro(f)cP(f).

2) HUGEHP(f)citro(f). El peP(f), HmEMIIECH p WL e 3.1 MM, MAE—1t
BHRMT LI R, - FNAH, M5

f(xy)+to(xy)=f(X(xy1),Y(x V1)), (3.13)
X(xy,0)=xY(xy0)=y, (3.14)
X(0,0,t)=0,Y(x,0,t)=0, (3.15)

K (3.13)%F t R FIHAE t= 04l f5BIT(3.14)75
P(xy)=f, (% y) X(xy.0)+ f, (x y)¥(xy.0),
Hi X FR X KT RS, HE)RA, EHe,,h, X(xyO )e(xy), Y yO)e(y)o
i B 0] BLE £ X, (0,0,0) =Y, (0,0,0)=0, %B KW X (%, y,0)€ (0C,y), Y(xy.0)e(xy,y?), Mii
p(%Y) & (X £, Y, 00, y21, ) o th p FUFERERERN, P(f)c ©(F). 11 P(f) WAL, BILH P(f)c tr O(f).
SEBr b, BRATRHIERA
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X,(0,0,t)=1 Y,(0,0,t)=1. (3.16)
B /NN 2 AR B A I S o iR
S(f):,uk +,uk1<yll>+...+luk5<yls>_ (317)
H IR E0H 2 (24 . T 3.2 K

k+l

f (x,0) = ax“ mod x

thhba=0. Fx & S(f)MNZAERIG, MX eP(f), Miiif p(x0)e s,
BATFEGBA)R LA Wi X B RE. F LHS RHS 73537 A it 5 47 i B B CA T g 0, DA R & mg 2L
TEt), ®AE

LHS(x,0) = ax* mod ./,
RHS(x,0)=ax"(x,0) mod x*** = aX} (0,0)x* mod 1/,

AR AR
X (0,0)=1, (3.18)

Bl X$(0,0,t)=1. WM fH(3.14)xH1, Mt=08f, X,(0,0,0)=1. HIELLMA, 1t 7N, T5F X, (0,0,t)=1
AT BEIB16) M5 =F 2 E X S(F) IR, 2 PIRER TS,
1 s>0. HUH =2 (Y)W HRAE X yh BRI, T Xy 2 S( ) A ZiEmR
JC, WXyt e P(f) . XlT S(f) M ENEABCTHET H HP(f) 2N, 8 P(f)cH . %5E@B.13)
X, 55
LHS =bx“y" modH ,
ibb=0. X
RHS=bX"Y" modH =bX (0,0)Y,* (0,0)xy" modH ,
AR AR
X (0,0)Y,+(0,0)=1. (3.19)

T CEA X, (0,0) =1, B Y:(0,0)=1. %M T@I8)RMitie, WAY,(0,01)=1,
W% 2 s=0. ¥ u* IR Tk TR “MANEIK” 4TS

X XLy o YK L kg ke e (3.20)
Bog~f, WS(g)=S(f)=p". %M LIRHES, FH g4 “MNBIR” BT FEFF RN R
g=ax" +bxy" +. (3.21)

dthbaz0b=0. FEFTH S M IRECE D, EHUXFEN g, fE45(3.20)50h 0 x4y 72441 (3. 20)E1’J%>‘4F “H
K7 o BAVEIEH tr©(g)> P(g) . EEF g~ f 2i&I1ro(g)=Itre(f),P(g)=P(f), LRk
Hi g MG X9yt ¢ P(g) o« BUH = ™ <y > RS Xyt (R AR, M P(g )c H. %
JEE)REFH A g), A
LHS = ax* + bx"y" modH . (3.22)
RHS=aX" +bX"Y" modH = aX“ +bX*(0,0)Y, (0,0)x*y" modH . (323

FREIEA X oy [ RECNE, WA X0yt I RE, AT RAN(B19). #HiEF >0, MY, (0,0)=1. T&
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V45 IE A R 51
5|8 3.6 7£(3.23):0H 1, >0, H X*Hxeyr [URBNE,
EB I RAIEVEAME L k <k-2. Tk +l, >k, Kkl >2. LRAETEE: X TR 0T
K+l —k+2 BIEREH ), fE7E JueRBF Z, 813 X (xy)=xZ(x y)mod 4’
Fise b, B =1, SRERMOL(E X ep). B j <k +l—k+20, FHRRAL. WA BE, &HHE
Mz, g
X =xZ +cy' mod ', (3.24)
HrficeR, Mififi X =(xZ+cy’ )k mod z'** .
Fy—Ji T, %ﬂﬂ?:lﬁiﬁiﬁﬂﬁf%ﬂ(ﬂ+cyj )k =(x2) +k(x2) "oy’ m0d<y21>, WA
X =(02) +k(x2) " ey’ mod(p* +(y?)). (3.25)
BTk <k-2Kj<k+l,-k+2, A j<l, FFH (k-1)+ <k +l o 0 H = g4 <y SPERTT XY ¢ H
(3.22)xFE W LHS i Xy T R ECNE - BIH HE(3.23) 30 RHS H XMy T &% (4 j <1, » H1(3.25)F AT &l RHS

k-1

th X<ty i R HR ak(2(0,0)) e = ak(X, (0,0)) e« Hukk LHS & RHS Hh Xy I R4, 343 ¢ = 0 . T 4(3.24)
KN X =xZmod g™, FWALERIT | +1HARAL.
P j =k +1,—k+2, NWAFEZJCRECE Z, 13 X (X, y)=xZ(x, y)mod £+™"2, [HifiF
XK = ¥ Z" mod g, E XX R Xyt ) AR R
Zi bRk, P(f)citro(f)fiE.
Bl 1 LT h(xy)=x"+xy* +y° BORGIIRE, SX B h & T SOk robrdE e Ky . i (2.5) 200,
S(h):,u4+,u<y2> o X
TR, (h):<xhx,yhx,yhy> =<x(4x‘°’+ yz),y(4x3+ yz),y(2xy+3y2)>,
®(h):<x2hx,yhx,xyhy,yzhy>:<4x5+x2y2,4x3y+ y3,2x2y2 +3Xy3,2Xy3+3y4>'
N ﬂ%ﬂ@(h)z,u5+,u2<y2>+R{4x3y+ y3} o LA, ©(h) RAARARYE, MMTR, (h) LEAHRSR
g, JEAP(h)=p°+u*(y"). #g~h, W S(g)=S(h), ItH
g(x y)=Ax*+Bxy’ +Cy’ + DX’y + p(X,Y),
HHABCDeR, Az0, B20, peP(h), JFHFE(0,0) 4,
0= 0= O = Gux = 0y = Oy = Gy = Gy = 0.
TEAR 4 X (X,y) = X—Ry Y(xy)=yfH3 g(x—Ry y)z AX* + Bxy? +(C—Ej y’modP(h), Fitg~h
’ 4A7" N 477 4A
M HAY G(x y) = AX* + Bxy? +(C—%) Y M T he FAEEH X (X, y)=ax,Y (X, y)=By(a=0,p=0), NH
g(ax,BYy) = Ax*x* + Bap’xy? +[C—%}ﬂ3y3’ o ¥ BRI =AREUS h IAHR R E LB, FRA115 3]

A>0,B#0,4AC-BD#0, (4AC-BD) =4°A°B?,
& g5 WIS %A S—TJ7, AEHUR AR FAR
X(xy)=ax+8y+n(xy).Y(xy)=(B+r.(xY)) Ve n’r, e p,

B g(X (% y).Y(xy))=h(x y)modP(h), Mt Cy MR, 03 A5 =0, i 5=0. BT LAKAE
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9(X(xy),Y(xy))=G(axBy) modP(h).

GRERTE. g(xy)e u® HHT X +xy" +y” HEMAER(0,0) 4
0=0, = Oy = Gou = Uy = Oy = Gy, = Gy =0,

8 5 12
29000 Sy Doy Gooy | _ 5[ Do | [ G
4 3 20 3 41 21 7
Goox > 0,9y # 0, G0 Iypy = 3050y Ty # O.
A DLHR )5 T HE— 252 R SCHR[ 1) e b v A R B e R i

BE Yk (References)

(4
(2
[3l
(4
(5]

(6]
(7

V. I. Arnold. Critical points of functions on a manifold with boundary, the simple lie groups B,,C« and F, and singularities of evolutes. Russian
Mathematical Surveys, 1978, 33(5): 99-116.

M. Golubitsky, D. G. Schaeffer. A theory for imperfect bifurcation via singularity theory. Communications on Pure and Applied Mathematics,
1979, 32(1): 21-98.

M. Golubitsky, D. G. Schaeffer. Imperfect bifurcation in the presence of symmetry. Communications in Mathematical Physics, 1979, 67(3):
205-232.

M. Golubitsky, D. G. Schaeffer. Singularities and groupsin bifurcation theory. New Y ork: Springer-Verlag, 1985.

IR JCIFWL A AELAIM]. dbRT Rl H AR A, 2002.

O. Zariski, P. Samuel. Commutative algebra. Princeton: Van Nostrand, 1960.

BIRR, $REGZE, HEE MM RUBRERIIM]. JERt BR AL, 2011

Copyright © 2012 Hanspub 61



