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Abstract

In the numerical range theory, the subadditivity of the numerical range of linear operators is tri-
vial, but the conditions for the additive property to be established are harsh. This paper studies
the conditions for the additive property to the numerical range on the finite dimensional complex
space. By using the unitary invariance of the numerical range and the properties that the numeri-
cal range of normal matrix is just the convex combination of its eigenvalues, the necessary and
sufficient conditions for the additive property to the numerical range of two Hermite matrices are
discussed first. Secondly, the necessary and sufficient conditions for the additive property to the
numerical range of Hermite matrix and skew Hermite matrix are discussed. Finally, the necessary
and sufficient conditions for the additive property to the numerical range of two-dimensional
normal matrix are given, that is, the feature spaces corresponding to the eigenvalues of the two
matrices have nonzero intersections and the eigenvalue connection of the first matrix is parallel to
the eigenvalue connection of the second matrix.
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BV R VRPN IO R ARRAE 22 ) J 28 22 £ B3R — MR IR AR 6P AT T 58 — MR IR R
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1. 5|

e OB A Rayleigh i WA IR4ESE 2= T0 55 4E . Hilbert =% W] 15 2 (K156 & FOMBUE I B H 2
C L0 Hilbert 73 [), ZEMESHT A BIEEIRW (A) & XN
W (A) = {(Ax,x):(x,x)=1}.

ARG A FERE, AT BB SRR T8 % B AR AR R 22 1 2 40 3, iz s A 4
BT TS, Ah, KT AR THUEEI O ikt F i, BEAE. 2. wEESE.
PRl Sl 57 BUE SR LA R M R 2 B 1 2 1) 2 R .

Ze Ve T BUE S PN PEW (A+B) =W (A)+W (B) J2& H B 53 it b BON IR ER BT S0 8,
Hilbert 2= [H] & M7 A, B S, @i A, Bisio,(A), o,(B)RMEZIE o, (A+B) KIfEE, SR
MNTEMHET A, BIis, ASDIEHRAINERSL, MW (A+B)cW (A)+W (B) oL, HEF, EHikf,
MM o, (A+B)cW(A+B), A o,(A+B)cW (A)+W (B). ti2 ¥, WRAEW (A)+W (B) HIfE
o WATLAZIE o) (A+B) K ARTEIH, S5 7 BE Tk BA R ZIR B 7 L.

N GHEB T R s
#R% 1 [1] (Toeplitz-Hausdorff) Hilbert 7= [A] 2k 51 A FEEIRW (A) /2 5
B C,,, nxn BEHREAE . R C ERAREN, BUEERTRR A
W (A)={x"Ax:x"x =1},
T Hi Toeplitz-Hausdorff s BRI AW (A) 2 C LIS INEE. £ C,, C, JoAEAm s m & 2 ()t > 8, TR
4Cyy CIFIELNC +C,={c +¢,:¢,eCpc,eC, ), BIAC, +C, W AME. LA, W(A)+W (B)

IEPSTEE R
W 2[1] 4 AeC,,, T4

(@ W(aA+bl)=aW (A)+b, St FHiHabeC.
(b) W(U*AU):W(A), Hbuec, REHET, IUU=UU =1,
() o(A)c=W(A).

(A) B ACC,, FAFIE 2, 1o WAW(A)IBLA. 4 9t B{u(WA)-|4f -|2["] st

][l

I
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R %

KeohE %A:(”Oi Zj T AW (A) I ]
WRE 3[1] W AeC,,, ZIEMHERE, WAAETHFU eC,, [E13
U"AU =diag (4,4, 4, ),
HA A, 4,0, 2, 7& A TR n ANRFIEAE
2. XELER

EH 1 % ABeC, & Hermite Hil%E, o ,q, R & A RGN KEHEE, B,,p, R Z& B Mk
NI, AW (A+B)=W (A)+W (B) HHAH A IRHE=[E E, 5 B MHFEE R E, AIEE
A, ABRMIEZI E, 5 B RHERN E, AIFEE,

W SEUER . 8% a, 9 Hermite JF%E A i/ MEFAE(E, B, 9 Hermite %5 FE B 15/ NMRFIEAH
TSI R FALF E xy € CV X AXy > @ty s XoBX, > B, WUH

Xo (A+B) X, = X, A%, + X,BXy 2 o, + B,

WAEM o, + B, & A+ BRI T . FIE A+ B MENMEEE A o + B, - CHFHEZRE, 5B
RIRREE ] E, A scse, Wit x, €, NE, » MR x AX, =a, » XBx,=f,, #&H

X AX, + X, BX, = X (A+B) X, = a, + B,

Bl a,, + B, N A+ B HIIR/NRFIEE, [FEERTIE o, + By, N A+ B HIIRRHRFIE(E, 1 A+ B A Hermite 5iF%,
W
W (A+B)=[cy + By + Bu -

XHTW(A) =[ay,ay]: W(B)=[ByBu] RN, MW (A)+W (B)=[a, + Bn.ay +Bu]. HILHTE
W (A+B)=W (A)+W (B).

FHIFLENE, WRW (A+B)=W (A)+W (B), 4

W (A)+W (B)=[ay, + By .y + Bu] =W (A+B).
KR an+ B, M ay + By 7752 A+B I /N e KFFAEAE , U A7 A2 547 1) & x, e C" (45
(A+B)X, =(a, +B,) Xy WH
Xo (A+B) X, =X, AX,, + X, BX, = &, + By,

M X AX, >a,, X.Bx, >p X A, =a,, X.Bx, =8, Fikx &XT AKFEHE o, 5 B FIFHE
{6 g, FILFRMRHEE, X, eE, NE, #&, FHAFE, NE, #J. D

SEH 2 W AcC, & Hermite 5[5, BeC,  A&& Hermite 5iF%, o, € R 2& A I/ NRRFFHIE
{H, B, By € R & —iB HIF/NIRIFFAEA, AW (A+B) =W (A)+W (B) 24 HALH A FIFRHIESS T E, AN
—iB R —AMHEZIME, » E, #AEATCEH ARRHES W E, M -iB & —MHEZWE, , E,

A AR
W JBiE 7 . B~ -iB /& Hermite 5 H g, B, /& —iB B & /Nl i KFFAEAE , &

W (=iB)=[8,. ]+ MW (B)=[iB,.ify]- BT AKHKHMESIE E, 5 -iB KFRHLER E, Z&EZ, NfF
fERf R X, cE, NE, » 13 A =a,X, » —iBx, =B,%, (MBx, =i8,x, )L, KPH=AmG
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AX, + BXy, = ot X + 18, X0 = (& +184) X
W EYW o, +i8, 79 A+ B KIFHEE. FEA Mo, +iBy » ay +ifys ay +iBy 8 A+ B IIRHIEE, 1
W (A+B) & & L UANREE 1 f, B
W(A+B)Q[amlaM]x[iﬂmliﬂM]'

XEH%\/\/('A‘):[O‘mvam] ’ W(B):[iﬂmliﬂM] SIPSRLE P J”JJW(A)+W(B):[am,aM]x[i,Bm,i,BM] , AP
W (A+B)2W (A)+W (B), FHL&ERATMEW(A+B)cW (A)+W (B), TI4FW (A+B)=W(A)+W (B).

FHIFENE, WRW (A+B)=W (A)+W (B), B4

W (A+B)=[a,, oy ]x[iB,iBu]=W (A)+W (B).
KEWa, +iB, an+ify s ay+if, May, +if, & A+B FIRFAEE, WA B4 & x, eC" 15
(A+B)X, =(aty +18,) %y » FHIE
Xn (A+B) X, = X, AX,, + X BX,, = a, +i3,,

T EH X ARy 2 s XX | 2 i8] T XA, = 0 o XyBXy =B, (B (<iB) X, = £,). B x, KT A
KIRFAEAE o, 5 1B FUAFAEME B, 3L &, WX, eE, NE, 0. AHEAE, NE, #T,
E, NE, =@ME, NE, #D. O

EH 3 W ABeC,, ZRIEMIER, «o,,q, cCR A KIWMFHER, B8, €C &2 B I MNMFALAL,
AW (A+B)=W (A)+W (B) 4 HAL 4 A FHME[E E, 5 B KIRHEZI E, AIEEAE, A KRS
6] E, 5 BMRHMESE E, AIEEE, H&Ba,, oy | SERE[ B, by ] THT-

R RERSME. BB A MRIEZME, 5 B MAFIESR E, A58, WA BAL &
Xn € Eam N Eﬂm ’ ,Tjﬁ*?%‘ AXm =0 Xy o BXm =ﬁmxm ° %ﬁ*aj}ﬂ?ﬁ*(A-}- B)Xm :(am +ﬂm)xm ’ E%Eﬁ O +ﬂm 7‘%
A+ B I—MRHEE, FEATA o, + B, B2 A+ B IRFAE(E . il 3 AU I /5 A28 1, 4

W (A+B)=W (diag(a, + B,y + By ) =[an + Boiay + Bu ],
HREMA [a, + By ay + By | FRE N LEEN o, + B, TR a,, + By MLE, T
W (A)+W (B) =W (diag(a,,ay ))+W (diag (B, Bu ) = [em.ctn |+ [ Br: Bu |

HTE [,y | F [ By B | AT, FTARW (A)+W (B) =[at, + Sy + By ] - ZREH
W(A+B)=W(A)+W (B)-

FHE®Z M. T ABA+B BN T IEMAERE, FrEW(A) =[a,ay]: W(B)=[S.Bul "
W (A+B) =17, ¥INEE, Hdy,p, eCHA+B AN . 257 [an an | 5[ By, Bu | 2 TFATIH,
AW (A)+W (B) —EANRLE [y, ay 5[ By Bu] AT, MTIW (A)+W (B)=[a, + S, + By ] -
71 cc,c,eC, IeREA A=cA+cl » B=IcB +c,l , & A,B ¥4 Hermite 5[5 . % %1
W (A)=cW(A)+c,, W(B)=IcW(B,)+c,,» W(A+B)=cW (A +IB))+c +c,, FFHAImE
W(A+B)=W (A)+W (B) loLml %1, A

CW (A)+c,+CcW (IB))+c, =cW (A +IB)+¢, +c,,

MW (A)+W(IB)=W(A+IB) o A % B W(A)=[a,a,] , W(IB)=[b,b] HH a,=ca+c
ay =Ca,+C s f,=cb +C,» By, =cb, +c,, HEE 1 KL EMEHESERAIRE, NE, 2D, E, NE, 2T -
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NHAERIE, =E, » fEfa BIEBRARFEAE X, € C", WA Axy=ax,, 1M
CAX, + €I, = CayX, +C Xy = (Cay +¢;) Xy,
U A%, =ayX,» WX, €E, o KWAIEHE, =€, . E, =E, , E, =E, . WIHE, NE, #T,
E,, NE,, =D o
E&WH
W5 RO AR G ML IR T R BT BV IUH (B H % 5 201911225); A 52 H AR5k &
(2019MS01019) % BTl H -

S5 3
[ RHEE, BIRE, FARA, . Hilbert 2L EE TR IR M. it B AT, 2018,
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