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Abstract

Let T =

(
A 0

U B

)
be a formal triangular matrix ring, where A and B are rings and U is

a (B,A)-bimodule. We prove that, if BU has finite flat dimension, and UA has finite flat

or injective dimension, then a left T -module

(
M1

M2

)
ϕM

is PGF if and only if M1 is PGF

in A-Mod, M2/Im(ϕM ) is PGF in B-Mod and ϕM : U ⊗AM1 →M2 is a monomorphism.
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1. Úó9ý��£

Gorenstein ÓN�êå
u20­V60c�, �� Auslander Ú Bridger 3©z [1]¥Ú\


V>ìA�þk�)¤�� G-�ê�Vg. 20­V90c�, Enochs Ú Jenda 3©z [2]¥É�


Auslander Ú Bridger g��éu, Ú\
?¿�þ� Gorenstein Ý��, Gorenstein S��Ú

Gorenstein²"��Vg.�
ïÄ GorensteinÝ��´Ä� Gorenstein²"�, Ding , Li , Mao

3©z [3] [4]¥�Ä
 Gorenstein Ý���A~, ¡�r Gorenstein ²"�. �5, 3©z [5]¥

Gillespieòr Gorenstein²"�·¶� DingÝ��. Yang, Liu, Liang3©z [6]¥ïÄ
?¿�

þ DingÝ��±9 DingS����
ÓN5�.

- A , B ´�, U ´� B m AV�.K¡ T =

(
A 0

U B

)
´äkÝ
¦{Ú\{�/ªn�Ý


�./ªn�Ý
�3�êL«Ø¥äk­���^.ù«��Ð�^5�E�~,¦��Ú��

nØ�\´LÚäN.gd,/ªn�Ý
�9Ù��nØ���5�õ�'5. Mao3©z [7]¥

ïÄÚ�x
/ªn�Ý
�þ� DingÓN�.5¿� PGF�´q�aAÏ�­�� Gorenstein

²"�,�©òïÄÚ�x/ªn�Ý
�þ� PGF�.
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�©¥,¤k�Ñ´kü ���"(Ü�.éu� R , R-ModL«� R-��Æ, Mod-RL«

m R-��Æ. T =

(
A 0

U B

)
L«/ªn�Ý
�,Ù¥ A , B ´�, U ´� B m AV�.

�e5,�Ñ�
�©¤I�VgÚ®�(Ø.

d©z( [8]§½n 1.5)�, � T -��Æ T -Mod �du�Æ Ω. ùp�Æ Ω �é�´n�|

M =

(
M1

M2

)
ϕM

,Ù¥M1 ∈ A-Mod, M2 ∈ B-Mod, ϕM : U ⊗AM1 −→ M2 ´B-��.l

(
M1

M2

)
ϕM

�

(
N1

N2

)
ϕN

���´

(
f1

f2

)
,Ù¥ f1 ∈ HomA(M1, N1) , f2 ∈ HomB(M2, N2) ,�÷vXe��ã:

U ⊗AM1

ϕM

��

1⊗f1 // U ⊗A N1

ϕN

��
M2

f2 // N2

½Â ϕ̃M ´M1� HomB(U, M2)�A-��, ϕ̃M (x)(u) = ϕM (u⊗ x),Ù¥ u ∈ U, x ∈M1.

aq/, mT -��Æ Mod-T �du�Æ Γ . �Æ Γ �é�´n�| W = (W1,W2)ϕW
, Ù¥

W1 ∈ Mod-A, W2 ∈ Mod-B, ϕW : W2 ⊗B U −→W1´A-��.lW = (W1,W2)ϕW
�(X1, X2)ϕX

�

��´ (g1, g2),Ù¥g1 ∈ HomA(W1, X1), g2 ∈ HomB(W2, X2),�÷vXe��ã:

W2 ⊗B U
ϕW

��

g2⊗1 // X2 ⊗B U
ϕX

��
W1

g1 // X1

½Â ϕ̃W ´W2� HomA(U,W1)� B-��, ϕ̃W (y)(u) = ϕW (y ⊗ u),Ù¥u ∈ U , y ∈W2.

� T -��S� 0 →

(
M1
′

M2
′

)
ϕM ′

→

(
M1

M2

)
ϕM

→

(
M1
′′

M2
′′

)
ϕM ′′

→ 0 �Ü��=�S� 0 →

M1
′ →M1 →M1

′′ → 0Ú 0→M2
′ →M2 →M2

′′ → 0Ñ´�Ü�.

�M =

(
M1

M2

)
ϕM

´� T -�, W = (W1,W2)ϕW
´m T -�.d [9][·K3.6.1]�,kÓ�ª

W ⊗T M ∼= (W1 ⊗AM1 ⊕W2 ⊗B M2)/H,

ùpH = 〈(ϕW (w2 ⊗ u))⊗ x1 − w2 ⊗ ϕM (u⊗ x1) | x1 ∈M1, w2 ∈W2, u ∈ U〉.

½Â1.1 ¡� R-� M ´PGF� [10][p.15],XJ�3��Ý��R-���Ü�· · · → P−2 →
P−1 → P 0 → P 1 → · · · ,¦�M ∼=Ker(P 0 → P 1),¿�é?¿S�m R-� I, I ⊗−�±Ù�Ü.
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2. /ªn�Ý
�þ� PGF�

Ún2.1 -M =

(
M1

M2

)
ϕM

´� T -�, W = (W1,W2)ϕW
´m T -�.

(1) ( [11]§½n 3.1) M ´Ý�� T -���=�M1 ´Ý�� A-�, M2/Im(ϕM )´Ý�� B-�,

ϕM ´ü�.

(2) ( [12]§·K 1.14)M ´²"� T -���=�M1´²"� A-�,M2/Im(ϕM )´²"� B-�,

ϕM ´ü�.

(3) ( [13]§·K 5.1) W ´S�m T -���=� W1 ´S�m A-�, Ker(ϕ̃W ) ´S�m B-�,

ϕ̃W : W2 → HomA(U,W1)´÷�.

Ún2.2 � X ´� R-�.±e�d:

(1) X ´ PGF�.

(2) �3��Ý�� R-���Ü�· · · → P−2 → P−1 → P 0 → P 1 → · · · , ¦� X ∼= Ker(P 0 →
P 1),¿�é?¿S��êk��mR-� G, G⊗−�±Ù�Ü.

y² (1)⇒ (2)�3Ý�� R-���Ü�

Λ : · · · // P−2 // P−1 // P 0 // P 1 // · · ·

¦� X ∼=Ker(P 0 → P 1),¿�é?¿S�m R-� I, I ⊗R −�±Ù�Ü.b� id(G) =n <∞.K�

3�Ü�

0 // G // I0 // · · · // In−1 // In // 0

Ù¥z� IiÑ´S��.@o��E/��Ü�

0 // G⊗R Λ // I0 ⊗R Λ // · · · // In−1 ⊗R Λ // In ⊗R Λ // 0

Ï� I0 ⊗R Λ, · · · , In ⊗R Λ´�Ü�,¤±d( [14]§½n 6.3) � G⊗R Λ´�Ü�.

½Â2.3 ¡ X´Ý��)a,XJ P(R) ⊆ X ,¿�e 0 → X ′ → X → X ′′ → 0´á�Ü�,Ù

¥ X ′′ ∈ X ,KkX ′ ∈ X��=� X ∈ X.

Ún2.4 PGF�a'u�Úµ4, PGF�a´Ý��)a.

y²Ï�ÜþÈ�±�Ú,¤±´�PGF�a'u�Úµ4.d( [9]§½n 3.8)� (PGF ,PGF⊥)

´��¢D{Lé,= PGF�a´Ý��)a.

½n2.5 -BU�²"�êk�, UA ²"�ê½S��êk�, M =

(
M1

M2

)
ϕM

´� T -�.K±

e�d:

(1) M ´ PGF� T -�.
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(2) M1´ PGF� A-�, M2/Im(ϕM )´ PGF�B-�,¿� ϕM ´ü�.

AO/,eM ´ PGF� T -�,KU ⊗AM1´ PGF� B-���=�M2´ PGF�B-�.

y²

(1)⇒ (2)�3Ý�� T -���ÜS�

∆ : · · · →

(
P−11

P−12

)
ϕ−1

∂
−1
1

∂−12


−→

(
P 0
1

P 0
2

)
ϕ0

∂
0
1

∂0
2


−→

(
P 1
1

P 1
2

)
ϕ1

∂
1
1

∂1
2


−→

(
P 1
1

P 1
2

)
ϕ1

→ · · ·

¦�M ∼= Ker

(
∂0
1

∂0
2

)
,¿�é?¿S�m T -� I, I ⊗T −�±Ù�Ü.u´��Ý�� A-���Ü

�

Λ1 : · · · // P−11

∂−1
1 // P 0

1

∂0
1 // P 1

1

∂1
1 // P 2

1
// · · ·

Ù¥M1
∼=Ker(∂0

1).

�E´S�m A-�,K�3m T -���ÜS�

0 // (E, 0) // (E,HomA(U,E)) // (0, HomA(U,E)) // 0

dd��E/��Ü�

0 // (E, 0)⊗T ∆ // (E,HomA(U,E))⊗T ∆ // (0, HomA(U,E))⊗T ∆ // 0

dÚn( [13]§·K 5.1)Ú( [15], p.956)�, (E,HomA(U,E))´S�mT -�,ÏdE/ (E,HomA(U,E))⊗T
∆´�Ü�.

Ï� fd(BU) <∞ ,d( [16]§½n 6.3)� id(HomA(U,E)) <∞,?
 id(0, HomA(U,E)) <∞.

dÚn2.1 ��E/ (0, HomA(U,E)) ⊗T ∆ ´�Ü�. Ïdd( [14]§½n 6.3)�, E ⊗A Λ1
∼=

(E, 0)⊗T ∆´�Ü�,=M1´ PGF�A-�.

�λ1 : M1 → P 0
1 , λ2 : M2 → P 0

2 ´i\N�.�Ä3 B−Mod�Æ¥���ã

U ⊗AM1

ϕM

��

1⊗λ1 // U ⊗A P 0
1

ϕ0

��
M2

λ2 // P 0
2

Ï�UA�²"�ê½S��êk�,d( [17]§Ún 2.3)ÚÚn 2.2� U ⊗AΛ1´�Ü�.¤± 1⊗λ1

´ü�.du ϕ0´ü�.Ïdd��ã� ϕM ´ü�.

éu?¿i ∈ Z,�3∂i2 : P i2/Im(ϕi)→ P i+1
2 /Im(ϕi+1)¦�±eã´1�Ü���ã.
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...

��

...

��

...

��
0 // U ⊗A P−11

1⊗∂−1
1

��

ϕ−1

// P−12
//

∂−1
2

��

P−12 /Im(ϕ−1) //

∂−1
2
��

0

0 // U ⊗A P 0
1

1⊗∂0
1

��

ϕ0

// P 0
2

//

∂0
2

��

P−12 /Im(ϕ0) //

∂0
2

��

0

0 // U ⊗A P 1
1

1⊗∂1
1

��

ϕ1

// P 1
2

//

∂1
2

��

P 1
2 /Im(ϕ1) //

∂1
2

��

0

0 // U ⊗A P 2
1

��

ϕ2

// P 2
2

//

��

P 2
2 /Im(ϕ2) //

��

0

...
...

...

Ï�1��Ú1���Ü,´�1n��Ü,=kÝ�� B-���Ü�

Ξ : · · · // P−12 /Im(ϕ−1)
∂
−1
2 // P 0

2 /Im(ϕ0)
∂
0
2 // P 1

2 /Im(ϕ1)
∂
1
2 //// P 2

2 /Im(ϕ2) // · · ·

d [14][½n6.3]�M2/Im(ϕM ) ∼= Ker(∂0
2).

� G´S�m B-�.Kd� B−���Ü�

0 // U ⊗A P i1
ϕi

// P i2 // P i2/Im(ϕi) // 0 .

����Ü�
G⊗B U ⊗A P i1

1⊗ϕi

// G⊗B P i2 // G⊗B (P i2/Im(ϕi)) // 0 .

¤±k
G⊗B (P i2/Im(ϕi)) ∼= (G⊗B P i2)/Im(1⊗ ϕi) ∼= (0, G)⊗T

(
P i1

P i2

)
ϕi

Ï�(0,G)´S�m T -�, ¤± G ⊗B Ξ ∼= (0, G) ⊗T ∆ ´�Ü�, =y�M2/Im(ϕM ) ´ PGF �

B-�.

(2)⇒ (1)Ï� ϕM ´ü�,¤±�3T -Mod �Æ¥��ÜS�

0→

(
M1

U ⊗AM1

)
−→

(
M1

M2

)
ϕM

−→

(
0

M2/Im(ϕM )

)
−→ 0.

ky

(
M1

U ⊗AM1

)
´ PGF�.d^���3Ý�� A-���Ü�

Λ : · · · // P−11

∂−1
1 // P 0

1

∂0
1 // P 1

1

∂1
1 // P 2

1
// · · ·
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¦�M1
∼=Ker(∂0

1),¿�é?¿S�m A- � E, E ⊗A −�±Ù�Ü.Ï� UA²"�ê½S��ê

k�,d( [17]§Ún 2.3)ÚÚn2.2� U ⊗A Λ´�Ü�.¤±kÝ�� T -���Ü�

Υ : · · · →

(
P−1

U ⊗A P−1

)
ϕ−1

 ∂−1

1⊗ ∂−1


−→

(
P 0

U ⊗A P 0

)
ϕ0

 ∂0

1⊗ ∂0


−→

(
P 1
1

U ⊗A P 1
2

)
ϕ1

→ · · ·

¦�

(
M1

U ⊗AM1

)
∼= Ker

(
∂0

1⊗ ∂0

)
.éu?¿S�m T -� (E1, E2),�3Mod-T �Æ¥��Ü�

0 // (E1, 0) // (E1, E2) // (0, E2) // 0 .

Ï�

(
P i

U ⊗A P i

)
´Ý�� T -�,¤±k�Ü�

0→ (E1, 0)⊗T

(
P i

U ⊗A P i

)
→ (E1, E2)⊗T

(
P i

U ⊗A P i

)
→ (0, E2)⊗T

(
P i

U ⊗A P i

)
)→ 0.

®�(0, E2)⊗T

(
P i

U ⊗A P i

)
∼= (E2⊗BU⊗AP i)/(E2⊗BU⊗AP i) = 0. ¤±(E1, E2)⊗T

(
P i

U ⊗A P i

)
∼=

(E1, 0) ⊗T

(
P i

U ⊗A P i

)
.qÏ� E1 ´S�m A-�,¤± (E1, E2) ⊗T Υ ∼= (E1, 0) ⊗T Υ ∼= E1 ⊗A Λ

´�Ü�,=y�

(
M1

U ⊗AM1

)
´ PGF� T -�.

�e5y²

(
0

M2/Im(ϕM )

)
´ PGF� T -�.d^��,�3Ý�� B-���Ü�

Θ : · · · // Q−1
f−1

// Q0 f0

// Q1 f1

// Q2 f2

// · · ·

¦�M2/Im(ϕM ) ∼= Ker(f0),¿�é?¿S�m B-� G, G⊗B −�±Ù�Ü.K��Ý�� T -�

��ÜS�

(
0

Θ

)
: · · · →

(
0

Q−1

)
 0

f−1


−→

(
0

Q0

)
 0

f0


−→

(
0

Q1

)
 0

f1


−→

(
0

Q2

)
→ · · ·

¦�

(
0

M2/im(ϕM )

)
∼= Ker

(
0

f0

)
.
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éu?¿S�m T -� (E1, E2)ϕE
,�3�Ü�

0 // Ker(ϕ̃E) // E2
ϕ̃E// HomA(U,E1) // 0 ,

Ù¥ E1,Ker(ϕ̃E)´S�.Ï� fd(BU) < ∞,d( [16]§Ún 2.2)� id(HomA(U,E1)) < ∞,¤±

id(E2) <∞. dÚn2.2�, (E1, E2)⊗T

(
0

Θ

)
∼= E2⊗B Θ´�Ü�,=y�

(
0

M2/Im(ϕM )

)
´ PGF

� T -�.

dÚn 2.4�, M =

(
M1

M2

)
ϕM

´ PGF�T -�.

��,eM =

(
M1

M2

)
ϕM

´ PGF� T -�,K�3�Ü�

0 // U ⊗AM1
ϕM

//M2
//M2/Im(ϕM ) // 0 .

Ù¥M2/Im(ϕM )´ PGF�B-�,dÚn 2.4� U ⊗AM1´ PGF�B-���=�M2´ PGF�B-�.

íØ2.6 �R´�, T (R) =

(
R 0

R R

)
�en�Ý
�, M =

(
M1

M2

)
ϕM

´� T (R)-�.K±e�dµ

(1) M ´ PGF� T (R)-�;

(2) M1ÚM2/Im(ϕM )´ PGF� R-�� ϕM ´ü�;

(3) M2ÚM2/Im(ϕM )´ PGF� R-�� ϕM ´ü�.

y² d½n2.5�.

Ä7�8

I[g,�ÆÄ7]Ï�8(11561039¶11761045); =²�Ï�Æ/z¶�c`D<â��Oy0Ä

7]Ï�8¶[��g,�ÆÄ7]Ï�8(17JR5RA091¶18JR3RA113)"
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