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Abstract

Let G be a finite group. A subgroup H of G is s-permutable in G if H permutes with

every Sylow subgroup of G. A subgroup H of G is called an SSH-subgroup in G if G

has an s-permutable subgroup K such that HsG = HK and Hg ∩ NK(H) ≤ H, for all

g ∈ G, where HsG is the intersection of all s-permutable subgroups of G containing H.

This article studies the structure of finite groups with SSH-subgroup which is prime

power order. Some characterizations of a finite group as a p-nilpotent group are given.
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Á �

� H ´+ G���f+§XJ�3 G��� s-��f+ K §¦� HsG = HK ¿�é?¿ g ∈ G
Ñk Hg ∩NK(H) ≤ H ¤á§K¡ H � G� SSH-f+"Ù¥ HsG ´ G��¹X H ����

s-��f+"©ÙïÄ
äk�ê�� SSH-f+�k�+�(�§�Ñ
k�+� p-�"+��


�x^�"

'�c

SSH-f+§p-�"+§Sylow p-f+
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1. Úó

�©¤?Ø�+Ñ�k�+" U ´¤k��)+a§ ZU (G)´ G�ÌÏf´�ê��5f+

�¦È"� E ´ G����5f+§ G�3 E ¥�ÌÏf´Ì��§K¡ G����5f+ E

��Ì�i\�"e G/L´��)+§K G´��)��=� L3 G¥´�Ì�i\�"

f+� s-��5é+�(�kX4Ù­��K�§áÚ
Nõ+Øó�ölØÓ��Ý5í

2f+� s-��5"@32000c§I	ÆöBianchi3©z [1]Ú\
H- f+�Vg§�H ´+ G

���f+§XJé+ G�z��� g Ñk Hg ∩ NK(H) ≤ H ¤á§K¡ H � G��� H-f

+"32012c§Asaad (Ü c- �5f+Ú H- f+ü�Vg§3©z [2]¥Ú\
f H-f+§=

� H ´+ G���f+§e�3 G����5f+ K ¦� G = HK ¿� H ∩K ´ G� H-f

+§K¡ H ´ G���f H-f+"�X32016c§RamadanÚ Asaad3©z [3]�Ñ
f H-i

\f+�Vg§=� H ´+ G���f+§XJ�3 G����5f+ K ¦� HG = HK ¿

� H ∩K´ G� H-f+§K¡ H ´ G���f H-i\f+",	32012c§ISÆö�kJ

ÚHD�3©z [4]�Ñ
 HC-f+�Vg§=� H ´+ G���f+§�3 G����5f

+ K ¦� G = HK �é?¿ g ∈ G§Hg ∩ NK(H) ≤ H Ñ¤á§K¡ H ´ G��� HC-f+"
;�X32016c§RamadanÚ Asaad3©z [5]uÐ
 HC-f+�Vg��f HC-i\f+�V
g§=� H ´+ G ���f+§�3 G ����5f+ K ¦� HG = HK �é?¿ g ∈ G§
Hg ∩NK(H) ≤ H Ñ¤á§K¡ H ´ G���fHC-i\f+"

�X32018cT. M. AI-GafriÚ S. K. Nauman3©z [6]Ú\
 SSH-f+�Vg"
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½Â1.1 � H ´+ G���f+§XJ�3 G��� s-��f+ K§¦� HsG = HK§¿

�é?¿ g ∈ G§Hg ∩NK(H) ≤ H Ñ¤á§K¡H � G� SSH-f+§Ù¥HsG´ G��¹X

H ���� s-��f+"

T. M. AI-GafriÚ S. K. NaumanïÄ
 Sylow-f+�4�f+� SSH-f+é+(��K�§

¼�
±eA�¤J"

½n1.1 � p��Ø+ G������Ïf§P ´+ G��� Sylow p-f+§K G´ p-�"

+��=� P �z�4�f+Ñ´ G� SSH-f+"

½n1.2 - N ´ G����5f+§¦� G/N ´��)+§e N ��Ì� Sylow p-f+�

4�f+´ G� SSH-f+§K G´��)+"

�©ÏLb�,af+äk�ê�� SSH-f+�k�+�(�§�Ñk�+ p-�"+��


#��
�x^�§¼��
k¿Â�(J"

2. ý��£

Ún2.1 ( [6]§Ún2.4) � H ÚK � G�f+§H ´ G��� SSH-f+§

1)e H ≤ K §K H �´K � SSH-f+¶

2)e N � G��5f+§� N ≤ H§@o H ´ G� SSH-f+��=� H/N ´ G/N �

SSH-f+¶

3)e H ´ G��� p-f+§ N ´ G��� p′-f+§@o HN ´ G/N � SSH-f+§�

HN/N ´ G/N � SSH-f+"

Ún2.2 ( [7]§Ún2.1) � H � G�H-f+§e H � G�g�5f+§K H �5u G"

Ún2.3 ( [6]§Ún2.2) �H ÚK ´ G�f+§�H ≤ K§H ´ G� s-��f+§KHsG

´ G� s-��f+� HsG ≤ HG"

Ún2.4 ( [6]§Ún2.1) �H ´ G� s-��f+§eéu,�ê p§H ´ G��� p-+§K

Op(G) ≤ NG(H)"

Ún2.5 ( [8]§Ún3.12) � p��Ø G������Ïf§P ´ G��� Sylow p-f+"X

J |P | ≤ p2§� G� A4Ã'§K G� p-�"+"

Ún2.6 ( [9]§Ún7.2.2) � p��ØG������Ïf§P ´+G��� Sylow p-f+�

�Ì�+§K G� p-�"+"

Ún2.7 ( [10]§½n8.3.1) - p´Û�ê¿�Ø |G|§P ´ G� Sylow p-f+"K G´ p-�

"+��=� NG(Z(J(P )))´ p-�"+§Ù¥ J(P )´ P � Thompsonf+"

Ún2.8 ( [6]§½n3.1) - P ´G� Sylow p-f+§KG´ p-�"+��=�NG(P )´ p-�

"+§� P �z�4�f+Ñ´ G� SSH-f+"

Ún2.9 ( [11]§Ún3.3) e G´ p-��)+� Op′(G) = 1§K G´��)+"

Ún2.10 ( [12]§Ún2.6) - P ´ G����²��5 p-f+§e P ¥�3f+ D§÷v

1 < |D| < |P |§¦� P ¥ |D|�½4�(e |D| = 2 )f+� G�H-f+§K P ≤ ZU (G)"

Ún2.11 ( [6]§½n3.5) - p´�Ø G������Ïf§¿� P ´ G��� Sylow p-f

+"K G´ p-�"+��=� P �z� p�½4�(e p = 2)Ì�f+´ G� SSH-f+"
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Ún2.12 - P ´ G����²��5 p-f+§e P �z�4�f+� G� SSH-f+§K

P ≤ ZU (G)"

y² e Φ(P ) 6= 1§K�Ä G/Φ(P )§²w G/Φ(P )÷vb�§� P/Φ(P ) ≤ ZU (G/Φ(P ))§

d( [12]§½n1.7.19)k P ≤ ZU (G)"e Φ(P ) = 1§K P ´��+"� N � G�4��5f+

� N ≤ P§K G/N ÷vb�^�§� P/N ≤ ZU (G/N)"e�3,�� G��5f+ N1§K

P/N1 ≤ ZU (G/N1)§²w NN1/N1 ´ G/N1 �4��5f+"Ïd |N | = p§� P ≤ ZU (G)"

� N ´���"� L ´ P ���4�f+� L Ø�¹X N§Kk P = LN§²w L ´ G

��� SSH-f+§K�3 G ��� s-��f+ K§¦� LsG = LK§¿�é?¿ g ∈ G§

Lg ∩NK(L) ≤ LÑ¤á"Ïdé?¿ g ∈ G§Lg ∩NK(L)∩N ≤ L∩N§Ï�K ´ G� s-��f

+§K Op(G) ≤ NG(K)§� K �5u G"� Lg ∩NK(L) ∩N = Lg ∩N ∩K = Lg ∩N§¤±é
?¿ g ∈ G§Lg ∩Ng = Lg ∩Ng ∩K = Lg ∩Ng ∩NK(L) ≤ L ∩N"Ïd L ∩N �5u G"d N

�4�5� L ∩N = 1§� |N | = p§Ïd P ≤ ZU (G)"

Ún2.13 - P ´ G����²��5 p-f+§e p�z� p�½4�(e p = 2)f+´ G�

SSH-f+§K P ≤ ZU (G)"

y² e p = 2§- Q´ G� Sylow q-f+§� q 6= p"²wkM = PQ�M ≤ G§d2.1(1)

ÚÚn2.14§M ´ p-�"+§ÏdM = P×Q§� |G/CG(P )|´2���§¿�d( [12]§Appendix

C ½n6.3)k P ≤ Z∞(G)§qd( [12]§Ún1.7.1)k Z∞(G) ≤ ZU (G)§?
k P ≤ ZU (G)"

e p > 2§�N ´G�4��5f+§-H ´ P � p�f+"db�^�§H ´G� SSH-

f+§=�3 G��� s-��f+ K§¦� HsG = HK§¿�é?¿ g ∈ G§Hg ∩NK(H) ≤ H

Ñ¤á"Ïdé?¿ g ∈ G§Hg ∩ NK(H) ∩ N ≤ H ∩ N§Ï� K ´ G � s-��f+§K

Op(G) ≤ NG(K)§� K �5u G"� Hg ∩ NK(H) ∩ N = Hg ∩ N ∩K = Hg ∩ N§¤±é?¿
g ∈ G§Hg ∩Ng = Hg ∩Ng ∩K = Hg ∩Ng ∩NK(H) ≤ H ∩N"ÏdH ∩N �5u G"d N �

4�5� H ∩N = 1§� |N | = p§Ïd P ≤ ZU (G)"

Ún2.14 - P ´ G����²��5 p-f+§e P ¥�3f+ D§÷v 1 < |D| < |P |§¦
� P ¥ |D|�½4�(e |D| = 2 )f+� G� SSH- f+§K P ≤ ZU (G)"

y² e P �z� |D| �½4�(e |D| = 2 )f+´ G ��� H-f+§KdÚn2.10k P ≤
ZU (G)"�b��3 P �÷v |H| = |D| �f+ H §¦� H Ø´ G � H-f+§db�^�§

H ´ G� SSH-f+§K�3 G��� s-��f+ K§¦� HsG = HK§¿�é?¿ g ∈ G§
Hg ∩ NK(H) ≤ H Ñ¤á"� G��� s-�5f+M§¦� K ≤ M§¿� |G : M | = p§²w

P ∩M ´ P �4�f+"e |P : D| = p§KdÚn2.11� P ≤ ZU (G)"�b� |P : D| > p§K

P ∩M �z� |D|�½4�(e |D| = 2 )f+Ñ´ G��� SSH-f+"d8Bb�§ P ∩M ≤
ZU (G)§Ï� |P/P ∩M | = p§��íÑ P ≤ ZU (G)"

3. Ì�(J

½n3.1 � p´+ G������Ïf"P ´ G��� Sylow p-f+§XJ G� A4 Ã'§

� P ¥ p2�f+� G� SSH-f+§K G� p-�"+"

y² b�½nØý§¿� G ´�4���~§KdÚn2.5�§|P | ≥ p3"� M < G �

p | |M |§Mp �M ��� Sylowf+"e |Mp|p2§dÚn2.5§M � p-�"+"e |Mp| > p2§d
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8Bb�9Ún2.1(1)�§M � p-�"+"��±b� G´4�� p-�"+§d( [13], Satz 5.4,

p. 434)�� G = PQ§Ù¥ Q�Ì�+§Exp P = p½ Exp P ≤ 4 (� p = 2�)§P/Φ(P )´ G

�ÌÏf§Ù¥ Q ∈ Sylq(G)� q 6= p"

3 P/Φ(P )¥����� x§K |〈x〉| = p½ |〈x〉| = 4"

e |〈x〉| = 4"db�^�§ |〈x〉| � G � SSH-f+§K�3�� s-��f+ K§¦�

〈x〉sG = 〈x〉K§� 〈x〉g ∩NK(〈x〉) ≤ 〈x〉,∀g ∈ G"� K = G�§〈x〉� G� H-f+§� 〈x〉 G§
dÚn2.2§〈x〉G§Kk 〈x〉Φ(P )/Φ(P )G/Φ(P )§qÏ� P/Φ(P ) ´ G/Φ(P ) �ÌÏf§Ï
k

〈x〉Φ(P ) = P§K P = 〈x〉Φ(P ) = 〈x〉§dÚn2.6�§G´�"+§gñ"

� |〈x〉| = p§du P Ø´Ì�+§��� P ¥�� a ¦� a /∈ 〈x〉§- B = 〈a〉 × 〈x〉§
K B ´�� p2 �f+"db�^�§B ´ G ��� SSH-f+§��3�� s-��f+ K§

¦� BsG = BK§� B ∩ NK(B) ≤ B§� K = G§B � G �H-f+§� BG§dÚn2.2k

BG§u´k BΦ(P )/Φ(P )G/Φ(P )"du P/Φ(P )´ G/Φ(P )�ÌÏf§Ï
k BΦ(P ) = Φ(P )

½ BΦ(P ) = P"e BΦ(P ) = Φ(P )§K B ≤ Φ(P )§� 〈x〉Φ(P )§gñ"e BΦ(P ) = P§K

P = BΦ(P ) = B = 〈a〉 × 〈x〉§� |P | ≥ p3 gñ"� K < G �§P H = 〈x〉§e Op(G)G§

Kd G �4�5§Op(G) ´�"+§� Q char Op(G)G§Ïd QG§gñ"Ïd Op(G) = G§

d G �4�5ÚÚn2.3 �� HsG ≤ HG ≤ P§� HsG ´ G � s-��f+§b� HsGP§K

HsGQG �d G �4�5�íÑ§HsGQ ´�"+§� Q ≤ CG(HsG)§éu ∀Q ∈ Sylq(G)§

�k Op(G) ≤ CG(HsG) ��íÑ HG"Ïd H = 〈x〉pG"qÏ� p ´+ G ����Ïf§

H ∈ Sylp(G)� H Ì�§� G� p-�"+§gñ"ù¿�X P = HK§b� K = P§5¿�

Hg∩NG(H) = Hg∩P ∩NG(H) = Hg∩NK(H) ≤ H, ∀g ∈ G§KH´G�H-f+"dÚn2.2�§

HG§Ïd H = 〈x〉pG"qÏ� p´+ G����Ïf§H ∈ Sylp(G)� H Ì�§� G� p-�"

+§gñ"¿�XKP§dÚn2.4��§Op(G) ≤ NG(K)§�KG"-N := Φ(P )§eKN = P§

KK = P§gñ"ÏdKNP§w,KN/NG/N§�d G�4�5§P/N ´ G/N �4��5f

+§� KN/N = 1"ù¿�X K ≤ N"Ïd P = HN = H ´Ì�+"� G´ p-�"+§gñ"

l
½n�y"

½n3.2 � p´+G���Û�Ïf"b� L´G����5f+§¦�G/L´ p-�"+�

P ´ L� Sylow p-f+"e�3 P �f+ D§÷v 1 < |D| < |P |§¦� P �z��� |H| = |D|
�f+ H ´ G� SSH-f+§� NG(P )´ p-�"+§K G´ p-�"+"

y² b�½nØý§¿� G�4���~"

(1) Op′(G) = 1"

P T = Op′(G) = 1§e T > 1§�Ä G/T§²wk (G/T )/(LT/T ) ∼= G/LT ´ p-�"+"-

HT/T ´ PT/T � |D|�f+§Ù¥§H ´ P � |D|�f+§Ï�H ´ G� SSH-f+§�dÚ

n2.1(3)kHT/T ´G/T � SSH-f+"2ÏNG(P )´ p-�"+§NG/T (PT/T ) = NG(P )T/T ´

p-�"+"� G/T ÷vb�^�§d G�4�5�§G/T ´ p-�"+§gñ"

(2)-K � G���ýf+§¦� P ≤ K§KK ´ p-�"+"

dÚn2.1(1)�§P �z� |D|�f+ H ´ K � SSH-f+§Ï NK(P ) ≤ NG(P )� NG(P )

´ p-�"+§� NK(P )´ p-�"+"�K ÷vb�^�§d G�4�5�K ´ p-�"+"

(3) L = G"

e L < G§Kd(2)� L ´ p-�"+"- T � L ��5 p-Ö§K T char LG§� TG ��
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â(1)k T = 1§?
íÑ L = P � G = NG(P )´ p-�"+§gñ"

(4) Op(G) 6= 1"

�Ä+ Z(J(P ))§Ù¥ J(P ) ´ P � Thompson f+§e NG(Z(J(P ))) < G§d(2)��

NG(Z(J(P ))) ´ p-�"+"dÚn2.7�§G ´ p-�"+§gñ"Ïd NG(Z(J(P ))) = G �k

1 < Z(J(P )) ≤ Op(G) < P"

(5) G/Op(G)´ p-�"+§AOkG/Op(G)´ p-��)+"

- Ḡ = G/Op(G)§P̄ = P/Op(G)§K̄ = Z(J(P̄ ))§� G1/Op(G) = NḠ(Z(J(P̄ )))"Ï�

Op(Ḡ) = 1§�k NḠ(Z(J(P̄ ))) < Ḡ§Ïd G1 < G"d(2)� G1´ p-�"+§K NḠ(Z(J(P̄ )))

´ p-�"+"dÚn2.7�§Ḡ´ p-�"+"

(6) G = PQ§Ù¥ Q´ G��� Sylow q-f+"

d(5)��§G ´ p �)�§K�3 G � Sylow q-f+ Q ¦� PQ ´ G �f+§éu?¿

q ∈ π(G), q 6= p ( [10]§½n6.3.5)"e PQ < G§d(2) PQ´ p-�"+"�k Q ≤ CG(Op(G)) ≤
Op(G) ( [14]§½n9.3.1)§gñ"Ïd PQ = G"

(7) |P | > p|D|"
dÚn2.8=�íÑ"

(8) Op(G)´ P �4�f+"

d(5)·�b� G/Op(G)k��5 Hall p′-f+ T/Op(G)"²w T ´ G��5f+§� G/T

´�� p-+§K�3 G����5f+ M§¦� T ≤ M � |G : M | = p§�´� P ∩M ´ P

�4�f+§
�´M � Sylow p-f+"e NG(P ∩M) < G§Kd(2)� NG(P ∩M)´ p-�"

+"ÓnNM (P ∩M)´ p-�"+"d(7) ÚÚn2.1(1)��§P ∩M �z� |D|�f+H ´M �

SSH-f+§�M ÷v½nb�§d G�4�5�M ´ p-�"+§K G´ p-�"+§gñ"ù

¿�X P ∩M ´ G����5 p-f+"Ï� Op(G) < P§� P ∩M = Op(G)� Op(G)´ P �4

�f+"

(9) Op(G)´�Ì�i\u G"

d(7)Ú(8)k |D| < |Op(G)|§d½nb�§Op(G)�z� |D|�f+ H ´ G� SSH-f+"

dÚn2.14=��(9)"

(10) G´��)+"

Ï G/Op(G) ´ p-��)+§� Op(G) ´�Ì�i\u G§� G ´ p-��)+"dÚ

n2.9Ú(1)�§G´��)+"

(11)�ªgñ"

Ï� Gk��). Sylow©§�d(6)� P ´�5u G"Ïddb�k G = NG(P )´ p-�"

+§gñ"½n�y"

½n3.3 - p��Ø |G|��Ïf§b� Gk���5f+ L§¦� G/L´ p-�"+� P ´

L� Sylowf+"e�3 P �f+ D§÷v 1 < |D| < |P |§¦� P �z� |D|�f+ H � G�

SSH-f+� NG(H)´ p-�"+§K G´ p-�"+"

y² �Ä±eü«�¹"

�¹1µ L = G"

b�½nØý§� G�4���~§aq½n3.2�(1)§(2)¥�?Øk
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(1) Op′(G) = 1"

(2)-K � G�ýf+§¦� P ≤ K§KK ´ p-�"+"

(3) P ´ G����5f+"

eNG(P ) < G§Kd(2)kNG(P )´ p-�"+§d½n3.2kG´ p-�"+§gñ"� P ´�

5u G"

(4) P ´�Ì�i\u G"

db� P �z� |D|�f+ H ´ G� SSH-f+§KdÚn2.14§ P ´�Ì�i\u G"

(5)- N ´ G�4��5f+§K |N | < |D| < |P |"
d(3)� G ´ p-�)"Kd(1)�� N ´�� p-f+§� N ≤ P"d(4)�� |N | = p§e

|N | = |D|§Kdb�^� G = NG(N)´ p-�"+§gñ§� |N | < |D|"
(6)�ªgñ"

dÚn2.1(2)� G/N ÷v½nb�§�d G�4�5� G/N ´ p-�"+"Ï�¤k p-�"

+´���Ú+X§Ïd N ´ G���4��5f+� Φ(G) = 1"� F (G) = N§d(1)Ú(3)k

F (G) = Op(G) = P§� N = P§�(5)gñ"

�¹2µ L < G"

dÚn2.1(1)kz� P � |D|�f+ H ´ L� SSH-f+§²w NL(H)´ p-�"+"d�

¹1§L´ p-�"+§- Lp′ ´ L� Hall p′-f+§K Lp′G"e Lp′ 6= 1§KdÚn2.1(3)� G/Lp′

÷v½nb�§� G/Lp′ ´ p-�"+§K G ´ p-�"+"Ïdb� Lp′ = 1§K L = P"Ï�

G/P ´ p- �"+§�- V/P ´ G/P ��5 Hall p′-f+§d Schur-Zassenhaus½n§V k�

� Hall p′-f+ Vp′"dÚn2.1(1)k P �z� |D|�f+´ V � SSH-f+"²w NV (H)´ p-�

"+"d�¹1k V = PVp′ ´ p-�"+"� Vp′ 3 V ¥�5§²w Vp′ �´ G����5 p-Ö§

� G´ p-�"+"½n�y"
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