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Abstract

In this paper, we propose a generalized-proximal alternating direction method of multipliers
(gPADMM) for separable convex optimization problem. Compared with the approximate proximal
point algorithm (APPA) and the extend proximal alternating directions method (ePADM), the new
algorithm not only updates the structure of customed matrix, but also induces random variables
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for random acceleration to update the step length, which overcomes the inflexibility of the old al-
gorithms' fixed step length. We prove the global convergence of the new algorithm under certain
mild conditions. And preliminary numerical experiments show that the algorithm is effective and

the gPADMM converges faster than the old algorithms.

Keywords

Generalized-Proximal Alternating Direction Method of Multipliers, Separable Convex

Optimization, Random Acceleration, Global Convergence

Copyright © 2021 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. 5]
AL e — AN ELAT B0 T TR T 4 B A A 1)

][l

min{f(x)+g(y)|Ax+By:b,xeX,er},

(1.1

Kb X cR"Y cR® ZAFMER. O, EEEE, (X >RMg: Y - RZNEH(A 2T

BE). 4eR™™,BeR™™ REENHIE, beR"E—IIE.

Glowinski [1]F1 Gabay [2]iERH 2 F38 ) ik B H 77 7(ALM) RS B 5 [ 36 1~ 7 06 i (1.1) 2

AR FEXTR(1.1), ALM SiEREARE RN

x**! = arg min {f(x)+§

xeX

xeX

Y= argmin{g(y)+§

plLayl —ﬂ(Axk“ +Byk+l —b).

Ax+ By —b——

Ax! +By—b—lﬂk
B

|

(1.2)

Gabay [3]% 8] ADMM H.3:7E A Jfi_E & Douglas-Rachford 732275 5/ —F# 8 fii[4]. Cai, Gu Al He £
SCHR[STHR R AL T — P B 1] BRI AR i VA (PPA) KRR ADMM B3k, JRFEH T —F0 L ADMM &

%(gADMM), BIEE %74 7 — A HE 1, B .

7 :argmin{f(x)+§ Ax+ By —b—

xeX

At =2 - p( 45 + By -b),

)k

1

\

jk:argmin{g(y)+£ Afck+By—b—i/{" 2}, (1.3)
ye¥ 2 B

X =5

==y (v -5,

ARt = pk —y(lk —/ik), ye (0,2).
DOI: 10.12677/pm.2021.114062 486 PRS2


https://doi.org/10.12677/pm.2021.114062
http://creativecommons.org/licenses/by/4.0/

e &%

PR R R Wit = (W A o B SURRER RN

nyxm nyxny nyxm
0 BB'B  —-B"
Q — nyxny
Omxnl -B _l ]m
B

WL UA BT, AT BUARBLER G F(1.1), ADMM S A W2 Ak, 2Bt fiR R, SCHR6]h
7 DRSM HEFELE[ 7)1 w3t — DR AR s BRI B . Jiang, B. Q., Peng, Z., Deng, K. K.3&H T
HT R R 1 QB3 RUSRE, ARS8 s ST B VA R 42 RS E AN O (/WS S8 2 . BRI, FE[6]H 2
WO PPA B [9]H 2 HH 1R sk 7 ZE R nid J5 4 ADMM. fdlt, [101 1 TAER B 1 FF & T B AL Rk
FIRTRENE, JLRFETT M2 AN ADM A HEAR AR . AE[11]H, 250 REENFRR T XL B 7 sk 1
R UG s IE MRS &, DA B T 20 B G5 R AR 0 ASSE SCIR) RV, IR ST e 72 38 [ A AR
il [y e SC_E BIE AR AR BB B M 1 — R St ) 3 T PADM I R B 592, 1205 148K T [12] ADM,
PPA FIF BERABIF IR BT UL sl AE[13]7, ARAE A AR M s i 20 A O BEHLECR BERLY FE DA, JRE X — 2K
Ao NGRS TR KW 7575 B, (ERLESEPRN T, SRR R R A AR, R
FEABL IR o

N T RLXFIXEESERREOL, A SCAES T BIE A, JER A BENAS R IR, AR SR [ E P K.
G, P T XHIRBEAL B T e T . AR SE AT, ASCGIEW] 1 RSt [, A
SCES BB SRS, IERAE 5 DRI SRS R AR L, B REAE SR b B A RO BB M R .

AR AN o ASCHIEE 2 Tifid 1 — LSRR R AN 51 B, DAE S SRIER . 7RSS
39 SRR R (1L DB 1T SRR A B T R 3§ T5 1 TR I VA IS E R AE 56 4 T h A ERIER] .
FEEE 5 A5, SLARTHR R SRVEA LD, — S8 OB 45 RAER HORR TR 7 IR s 8 . BB 7y i
85 7RSI LR
2. FEANR

AHith T AR P WU FR. B4, A0 ul = VuTu % Educlidean 16
B0 () FRAWBL 2 Qe R xR xR & R E— MRS & T4 24 B I AT4 Q AR FUES R
I, A& x e R RN & i IR R, Rk (PQ [x])i = max{O,xi} o

FIE 2.1 & ¢ >0 N, CoOARER AN, HHMY

x" =P, [x* —;’f(x*ﬂ, x eC

=& VI(f,C) Ak

i e(x,¢) = x— P [x—C f (x) ]| MRS, WVI(f,C) B FHE o(x, &) 2. FiL,
AT (o, ¢ | FEA S IR R — A3 0, FAEA >0, (x| At .

PR SN, X TAR x F y, IEACHREEHE T By A LR

GIE 2.2[14] Qe R"xR" xR —NETHEME, WaXFIEEN x,yeR", #H

1) <x—PQ (x),PQ (x)—y> 20,vVyeQ

2 <PQ (x)—PQ (y),x—y> >0,Vx,yeR"xR"xR’

3) "PQ (x)—PQ (y)” < "x—y", Vx,y € R" xR"xR"

DOI: 10.12677/pm.2021.114062 487 S H


https://doi.org/10.12677/pm.2021.114062

e &%

4) <x—y,PQ ()c)—PQ (y)> > "PQ ()c)—PQ (y)"2 ,Vx,ye R" xR"xR"
2T, WAt CHAEUTENX: C={x|Ax+By=bxeQ}, HP 4, BeR™ beR", T Q
& RY IR N AR . BEA VI f,C) W] LA R S A AR oy AU B, KR VI(F,C): F4k—
Mu"eQ, 115
F(u*)T(u—u*)ZO,VueQ,

X —A"2
Hru :=(x] » o w=|y|, F(w)=| -B'2
y

Ax+By-b

KT BARRE S UL R R AR BB, I H 785 ki &8 H F).

FEX 23 VR C— R I AR (u—v) (f (u)- f (v)) 20, Vu,v e C, B4 f1E C EREHIF.

MR C 2R HIRMEE, M F:C— R EESLMSS, MAR A E(VIP) A B —Mi. R
PR BN, B8 n] DARAIE AR 43 AN %5 5 0] R PR AR A7 AE ELME—

B 2.4 W C £ R MARE WM, 1M F:C — R & MESEMS, AT ELAKx,yeC, A
<x—y,F( )—F( )>20,Vx,yeCo

SEX 2.5 BBUFHI{X, | RH X, Xy, X, ARIIBENLR &, R TER M e>0, A
lim P{(X, - X)> e} =0, BAFMBTH (X, | RIS X, I HIH X, —">X .

53 2.6 G/RATRAZER: ST e>0RMr>0, #HH

P(|X|2€)SE(|—)r()r

€

513 2.7 B X, —> X, WBa—EH X, > Xas. JUFLAH),
3. BUARH
AR T gPADMM FLZRAE LR A(1.1), oA (L)) hu ks B H Oy
L(x,»,4)=6,(x)+0,(y)-A" (4dx+By—-b)+ —||Ax+By b . 3.1
W (') e Xxv RIVERIRAM, BAGE AL R, G (x4 )P, e
L(xy" A")-L(x".)",A")20, VxeX
L(x"\p. A7) =L(x",)" A7)0,  WyeY (3.2)
L( X,y /1) (*,y*,/l)zo, VAeR"
B, FH3.2)15 H
X _arg%m(x ¥,
Y =argminL(x',y,4"), (33)
/1*=arg1}1€i)1;L(x*,y*,/1).

MRIE[12] A 512 2.1, ASCR] AR 3 ) B (3.3) i) — B e I 2 A«

DOI: 10.12677/pm.2021.114062 488 S H


https://doi.org/10.12677/pm.2021.114062

e &%

f(x)—f(x*)—(x—x*)(AT/l*)ZO, Vx e X,
g(»)-g(y')-(y-»")(B"2")20. VyeY, (3.4)
(2- /1) (4x"+By —b)>0, VAieR",

LI, 1 RERO RSt T DA S A AR W' e W, JUR W = X xY < R™
0(u):=6,(x)+6, () &

X —A"2
X T
u::[ ], w=|yl, F(w):: -B° A . 3.5)
Y A Ax+By—b

Zr EPUR, EXERT B AL DL L), AR H AR ) gPADMM 59

#: 3.1 gPADMM 33
1) MTHEER—w, B

fc"=argmin{9() </1 Ax+ By* b> ﬂHAx-%—By sz R+SHx xH}

~k H =k ﬁ =~k k (36)
5 =arg“5nn{ez(y)_<z,f1x ey b) e 24 myoff + Sy }
At =2" - p(A% + BV -b),
@) 5
W = -na, (wk e )’ 3.7)
I L j:k y _j}k
ﬁq:‘(:,‘— Zé‘ k_H H ( ) ( )

v =,
0

max(‘w —w D
<

max(‘w" VNVOD

(3) fFIbAEM: T stope = 10°, W stopc<e, MWHFEIEEAR, BUIRE k=k+1.

B30 THRIE & = o(ab) H AN ML LA ST A1, 3. = o(a.b) 1)
MW E (&) k=12« B5h, (EBMBERITRATEIE p(474) 84" .

4. Yrssri4aiEeEA
FEARTR, KT EEE22 0 ANERCRIEHEE 3.1 14 BUcsirt. Wik, AXRG.0ZNEAUT
TEA AR 73 A
(x'—i"){&l(i")—AT[/l"—ﬂ(AJE"+By"—b)]+(R+S)||)E"—x"||2}20, Vx'e X,
(y’—ﬁ"){@2 (5)-B"[2* - (45" + B ~b) |+ 5]7* —y"||2} >0, Vy'eY, @
A= 2 - (45 + BV —b).
$2 RN 51N S EE T 5] HUR G BEORAE B SR RIS, W B .
S 41 L0t = (8,54, 00 RITARG.6)ERAE], I TAERE w' ew ZEB.D IR,
(GEl

(o) Qo = 2| = (4 -2 B ). @2

DOI: 10.12677/pm.2021.114062 489 S H


https://doi.org/10.12677/pm.2021.114062

e &%

(R+S)L, 0 0

nyxny nyxm

T
;H;EPQ: Onzxnl IBB B+S]n2 Olnzxm
0 0 i

R HTFwew ,xeXxIHyey, Wanlk

(#-x) (6(x)-4"2)20,

(=) (o)-577)20

H(3.6) MmN @4.3)+ HEF 6, F1 0, B siftt, 154
{(AgkAx*)T(zk4*)+(;kx*)(R+s)(xwk)> (a7 - ax')' (B - B7*),
(B ~By') (B =27 )+ (5 ") S ('~ )20,

Hk, H4.4) 3.6)LK Ax + By =b 1350
%(ik—l*)T(lk—}:k)+(ik—x*)T(R+S)(xk—ik)+()7k—x*)TS(yk—)7k)

> (A% —ax') (B - BY),

(4.3)

(4.4)

4.5)

TE(4.5) AR L (B3 - By’ )T (By* - B3* ) RHERE Q (152 SR Ax” + By =b , T/2A3H
(# —w') o(w' —i) 2 B4 + B ~b) (By* ~B7) o
>(24-24) (B - B7),
(=) Qo =)zt - (22 (10" -5,
Rk, 513 4.1 Bi0E.
FIE 42 &0 = (#7005 RIMARG.O)EMRMR], Iant TAERK w ew RHEADM R,
ot 2 o 2 -2 ()t @
YEBH H 53 4.1 F1(3.6) 15

2

"ﬂzk —w*"ZQ =|[wh —w’ —(wk —Wk)
= ”wk —w*"; +2(wk —W*)T Q(wk —ﬂ/k)+||wk —ﬂ/k";
<[w* —w*||2Q —2|:||wk _— ||f2 +(25 =) (B - B )}+"wk _— ||;
<ot —w ) [t =t -2(2 - 1) (B - B5)

L, 5158 42 R HAR@TERY d (wh, 7 ) = wh - R | —w*||2Q PR T ).

TH 4.1 B w R, A SHES B A v :(Sc",j/‘,ik) , ASCRE S I — SR R 2L

DOI: 10.12677/pm.2021.114062 490 S H


https://doi.org/10.12677/pm.2021.114062

e &%

W (a)=w' -a, (wk —ﬁ/k),

0" () =o' =l = ()=,

k o~k K~k K 5k\T k ~k (4.8)
o(whit )=t it [+ (2" - 2) (B - B7),
y/k(a)=2a¢)(wk,ﬂ/k)—a "wk ~k"
LT E I W :(x*,y*,/i*)eW*,aZO, 115 0" (a) 2 y" () (4.9)

WERA Hi(4.8)RT AN

<12

«|2 -
W (a)-w " :”wk—ak (wk—wk)—w
0 o

|2 £\ T - ~r 12
:"wk -w "Q—Zak (wk -w ) Q(wk —wk)+a§ "wk —wk"Q

2 2
< ”wk —w*”Q —Zago(wk,wk)—i-az "wk —wk"

:"wk —w*"zQ -y (a).
i, (4.9)430F.
MEHL 4.1 WAy () 2 0 (a) — A FRE 6 (a)2y" (a) . Hy" (a) e LAk, BRKET o
— AR E, HERERRE

- || ||w ]
R EILIE K.
SEH 42 MR O0<a<E(E)=p<b, F%WJ{ "}féEBf“XEI’J%iEi%ﬁI’Eﬂ%?&?EEE, i 7S]
R e s e 2r M| @10

ER 51 F 4.1 F1(3.7), FHA1EH]

= [t [, ~2men (=) () o~

2 2
k+1 * k k ~k *
w —w”Q:“w —kaak(w —W )—w

0

@.11)

T

e T R YT I
s "W -w " __77k (2-m )y ("Wk - ||2Q +(ﬂk - )T (Byk - Bj* ))

T 51’52’”'7510’”%Zﬂjﬂi@/}j%%ﬁ’ A DAHEH nk,wk,ﬂ/‘ Al ||W/f —ﬂ/kHZQ +(ﬂ,k —ﬁj/‘ )T (Byk _Bj}/‘) W2
AL XA

B) (126 -1 2 E(E) = B(a) >

DOI: 10.12677/pm.2021.114062 491 S H


https://doi.org/10.12677/pm.2021.114062

2

=2 W e
W "Q HIECF B 2

*||? ~k
W ”Q):E(”Wk_mak W — k)_

*z)
=E(||Wk_w||) E(277kak W —w') 0w _ka)) (neat, ZE(||Wk_wk||;)
s(pt ;)220 (nw w22 (8 -5

+ () E(<7) E(llw’f ~’fll)

<t [, J-o2- ) -

CENESES SE T
ik 4.1 WRO<a<E(&)=p<b, FFFI{wh| Rl UNAER 87 TR TR, AT
(1) 551 () B ) BRI

@ KA e RSN
£t ;)

) limE("wk i ||2)= 0

k—©

SEH 43 WIR0<a<E(&)=p<b, FF{wh| Rl AR A 7 PR £, A5 {w ]

KHER ISR w* e W™ s
WERH MHEWR 4.1 F15(3 4.2, 53]
l}i_r)?oE(”Agk + B _b||; +H3( Yo )HZQ] 0. (4.12)

RORFEA | E (5 )| S, TA ST DA — NI & B (w ) R0 ()} f— St
e HAEE— A%ﬁm@'%»&ﬁﬁgww,%Zﬁﬁ~¢%ﬁﬂ§w'mmzwaﬁmwdw,mﬁ

WL sy,

M| 2.3 ?%’éﬂ??ﬂ{kaf}IHZUZ\QMMMJ@J ", %KZE&ﬂﬁia??ﬂ%{kaf}, (B

im w7 =w”  as. (4.13)

ZaARB.6). @.12)F@4.13), A

lim (x—fck’ )T {91 (fckj )— AT } >0, VxeX

Jj—®©

lim (- 5" )T {ez(ykf )—BT/T*/} >0, VyeY

Jj—o

lim (A)"ckf + B - b) =0

(x—xw)T{Hl(x”)—ATﬂw}ZO, Vxe X
T (y—yw)T{Qz(yw)—BTi”}zo, VyeY .
(Ax°° + By” —b):O

DOI: 10.12677/pm.2021.114062 492 S H


https://doi.org/10.12677/pm.2021.114062

e &%

BRI, WrLMEH o” e W .
SN tim () = E () Wt ([ - |} ) =0« FBFEY lim B[t -] ) =0, HartEs:

Jj—oo

We>0, HI>0, TRER

A
E("ﬂ»k’ —w°°||;) <£ (4.14)

Rk, SRR k >k H4.14), w%I

E("wk = ||2Q ) < E(||wkf — ||2Q) < E(||w"1 _ ||2Q)+ E(||wkf = ||2Q) <& (4.15)

e Tim B (|t w7 ) =0
g5 H# 2.2 F1A4.15), AR ELEN e>0, WMRFEI>0, R¥E k>, HA

2
E(w =]
k 302 [¢]
e P L 7 B
o €

W23 fim (| w7 2] =0.
k—o [
Bk, Fral {a)k} R E w™ e, WME o' Lo 0™ .
FI, SR B A T
5. H{EscL
A I B S N R SR A
Bl 5.1 BoE, HRER . AT ISIEEH R s A giit i, o AR
min{%”X—C”QF | Xes! ﬂSB}, (5.1)
Heh s, ={HeR™|H,>H>H,}.
W SN AR R YR y _y =0, WG D AERT RS AW R 5 B ]
min{%"X—C"; +%||Y—C||; | X=Y,XeS!.Ye SB}, (5.2)

WARH, (S 2R R (L DI — MR, I p(4T4)=p(B"B)=1. % Ae R RAMEAH
X -Y =0 MHits B HIe 1. X‘i?éﬁ%ﬁ‘](ﬂj",ﬂ"), FVRBEF A SR k1 IS, B

Xt :arfgin{%")(_cuz+</1",X—Y">+§"X—Y""2 +RJ2FS||X—X"||2},

7= argmin{%llY—dF (2,2 -r) e Ly - ||2}, (5.3)

YeSp
=20 - p(XF-T").
IEAR(S3) B X-1 ] AL T SVD ) R FEAT R, "€ 7R A UGS AT AR i ) 6 ZEH B0 - 35 4R(S.3)
) Y-p g g — e, At

DOI: 10.12677/pm.2021.114062 493 S H


https://doi.org/10.12677/pm.2021.114062

e &%

" =p, {;(5(" . +C+SY")},
EIS+1+p
Horp Py FORIRAEI LA EIR A Sp IR
ERHCT T, T AR i, B C=(c,) R, e (~1,1) BEHUAERE. X T45 M5,
MR 20 NBEFLSEH] . AT, K X0 YO BB nxon MOTERERE, A% AN n 4ET R, JF HE

max(|w’”1 —_— |)
sg=—— <10 I NEVR L T

max(|w° —v?/0|)

BRSNS R T 1 Fos.

0.8 . - - : - 0.9
————— APPA —-—-— APPA
0.7+ — — — ePADM | 08F- — — — ePADM
: gPADMM gPADMM
06l | 0.7F
0.6F
0.5
Q o A 05¢F
[e]
204 2
0.4Ff
0.3f
| 0.3}
0.2f i
A 02§
L\ J \
0.1p % 0.1
N A}
0 T A i N " L 0 by, n L L L L
0 100 200 300 400 500 600 0 100 200 300 400 500 600 700

Number of Iterations Number of lterations

0.9

I — — — ePADM
0.8 gPADMM

0.7+
0.6F
205F
=
“04¢
0.3}
0.2 i

A
0.1
\

OO “1(')6 260 360 4(I)O 560 660 760 860 900
Number of Iterations

Figure 1. Comparisons of APPA, ePADM, gPADMM: n = 100, 200, 500

[ 1. APPA, ePADM, gPADMM Z=HEARIELE: » BL 100, 200, 500

Table 1. Numerical results of Example 5.1: Comparisons of APPA, ePADM, gPADMM
F 1. 5.1 BISCIRZER: APPA, ¢PADM, gPADMM =B ERIHLES

p=19
gPADMM APPA [16] ePADM [16]
n =100 Iter. =266, s =2.139 Iter. = 529, s =4.725 Iter. = 275, s =2.441
n =200 Iter. = 355, s = 12.995 Iter. = 686, s =23.919 Iter. =358, s =13.013
n=>500 Tter. = 425, s = 110.273 Iter. = 823, s = 216.642 Iter. = 430, s = 107.588
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