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Abstract

We design a class of improved scheme satisfying two conservation laws for the KdV

equation, which satisfies both the numerical solution and numerical energy conserva-

tive. Numerical experiments show that the schemes have good stability and structure-

preserving property in long time numerical simulations.
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1. Úó

Cc5§©z [1]é�5DÑ�§�O
÷vü�Ún�ÅðÆ��©�ª§¿�í2�CX

êÚ����5DÑ�§¥"©z [2], [3]�O
�aÅð.�©�ª§T�ª´Godunov.�§�

´ÚDÚ�ªØÓ�´§T�ªÓ��[
ü��'�ÅðÆ"©z [4]é�5DÑ�§÷vü�

ÅðÆ�ê��{?1nØ©Û§lnØþy²
ùa�ªäkØ�p�-���Âñ5�"

©z [5]òþã�±õ�ÅðÆ�g�A^���5KdV�§§éÙ�O
÷vü�ÅðÆ

���5�©�ª"duKdV�§�¹��5�Ún��ê�§Ïd©z [5]æ^©��f{§

òKdV�§�¤��5Åð�§Ü©Ún��5Ñ��§Ü©§3©z¥§é��5Åð.�§

Ü©�O
÷vü�ÅðÆ�ê��{§�´éun�Ñ��§Ü©æ^�´DÚ�¥%�©�

ª§ê�(JL²ùa÷vü�ÅðÆ�ê��{äkéÐ/�(�5�"

�©´þãó��UY§·�éKdV�§�O
�aU?�÷vü�ÅðÆ�ê��{"$
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^©��f{ [6]òKdV�§
©¤Åð�§Ü©�Ñ��§Ü©§�´�©z [5]ØÓ�´§3�

©¥§·�¤�O��ª§Ø=U�±Åð�§Ü©÷vü�ÅðÆ§�U�±n�Ñ��§Ü

©÷vü�ÅðÆ"¿�ÏLê��~�y
�{�k�5§lê�(J�±wÑ§T�{3�

�m�ê��[¥UéÐ��±)�(�"

�©�(�SüXeµ1�!´Úó¶1�!´�ª�äN£ã¶1n!�Ñê��~§(

JL²T�ª3��m�ê��[¥U�±Ð�­½5¶1o!´(Ø"

2. �ª�£ã

2.1. ê�)�½Â

�ÄKdV�§�Ð�¯K ut + (
1

2
u2)x + uxxx = 0, −∞ < x < +∞.

u(x, 0) = u0(x).
(1)

Ù¥u0(x)´Ð�¼ê"KdV�§÷vÃ¡õ�ÅðÆ§Ùcü�ÅðÆ©O´(1)Ú

(u2)t + (
2

3
u3)x + (2uuxx − (ux)2)x = 0. (2)

Ù¥(2)L«UþÅð§3±e�?Ø¥·�PUþu2�U(u)"

Äké(x, t)²¡?1��¿©§ÙéAu(x, t)²¡S�ü|²1�µxj = jh, j = 0,±1,±2, · · ·

Útn = nτ, n = 0, 1, 2, · · ·§ò��¿©�Ij = [xj−1/2, xj+1/2],j = 1, 2, 3...N§z�lÑ«m�¥:

�xj =
(x
j− 1

2
+x

j+1
2

)

2
§�∆xj = xj+ 1

2
− xj− 1

2
"Ù¥hÚτ©O��mÚ�Ú�mÚ�"

·�¤�O�ê��ª�¹
ü�ê�¢N§=ê�ÄþunjÚê�UþU
n
j"�ªæ^k�N

È{§½Âê�)unj´é°()���²þ�Cq

unj '
1

h

∫ x
j+1

2

x
j− 1

2

u(x, tn)dx, (3)

Ù¥u(x, tn)L«ÄþÅðÆ�§�°()"du·�¤�O��ª�ò�9�1��Å

ðþU(u(x, tn))�ê�%C§·�¡ê�¼êUn
j ¡�ê�Uþ§´é°(UþU(u(x, t)) =

u2(x, tn)���²þ�Cq

Un
j '

1

h

∫ x
j+1

2

x
j− 1

2

U(u(x, tn))dx =
1

h

∫ x
j+1

2

x
j− 1

2

u2(x, tn)dx. (4)
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2.2. �ª�£ã

lKdV�§cü�ÅðÆ(1)Ú(2)�±wÑ§ÚDÑ�§ØÓ�´ÙéA�ü�6¼êØ=

Úuk'§
��§����êuxÚ���êuxx k'§ù�ê��ª��O�5�½�E,5"

�d§3�©·�òæ^©��f{(� [6], [7])§òKdV�§
©¤Åð�§Ü©ÚÑ��§Ü

©§éÙ�O
�a�±ü�ÅðÆ�ê��{"Ù¥Åð�§Ü©� ut + ( 1
2
u2)

x
= 0,

(u2)t + ( 2
3
u3)

x
= 0.

(5)

Ñ��§Ü©�  ut + uxxx = 0,

(u2)t + (2uuxx − (ux)
2
)x = 0.

(6)

þ÷vÐ�u(x, 0) = u0(x), (u(x, 0))2 = (u0(x))2. ePÅð�§Ü©(5)��f�Aτ§K�§(5)�

)�d�fAτL«Xe  u(x, t)

U(u(x, t))

 = Aτ

 u0(x)

U(u0(x))

 . (7)

Ó�§·��ò)Ñ��§Ü©(6)��fP�Bτ"

3�©¥§·�æ^�´Strang©��f{����°Ý� [7]§�§O��Ú�)�±L�

�  u(x, (n+ 1)τ)

U(u(x, (n+ 1)τ))

 = [A τ
2

◦B τ
2

◦B τ
2

◦A τ
2
]

 u(x, nτ)

U(u(x, nτ))

 . (8)

ùpτ��mÚ�"3¢S�ê�O�¥§�fAτÚBτò��A�ê��{¤�O"

2.3. Åð�§Ü©��©�ª

Åð�§Ü©(5)��fAτ�¹
ü�ê�¢N§=ê�Äþu
n
jÚê�UþU

n
j §�ªÓ��[


(5)¥�ü�ÅðÆ"

XÓGodunov.�ª [8]��§·���ªUì­�(Reconstruction)§uÐ(Evolution)Ú��

²þ(Averaging)nÚ?1"

1�Ú(Reconstruction)­�µ3tn�þéê�)(unj , U
n
j )?1­�§­�¼êR(x;un, Un)�

�g¼ê§
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R(x;un, Un) = unj + snj (x− xj), x ∈ [xj− 1
2
, xj+ 1

2
). (9)

w,R(x;un, Un)÷v
1

h

∫ x
j+1

2

x
j− 1

2

R(x;un, Un)dx = unj . (10)

�´�DÚ�Godunov.�ªØÓ�´§·���¦R(x;un, Un)÷v

1

h

∫ x
j+1

2

x
j− 1

2

U(R(x;un, Un))dx = Un
j . (11)

=­�¼ê�Uþ���²þÚT��þ�ê�Uþ��"�ÇsnjØ2´DÚ����{(½�§


´����gdÝ§ÏL�§(11)(½§)�snj���

snj = sgn(unj+1 − unj−1)

√
12(Un

j − (unj )2)

h2
. (12)

1�Ú(Evolution)uÐµ±­�¼êR(x;un, Un)��tn��Ð�§¦)�§(5)1�ª�Ð�

¯K  vt + f(v)x = 0, −∞ < x <∞, tn < t ≤ tn+1,

v(x, tn) = R(x;un, Un), −∞ < x <∞.
(13)

Ù¥§f(v) = 1
2
v2§Ù°()�v(x, t)§�mÚ�τ÷vCFL ^�λmaxu|f ′(u)| < 1"

1nÚ(Averaging)��²þµtn+1�þ�ê�)Úê�Uþ©O�

un+1
j ' 1

h

∫ x
j+1

2

x
j− 1

2

v(x, tn+1)dx. (14)

Un+1
j ' 1

h

∫ x
j+1

2

x
j− 1

2

v2(x, tn+1)dx. (15)

¢SO�¥§3��(xj− 1
2
, xj+ 1

2
)× (tn, tn+1) þé(5)�­È©§���ª�

un+1
j = unj − λ(f̂nj+ 1

2
− f̂nj− 1

2
). (16)

Un+1
j = Un

j − λ(F̂nj+ 1
2
− F̂nj− 1

2
). (17)

Ù¥λ =
τ

h
´��Ú�'§ê�6¼ê�
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f̂nj± 1
2

=
1

τ

∫ tn+1

tn

1

2
(v(xj± 1

2
, t))2dt. (18)

aq�ê�Uþ6¼ê�

F̂nj± 1
2

=
1

τ

∫ tn+1

tn

2

3
(v(xj± 1

2
, t))3dt. (19)

l
�¤�Ú�O�§�
�y�ª�­½5§��Ú�'�÷vCFL^�

λmax
j
{|unj |} < 1. (20)

dþ©��§Ï�·�¤?Ø�´��5�§§¤±ê�6¼ê(18)ÚUþ6¼ê(19)ØU¦

Ñ°(�§Ïd�O�6¼ê�Cq�(� [9])§3ùp·�^¥:úª5Cq¦È©��§

f̂nj+ 1
2
' 1

2
(v(xj+ 1

2
, tn+ 1

2
))2. (21)

F̂nj+ 1
2
' 2

3
(v(xj+ 1

2
, tn+ 1

2
))3. (22)

Ù¥v(xj+ 1
2
, tn+ 1

2
)���±ÏLë�©z [10] ¥�Cauchy-KowalewskiÐm�{Cq¦Ñ"

Äk·�I�¦�v(xj+ 1
2±0, tn+ 1

2
)��§év(xj+ 1

2±0, tn+ 1
2
)3(xj± 1

2
, tn)?�TaylorÐm§�â

�§(5)Ú­�¼ê(9)��

v(xj+ 1
2±0, tn+ 1

2
) = v(xj+ 1

2±0, tn) +
τ

2
vt(xj+ 1

2±0, tn) +O(τ2)

= v(xj+ 1
2±0, tn)− τ

2
{1

2
(v(xj+ 1

2±0, tn))2}x +O(τ2)

= R(xj+ 1
2±0;un, Un)− τ

2
R(xj+ 1

2±0;un, Un)snj+ 1
2±

1
2

+O(τ2).

(23)

·��Ñþª¥�Ø��O(τ2)§�O�Ñv(xj+ 1
2±0, tn+ 1

2
)��§ÏL)Riemann¯K

Rie(v(xj+ 1
2−0, tn+ 1

2
), v(xj+ 1

2 +0, tn+ 1
2
))Ò�±��v(xj+ 1

2
, tn+ 1

2
)��(� [8])"

2.4. Ñ��§Ü©��©�ª

�©én�Ñ��§Ü©¤�O�ê��ª�ë�©z [5]ØÓ§T�ªÓ�÷vü�Åð

Æ"

�Än�Ñ��§�Ð�¯K§  ut + uxxx = 0,

u(x, 0) = u0(x).
(24)
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�§(24)÷vÃ¡õ�ÅðÆ§Ù1��ÅðÆ�

Ut + ((2uuxx − (ux)2)x = 0. (25)

ùpU = u2L«Uþ"

dun�Ñ��§äkn��ê�§Ïd3�ª��O¥§æ^mäk���ª�g�§ò

Ù�¤n����§|§ 
ut + px = 0,

p− qx = 0,

q − ux = 0.

(26)

�´ØÓuDÚmäk���ª�´§�©Ó��é1��Åð�§(25)?1ê��[§O�ê�

Uþ"

2.4.1. Ñ��§Ü©��©�ª

½ÂIj S�©ãõ�ª�m�V∆x

V∆x = {v : v ∈ P k(Ij), for x ∈ Ij}, (27)

Ù¥P k(Ij)L«Ij¥gêØ�Lk�õ�ª8Ü"

3V∆x¥½Âõ�ª¼êu
h, ph, qh§Ù�(26)�°()u, p, qCq§ò(26)¦±Á&¼êv, w, z ∈

V∆x §¿3z���Ij ?1©ÜÈ©§��∫
Ij

uht vdx−
∫
Ij

phvxdx+ p̂h(xj+ 1
2
, t)v−

j+ 1
2

− p̂h(xj− 1
2
, t)v+

j− 1
2

= 0,∫
Ij

phwdx+

∫
Ij

qhwxdx− q̂h(xj+ 1
2
, t)w−

j+ 1
2

+ q̂h(xj− 1
2
, t)w+

j− 1
2

= 0,∫
Ij

qhzdx+

∫
Ij

uhzxdx− ûh(xj+ 1
2
, t)z−

j+ 1
2

+ ûh(xj− 1
2
, t)z+

j− 1
2

= 0.

(28)

Ù¥v−
j+ 1

2

= lim
x→x−

j+1
2

v(x, t), v+
j− 1

2

= lim
x→x+

j− 1
2

v(x, t)§w �zk�Ó½Â"·�ò(28)¥/Xp̂�¼

ê¡�ê�6¼ê [11]µ

p̂h(xj± 1
2
, t) = ph,+(xj± 1

2
, t),

q̂h(xj± 1
2
, t) = qh,+(xj± 1

2
, t),

ûh(xj± 1
2
, t) = uh,−(xj± 1

2
, t).

(29)
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3·��O��ª¥�DÚ�mäk���ªØÓ�´§�©ò�é1��Åð�§(25)?1

ê��[¿�±ê�UþÅð"é(25)§3IjÈ©§��∫
Ij

Ut(x, t)dx+
1

h

{
F̂ (xj+ 1

2
, t)− F̂ (xj− 1

2
, t)

}
= 0. (30)

Ù¥Uþ6¼ê´

F̂j+ 1
2
(t) = 2û(xj+ 1

2
, t)p̂(xj+ 1

2
, t)− q̂2(xj+ 1

2
, t). (31)

3�©¥§^©ã�5¼êéê�)?1­�§=�§(28)�ê�)uh ∈ V∆x�

uh(x, t) = u0
j(t)ϕ

(j)
0 (x) + u1

j(t)ϕ
(j)
1 (x), x ∈ Ij . (32)

ùpϕ
(j)
l (x), l = 0, 1, 2... ´�|��¼êÄµ

ϕ
(j)
0 (x) = 1, ϕ

(j)
1 (x) =

2(x− xj)
h

, ... (33)

ò(32)�\(28)¥�1���§§�±��ê�)��lÑ�ª�

d

dt
u0
j(t) +

1

h
[f̂j+ 1

2
(t)− f̂j− 1

2
(t)] = 0. (34)

ê�6¼ê�

f̂j± 1
2
(t) = p̂h(xj± 1

2
, t). (35)

3·���ª¥§Ó�O�1��Åðþ§d(30)��

d

dt
Uj(t) +

1

∆x
[F̂ (xj+ 1

2
, t)− F̂ (xj− 1

2
, t)] = 0. (36)

Uþ6¼ê�

F̂j± 1
2
(t) = 2ûh(xj± 1

2
, t)p̂h(xj± 1

2
, t)− (q̂h(xj± 1

2
, t))2. (37)

ØÓuDÚmäk���ª�´§·�¤�O��ª�¹üÜ©µê�)¥u0
j(t) �Úê�U

þUj(t)"ê�)¥u
1
j(t)����gdÝ"·��¦ê�)Uþ���²þÚT��þê�Uþ�

�§=
1

h

∫ xj+1/2

xj−1/2

U(uh(x, t))dx =
1

h

∫ xj+1/2

xj−1/2

(uh(x, t))2dx = Uj(t). (38)

dþªO���

(u1
j(t))

2 = 3(Uj(t)− (u0
j(t))

2), (39)
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duu1
j(t)´éux(xj , t)�Cq§3·���ª¥§m�Ò�ÎÒ�(uj+1(t)− uj−1(t)) �Ó§=

u1
j(t) = sgn(uj+1(t)− uj−1(t))

√
3(Uj(t)− (u0

j(t))
2). (40)

dd��§ù��O��ªpu0
j(t) ÚUj(t)Ñ´Åð�"

�
(½ê�6¼ê�Uþ6¼ê§éqh(x, t)Úph(x, t)Eæ^�5¼ê?1­�§�Á&¼

êw, z ∈ V∆x �ϕ0(x) Úϕ1(x)§�±��

 p0
j(t)− 1

h
(q̂j+ 1

2
(t)− q̂j− 1

2
(t) = 0,

p1
j(t)− 3

h
(−2q0

j (t) + q̂j+ 1
2
(t) + q̂j− 1

2
(t)) = 0.

(41)

 q0
j (t)− 1

h
(ûj+ 1

2
(t)− ûj− 1

2
(t) = 0,

q1
j (t)− 3

h
(−2u0

j(t) + ûj+ 1
2
(t) + q̂j− 1

2
(t)) = 0.

(42)

Ù¥ûj± 1
2
(t) Úq̂j± 1

2
(t) �(29)¥¤L«/ª"

2.4.2. ê��ª��mlÑ

·�ò�lÑ�§(34)Ú(36)3�m��þ�lÑ§æ^Crank −Nickson�ª§��

u0,n+1
j = u0,n

j − λ(f̂
n+ 1

2

j+ 1
2

− f̂n+ 1
2

j− 1
2

),

Un+1
j = Un

j − λ(F̂
n+ 1

2

j+ 1
2

− F̂n+ 1
2

j− 1
2

).
(43)

ê�6¼êf̂
n+ 1

2

j± 1
2

Úê�Uþ¼êF̂
n+ 1

2

j± 1
2

©OXe

f̂
n+ 1

2

j± 1
2

= (ph)
+,n+ 1

2

j± 1
2

, (44)

F̂
n+ 1

2

j± 1
2

= 2(uh)
−,n+ 1

2

j± 1
2

(ph)
+,n+ 1

2

j± 1
2

− ((qh)
h,n+ 1

2

j± 1
2

)2, (45)

±9

(ph)
+,n+ 1

2

j+ 1
2

=
1

2
((ph)+,n

j+ 1
2

+ (ph)+,n+1

j+ 1
2

), (46)

(qh)
+,n+ 1

2

j+ 1
2

=
1

2
((qh)+,n

j+ 1
2

+ (qh)+,n+1

j+ 1
2

), (47)

(uh)
−,n+ 1

2

j+ 1
2

=
1

2
((uh)−,n

j+ 1
2

+ (uh)−,n+1

j+ 1
2

). (48)
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3. ê��~

�~3.1 �§(1)�ü�f)

u(x, t) = Asech2(κx− ωt− x0), (49)

Ù¥
A = 12κ2, ω = 4κ3, (50)

Figure 1. Numerical results at different times

ã 1. ØÓ���ê�(J
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ùpkÚx0´~ê§���k = 0.3Úx0 = 0§u(x, 0)�Ð�"��«m��(-15,15)§æ^±Ï

>.^�l(50)�±wÑ�Å��Ý´0.36§±Ï�T = 30/0.36 = 83.3§3��~¥§ò�ªO

�ê�)²L�ê��±Ï��Ð©���ê�)'�"

3·��ê��[¥§��Ú�'�λ = τ/h = 0.5"·�^100���!:(=h = 0.3)?1O

�§ã 1¥©O�Ñ
t = 83.3 (1�±Ï)§t = 416.7 (5 �±Ï)±9t = 833.3 (10�±Ï)�ê�(

J"lã¥�wÑê�)3��m�ê�)U
éÐ��[)�(�"

�~3.2 �§(1)�V�f)

u(x, t) = 12
κ2

1e
θ1 + κ2

2e
θ2 + 2(κ2 − κ1)2eθ1+θ2 + a2(κ2

2e
θ1 + κ2

1e
θ2)eθ1+θ2

(1 + eθ1 + eθ2 + a2eθ1+θ2)2
, (51)

Figure 2. Numerical results at different times
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κ1 = 0.4, κ2 = 0.6, a2 = (
κ1 − κ2

κ1 + κ2

)2 =
1

25
, (52)

θ1 = κ1x− κ3
1t+ x1, θ2 = κ2x− κ3

2t+ x2, x1 = 4.0, x2 = 15. (53)

3·��ê��[¥§��«m��(-40,40)§æ^±Ï>.^�"u(x, 0)�Ð©�§��Ú

��h = 0.4 (=^200�:O�)§��Ú�'�λ = τ/h = 0.5"ã 2©O�Ñ
t = 100��§

t = 400Út = 1000���ê�)"lã¥�±w�ü��Å�Z��¹"

4. (Ø
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