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Abstract

0
Let T = <U B) be a formal triangular matrix ring, where A and B are rings and U is
a (B, A)-bimodule. We prove that, if gU has finite flat dimension, and U4 has finite flat

M
or injective dimension, then a left T-module <M1> is PGF if and only if M; is PGF
2 M
%)

in A-Mod, M,/Im(oM) is PGF in B-Mod and o™ : U ® 4 M; — M, is a monomorphism.
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1. 5| ERm&EFIR

Gorenstein [7] A £ J5 1201 2260 AX, 24 Auslander M1 Bridger 7£ 3CHR [1]H 51 AT
KA R B IR AE B G-4E 50 i E 3. 20t 22904F X, Enochs 1 Jenda 7E3CHR 2] 523 T
Auslander #1 Bridger A KA &, 51 N TAEE M L Gorenstein #4115, Gorenstein P4 5 #5 Fl
Gorenstein “FIHMB NS, A T A Gorenstein S & 75 A Gorenstein “F-1#H 4%, Ding , Li , Mao
FESCHR [3] [4]F % R T Gorenstein HE5S 1 HIRp 4, #7958 Gorenstein 3. J&5 K, 7£3CHR [5]H
Gillespie ¥ 5% Gorenstein “F3H 57 % 4 Ding % $#L. Yang, Liu, Liang 7£ 3Ci#k [6] B 78 T AEZEIR
I Ding #HH5 LA Ding P SRR ) — 26 [ 3 14 5T .

4 A B R, U RS BA AL WIKT = @ g) FLFUR M T AT Y 28 = f
FERR. T A= AR R EABCER R e b B SR . X PR S ) 8 FH SR A 3 e 451, 45 PR RIASE )
PRI = AR, B U, B 2 = AR R PR R LR ) 3R 45 BBk B 2 1) 56T Mao £E3CHR (7]
RNz 7R =M B Ding [FE#E. 718 3] PGF /2 X —3R 7k H H Z ) Gorenstein
SR, A SR TR 2 T = A AR RS B PGF B
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A, praAE A BALTHARES G, X TH R, R-Mod R/ R-FBHEHE, Mod-R &R
i Rl T = <3 103> TR =M, Mo A B2, U 2/ B A A XU,

BRR, g ARSI R S A DA ig.
B SCHER( [8], EEE 1.5)H1, /& T-HEEWE T-Mod 40 T W5 Q. 1X HEWs Q 10 R2 =7c4l

M M
M = < 1) , Jei My € A-Mod, M, € B-Mod, o™ : U ®4 My — M, #&B-34f. <M1>
M oM

2 2

e <x1> RIS <;1> , HH fi € Homa(My, Ny), fo € Homp(My, No) , HLii 2 W1 R A #H A

2 2
©

U®AM1&JCI>U®AN1

soMi in
f2

My ———— N

M oM e M, 3| Homp(U, My) FIA-ZSI, oM (2)(u) = oM (u® z), b u € U, = € M,.

FAUHL, A T-HEE Mod-T 54 T-YaWE T . Jas T X RE =J0dH W = Wy, Wa) .y, FoH
W, € Mod-A, Wy € Mod-B, pw : Wo @5 U — Wy RA-EH. MW = (W1, W), BI(X1, Xo) oy 1
jfﬁd‘% (91792), /E\:E':'m c HOmA(W1,X1), g2 € HomB(W2,X2), H/ﬁﬁﬁﬁﬂ??&?ﬁ%@

Wy 05U 225 X, 05U

oo Jox

W, & X,

TE X oy A& Wy B Hom 4 (U, W) ] B-3549F, ow (y)(v) = ow(y @ u), HHu e U,y € Ws.
Eﬂﬁ%$ﬂ0%<ﬁv %<Mj _+GL> 0 EA M EEE 0 —

M, — M; — M," = 0M0— My, — My — My — 0 #5ZIEAS 1.

M,y

WM = < ) Sl TR, W = (Wi, Wa) o, 247 T-15. 1 [9][#ri3.6.1] i, 43 [ =X
oM

2
W @r M= (W, ®4 My Wy ®p Msy)/H,

KRH = ((ow(w: ®@u)) @x1 —we @ pM(u@ 21) | 1 € My, we € Wa,u € U).

EX1.1 FRE RARE M Z2PGF £ [10][p.15], W RAFE — MR H ER-ER EES- - — P72 —
Pl PO Pl — . iR M 2Ker(P° — P, HHXMEEWNHE A R-BL T T @ — REFHIES.
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2. X =AEMIF LI PGF &

5|382.1 4 M = <M1> R TR W = (W, W)y eFi T-HE.
2 (PJM
(1) ([11], EH 3.1) M A8 T-BS HACY My B AR, My /Im (™) R85 B,
oM S
(2) ([12], A% 1.14) M 2 F4EE T-BY HAUCY My 2 F3E7E AR My /Im(o™) & I BB
oM JE G
(3) ([13], A 5.1) W WA T-H24 HAXE W, RNSA AR, Ker(ow) 2 WHH A B,

ow : Wo — Homa (U, Wy) J2Ti5).
S13E2.2 W X &AL R-BL LU R
(1) X /& PGF ##.
(2) FFAE— NN E RERIIESS]- - - P72 - P71 — PY - P! — .. fliff X = Ker(P’ —
PY), HHAMEE AN FHEEARMA R G, G @ —RFHIES.
WERR (1) = (2) AAER AL R IES S

Aiwiio—sP2 spl pl o pl ...

i3 X 2Ker(P° — PY), FFHIMEREANHA RIE 1, T @r — REFHIES. B id(G) =n < co. N7
1EIEE

0—G—=I1"—...—=J"1 " 0
P RgAS IR . A TR BRI IEA S
0—-GRIrA—1°pA— - —=I"1'Qp A—IT"®Rr A —0

B IO @p A, -+ 1" @p A RIEAI, BrUAH( [14], EEE 6.3) 3 G op A ZIEAH.

TEM2.3 FR XEBH A, R PR) CX, HHE 0 X' - X - X" — 0 ZHIEES], K
B X"eXx MEX e Xx JHMNH X € X

5|382.4 PGF #2ET HAME 4, PGF B8 2B T il k.

WERR KA TR AR LA, BT DL 5518 PGF B80T ELMIE . (9], EBE 3.8) A1 (PGF, PGFL)
SRR RN, B PGF RS # AT ik,

EIE2.5 L pUNFHYEECE IR, Uy PGS AN S48 R, M = (ﬁl

2

) FETE T T A

(1) M #& PGF £ T-f.
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(2) M, & PGF /& A-#E, My/Im(p™) /& PGF /£ B-#5, I+ H oM & 5.

i, & M & PGF £ T-#5, MU @4 M, & PGF /£ B-#24 HAUY M, & PGF /£ B-#4.
JEFA
(1) = (2) fFAEHRS L T-HRIIES TS

o (a? ot
P27 ' o1 P20 0 P21 ol P21 ol

0

15 M = Ker (g;), HEXHMER N T8 I, T @r — REFHIES. T RSN A A-BKIES
2
el
A; --~%Pf1£PPinin%m

Hrp My =Ker(9Y).
WERWH A A8, WAFEA T-REHIE & 751
0—(E,0)— (E,Homa(U,E)) — (0, Hom4(U, E)) — 0

AT 2 BRI IE 5 51

0— (FE,0)®7r A —= (E,Homs(U,E)) @7 A — (0, Hom (U, E)) @7 A —0
HH5IFE([13], #rf5.1)M( [15], p.956)1F, (E, Homa (U, E)) & Wi T-1, R B (E, Homa(U, E))®r
A JEIEAT.

KA fd(pU) < oo, H([16], EHE 6.3)H id(Homa(U, E)) < oo, Bt id(0, Hom (U, E)) < occ.
Mol 21 JAEI (0, Homa(U,E)) @r A ZIEG K. B H( [14], € H 6.3)8, E @4 Ay =
(E,0) @7 A EIEGH, B M, /2 PGF /& A-#5.

BN 1 My — PP, Xy 0 My — PP ZARAWS. B FEAE B—Mod il i 22 4

UeaM -2 U@, PP

0

Az
My— 2 . pY

BRI U V4L MO P S AR RO B, o ( [17], 5138 2.3) RIS1H8 2.2 48 U 4 Ay RIECTHO. T 10 )
MG, BT o0 R BRI AR oM S,
MTAER € Z, A71E0; : Py/Im(') — P /Im(p™) (A5 UL F B AT IE A S He .
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0—Ugy Pr s Py PJI/I:n(sa*) —0
197" oyt ;"

0——=U®a P e Py PQ_I/IVm(cpo)—>O
1097 03 23

0— U@y Pl X P} P} /hvn(wl) —0
100} 0; a5

0— U, P25 P2 P2 /I1Vn(<p2) —0

AR — I FIEE A IEA, 5 5nsE =HES, B #5 A B-EIIEA I
= B Il ) P/ Im(e) T P/ Tm(g") T PR/ Im(gt) — -
H [14])[FE #86.3] F1M,/Im(o™) = Ker(9).

WG AN B WA B-BIES S
0—U®u P} ng — Pj/Im(p") —0 .

A5 1E 451 ey . : :
GRpU®s Pl —>G®p P —G®p (Pi/Im(¢') —0 .

%] ‘ . . ‘ p
G @p (P/Im(e") = (G ©5 P)/Im(1© ¢') = (0,G) @1 (;)
2 pi
KR(0,G)E WA T-B5, bl G @ E = (0,G) @r A 2 IEE, BIHES M,/ Im(pM) & PGF £
B-#&.

(2) = (1) By o™ 2B, Bt MFAET-Mod YEW5 P ¥ 1E & 75

M, M, 0
0— — — — 0.
U®a M M, oM My /Im(p™)

%ﬁ('“)%meam%#ﬂﬁﬁ&%zAﬁmEﬁﬂ
U®as M,

o' i Eh
Ao —=P ' =P 5Pl S P2
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4% M, ~Ker(80), I EXHER MG A B E, B @ — SRFEHE A By U444 oy 5 455
AW, H1( [17), 513 2.3) 13182208 U @4 A RIS, FTLE RS T IE 45

o1 0
p-1 1® ot PO 1® o° pl
T: - — N N 1 N
U@y Pt o1 U®y PO o0 U®a Py "

0
W%( M ) = Ker (1 (Z 80) S FALE A T (B, Bs), FiAEMod-T JBfH 1 1E 451

0— (El,()) %<E17E2) — (O’EQ) —0.

Koy
U®a P

P ) RARSHE TR, BT E4

0— (E,0)® P — (E1, Ey) ® P — (0, FEy) ® P ) =0
1 T U®A Pl 1,442 T U®A PZ s LY T U®A P’L .

Pi
U®y Pt
Pi

E%D(O,E2)®T< Vo p
A

) = (Ex@pU@aP")/(E2@pU@4P") = 0. Fﬁu(El,E2)®T< y > =

%

®a

(F1,0) ®@r (U ) XA By WA A LA (B, By) @7 Y 2 (B, 0)@r T = By @4 A
> 7 Ml H-
EIEA R, BIES ( ) & PGF /i T-#.
U®a M,

0

S
BRI <M2/Im(<pM)

) & PGF /e T-H. HARAERI, AFAEBUN /2 BRI IR & 51

-1 0 1 2
@;...%QfILQOLQlfaQ?L...

(613 My/Im(o™) = Ker(f°), 3 BAHTE M A BHL G, G ©p — TIFICE 4. MBS/ T8
I E 2 31

0 0 0

G- e Ee-.
e <M2/i7(:z(90M)> S ( ;) '
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W FALE A A T (B, Ey)yy, (FTEE 45

0 — Ker(@n) — By —£ Homa(U, E;) — 0 ,
He By, Ker(pg) 2R KA fd(gU) < oo, H( [16], 5l EE 2.2)H id(Hom (U, E,)) < oo, FrLA
id(Ey) < oo. H5IHE2.2%1, (B, Ey) ®r (g) ~ B, ®@p O & IEA 1, RIERS ( ) & PGF

e T-F.

My /Im(p™)

mﬂ@%HmM:<ﬁﬁ £ PGF T
oM

2

M,

®E, B M= ( ) s& PGF £ T-#, NAFLEIE S5
<PM

2

0—=U ®4 M; == My — My /Tm (™) —0 .

Hrp My /Im (M) & PGF /& B-$, 513 2.4 1 U ®4 M, & PGF /& B-f524 HAU Y M, 72 PGF /£ B-#.

R 0

#it2.6 WRAEW, T(R) = (R R)%Tzﬁa%ﬁﬁi%, M = (;‘?) I T(R)-HE. WILL NS
QDJW

2

(1) M & PGF /£ T(R)-#;
(2) My fl My/Im(p™) & PGF /& R-#EH oM 2 #l.
(3) My 1 My/Im(pM) & PGF & R H o™ & HA.

MERR e B 2,545,

EEUlH
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