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Abstract

In this paper, we mainly study the energy conservation for the weak solutions to
the three-dimensional incompressible magnetohydrodynamic equations of viscous non-
resistive fluids in a bounded domain. To get energy conservation, we first use the global
mollification method to the equation, next take cut-off function, then get the limit of
5,e,7. We propose a condition for (u,b,P): ue LV/LL,be L}L:, Vbe L?L2 and P €
L? 2.
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1. IRERREELR

YA G JC i FEROMHD J7 15

divu = 0,

u, +div(iu®@u) + VP = (V x b) x b+ pAu,
b, — V x (ux b) =0,

divb = 0,

(1.1)

EEP? u= (u17u27u3)(x7t) ﬁi—{i}ﬁﬁgﬂgj\%fgv b = (b17b27b3)(x7t) %%Eﬁj%a P = P(lL’,t) i%ﬂi\‘t_bjj
AR R Bk = YEANTT R A8 O REFEROMHD 7 B 4L (1. 1) FE A ST Xk Q@ ¢ RPEA TR iUfE 5%
{58

u |3Q: Oa (12>
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A 2% F
u(z,0) =up(z), b(z,0) =be(x), z € Q. (1.3)

EX 1.1 MTEEN T > 0, HHUEI L ug, by € L*(Q), WRA LN JLRIRAL

o JAIH (1.1)-(1.3) FEAEMA] D'(Q x [0,T)) Har Hi /2

w e L®(0,T; L(Q)),
u € L*(0,T; Hy (),

(1.4)
b e L=(0,T; L*(Q)),
P e L*(0,T; L, (Q));
o XER ¢ € C5o(Q x [0,T))
’ . b|? .
/ / (u-npt+u®u:Vnp+Pdlvgofb®b : V(erlevgoquu : Vgp)dxdt
0 Q
+ [ wl@)ple.0)ds = 0
Q
o MRREEALEXXNSILTFHAER t € [0, T] AL
1 2 1 2 ! 2
/(2|u| +31b] )dx+/ /M|Vu| duds
Q ) ) 0 JQ (15)
< [ Gl + g bof)d
TFR (u, b, P) 2R A(1.1)-(1.3) 7€ Q x [0, 7] LH—/F5fF.
FSL b, IR TR, AN s S AR, o TR R A AL
1 2 1 2 ! 2
/(2|u| + §|b| )dz +/ / p|Vul“dzds
Q 0 Q (16)

1 2 1 2
- b [?)dz.
[ Gluol + bz

FEME (1.1)H, ;b = 0, Wi b @A B A 7] K 46 1) Navier-Stokes 77 FE7E A F48 - RE =
SRR )R % A AR S (1] B SRR TR 2 CE (1] 8 Kk, FATHEFA 0T 48 o G FE
BOMHD J5 #2756 Ftik b 1 B8 & 55 18 n] .

ARSI T E SRR
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EIR 1.1, 4 QA FITE, LT 0 Fie C' Gt i

u(z,0) = ug(z), divuy = 0 fEZ[AID'(Q) H AL
b(z,0) = by(z), divby = 0 fEA[H D’ (Q) H L.

it (u, b, P) & FR4H 0 2 e 1.1, M 55fE. W

P e L*(0,T; L*()),
ue LP(0,T5 L)), p=4, ¢ 26,

H
b e L*(0,T; L*(2)), Vb € L*(0,T; L*()),

TXHMER ¢t € [0,T), BEESFN (1.6) BT,

2. LSRR ERASIE

(1.7)

(1.8)
(1.9)

(1.10)

3138 2.1.(Hardy B AR [2]) WHf € WP (Q), p € [1,00), HFEE—NEH C = C(p, Q)

H5pfQHRK, BA

f(z)

L — < 1,90 -
dist(x,00) - C”f”WO )

LP(Q)

T 5INS B YA RIIE S 4518, 27 Chen-Liang-Wang-Xuff) 3CF [1]) A Evansf)+5 [3].

SHERM (z,t) € Q x (6,7 —¢), HiF Q' cc Q, & XHEH

t

T 1 =z
ue(w)t> = / / 'I.l(y, S)UE(x - y)t - S)dydsa WE(x)t> = 7477(7» 7)5
0 QO & g &

K n(a, t) A2 SCRAE RALER ERIBRAEE .

@l 2.1. (£ LY (0, T; Wh(Q)) W, 24 e — OFFA5

u®(z,t) = u(z,t), Vp, g€ [l,+00).

(2.1)

(2.2)

BT o cct, WEEM A v € O0AFEEE r >0 XEH A :R2 > RIEV, = QN
B(z1,%) = {x € B(xy,r) : 2® > h(z',2?)} X T —MRDMUIEH e, 0 <e < 2. EFRA
x5 = x—en(zy), Vo € Vi, HAr i(z)) & 0Q 765 oy WAL AMER &, W B(2f,e) C B(zy,r1) N,

a(z,t) = u(xi,t), Ve e V.
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XHEREN (2,t) € Vi x (6, —¢) H Vi := B, 5 +2e)NQ, A

T
af(x,t) —/ /v a(y, s)n-(x —y,t — s)dyds
0 1

T
= / / u(y, s)n-(z* —y,t — s)dyds.
0 Vlfeﬁ(:rl)

Rl 2.2, (EAFE LL (0, T; WP (V) W, 2 e — OB A

(2.3)

ai(z,t) = u(x,t), Vp,qe(l,+00).

T 00 (S, 00 KT & AR B IR T, MR B IRA S 2 € 00, K r > 0 K
KRS Vi = QN B, %), i € {1,2, .., k}, 13 00 c UL, Vi A s € > (V). 178 Vo cC Q,
i3 0 c U, Vi
L (Y BB T I Vo, B(x1, ), ..., By, %)} A5, B

0<y¢; <1, i€{0,1,2,...k}
Yo € C(Vo), supp vy C Vo,

¥; € C°(B(w, %)), supp ¢¥; C B(x;, E), ie€{l,2,..,k}, (2.4)

2

7E X
[u]* (2, ) := “(z,t) +Z¢l “(x,t), Vo €. (2.5)
W [u)*(z,t) € C>=(0,T;C>(2)).
Wl 2.3, E7H LY, (0, T; WhP(Q)) i, 2 e — OFF
[u* - u Vp, qell,+o0). (2.6)
B, Me — OFH

CERBILL (0,7 W2 (Vo)) i, [ul — uf — 0

(2.7)
FERMLL, (0, T; WHP (V) 5, [u]® —af — 0.
%15222( MR (4] 51E2.3) W2k f € W (Qx[0,T1), g € L™ (2% [0, T]), HH 1 < ryryyrp <
0o, L4 L =L nFRALe, £, g EKRMFERC >0, f FRGBHOL

||3(fg) 3(]‘9 )HLT . (2%(0,T)) < CHQHLQ Qx[0,T]) (||8tf||m1 Qx[0,T]) + ||Vf||Lm(Qx 0 T])) (2-8)

&
g%ﬁ
L.&\‘:
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b 0 =0, 800 =0, ,¢° W& (2.1) iy, i —2, He 0N, F

] L, (2% (0,T)) 1, d(fg)° —(fg°) =0
AL, Hry <ocobf,r=r; Fro=00lf, r<r.

@]fi 2.3.(X ﬁ [FRHER2.1) R f e WE(Qx[0,T]),9g € L™(Qx[0,T]) HH 1 <7 r,m <

10:((F9)5 — FI) Ly omizrviy < Cllgller@xporn (10cf lem@xpo.n) + IV £l @xorn)

H
10:((£F9); = f3E) s 0,507y < Cllgllra@xiory (10ef lzm @xiory + IV £l @xiorn) »

IeAb ge e SR (2.3) . Bilt—20, M e — OB fH

FERWMLE (0, T; L(Vi) ', 0((f§): — fi5) — 0,

BeAb, Hry <ocolf,r=r; ZTro=00lf, r<r.

5138 2.4.( Aubin-Lions7| ¥, & [4]) W X & A XM Banach 25 [[], Y J& Banach %[l
X <Y, Y W4HEX hFEN. BERBFH{f.) e

{nemeﬂmm,aneL%mﬂYx1<p§m,

| fallzeco.m:x)s |10:fullzeo vy < C, V> 1.

m f, 7€ C°([0, T, X,,) FHHIXTE.

3. EFE1.1897EER

N TIEWEHR 11 SRR R HIER S, THBEARMASCE Q)T RIEE IR (1.1), B, 15

k
O (ou® + Z Y;0s) + (Yodiv(u ® u)® + Z Yidiv(a @ u);)
i=1
L (VP Y )
T . . (31)
— (thodiv(b ® b)* + Z Pidiv(b ® b)S) + | | €y Z A | |
i=1
k
— u(woAuE + Z%Aflf) =0.
i=1
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WO R B &5 [u® , Hodt &-(8) € C3 (7, T — 7)), ms(x) € C3(Q)H
0<ns(z) <1, ns(z) =1 %z e€Q H dist(z,00) > 6;

2

A4TTR(3. 1) PR b &os[u]® FAE Q x (0,7) L&Y, 135

T k
| [ somlulr-on(umn + 3 ) daa
=1

T k
+ /0 /057775 [u]* - (odiv(u @ u)® + ) ¢idiv(a @ @) )dadt

i=1

T k ~
+ /0 /Q Emsul® - (VP + > VEf)dadt (3.2)

=1

T k
- / / &msul® - (thodiv(b @ b)° + Y ¢pdiv(b @ b);)dadt
0 Q

=1

+/T/€Tns[ (oY (5 |b|2 +sz

—u/ /@m - (YoAuc +Z¢lAu )dzdt = 0.

i=1

. ‘2
)dxdt

PR R (3.2) F ST T § F e BUBGRR. Hrp 38 =0, 28 =0, SENTi0 iS5 3 (11
SIFEAL, 5IEEA 2, 5133/ EN3.2, 143

(151_1)1(1) 3_1_1}})/ / &ns[ul® - (Yodiv(u ®@ u)® + z; Y;div(a @ 0);)dzdt = 0; (3.3)
lim lim / / Enslul - (Yo VP + Z; ¢V Pf)dzdt = 0; (3.4)
T
lim lim &ns[u)” - (PoAus + Z AR ) dzdt = / & |Vul*dadt. (3.5)
6—0e—0 Q 0 Q

i=1

(3.2)HIEE— 00, VU, BB HISET & A e BUPR Y45 i R 51451 BEZA .
3138 3.1. (3.2)F I — T 2

T k T
: : € € ~€ _ 1 ! 2
tim i [ [ €mful” 00w # 3 )ant = - | €pasar
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MERR HE A (2.5) A0

/OT/Q&% 8t wou +sz dxdt

/ /57’776 d.’L‘dt
1 T
_2/ /ngéat[u]EFdxdt
0 Q
1 (7.
——5 [ [ EmlluPasat.
0 Q

xt U, 354 e — 0,6 — 0, 48 &, ns (A T K A 2,375

lim lim o / /5 75 (| — [uf*)dzdt = 0.

M,

T k T
: : € e ~e _ _1 ! 2
%lil’(l)il_}l’%/o /Qan,;[u] - O (pou® + ;:1 Yus)dadt = 2/0 /QfT]u| dadt.

5 3.1 iFE.
5138 3.2. (3.2)H (15 DY i3 2

T
lim lim / / &ms[u)® - (odiv(b ® b)* + g Y;div(b @ b)$ )dzdt = / / &b - div(b ® u)dzdt.
§—0e—0 Q

i=1

WERR ey Ry, A

/ / &ns[ul® - (todiv(b ® b)* + Z ;i div(b ® b); ) dadt

/ /&Vm@ : (Yo(b @ b)? +Zwlb®b) )dadt

i=1

T k
~ [ [ sl (b b + Y (b s b))aeds
0 Q

=1

/ /é}ns (Vi : (b@b)° +vaz. (b ® b)5)dadt

=1

=14 + Ly + 143.
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S F In

In :—/O /QgTv%@[ur : (%((b@b)g—(b@b))+Z¢¢((B®B)f—(b®b))>dxdt

i=1

[ [evme wir —w: e

T
— / / & Vns @u: (b® b)dzdt.
o Jo

F Holder A% (1.4), (1.9), (1.10), (2.4), 5l 2.1 KAl 2.1, fr

[
[\)
[\)
=
&
[\)
uoo
Pl

§—0e—0

ﬁ% I42

o= — /0 /ngmur : (%((b 2b) — (bab)) + 3 vi((bob): — (b ®b)))dwdt

T T )
— / / &ns(V[u]® — Vu) : (b ® b)dzdt — / / &nsVu: (b @ b)dzdt.
o Ja 0o Ja

i Holder AR (1.4), (1.10), (2.4), @l 2.1, fyd 2.2 My 2.3, 19
lim lim Iy = / / &Vu: (b®b)dxdt = / / &b - div(b ® u)dadt. (3.7)
§—0e—0
BaE L

Iis = — /()T/Q&m[u}{vw : (b@b)* —b@b) + zk:vm : (b®b)s — b®b)>dxdt

i=1

T k
- / / &mslul® ) Vi 1 (b @ b)dadt
0 Ja i=0

_/OT/erna[u}e(vwo . (b@b)* —bab) +§:V¢i: ((b®b): —b®b)>dazdt

_ /OT /Q £.mslu Z lbz (b ® b)dzdt

1=0

i Holder A& K (1.4), (1.10), (2.4), AV 2.1, #r i 2.2 Al 2.3, 15
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RS (3.6), (3.7), (3.8) B
T
(ISI—)I% ‘11_13(1)([41 + I42 + I43> = —/0 /957-]3 : le(b & u)dl‘dt

5| 3.2 F K.
5132 3.3. (3.2)H 15 FL 0 2

1mnm/ [ bl (w09 (2 +§)m v )dzat — .

§—0e—0

WERR SRy, A

k

/ /fma (Vv |b|2) +Zz/W(“;|2) )dadt

=1

//&v; %m'+ZmW'ma

/ /ﬁTngdlv | |2) sz(%)f)dxdt

=1

/ /57775 V%V' e +vaz ?)dzdt

=I5y + Isg + Is3.

FF I

_/OT Q&V%-[u]a(wo(“[);)€+§;¢i(“~)2|2)j)dxdt
[ - o
_/OT/QgTvné.([u]s_u)< |b|2+sz|b|2>dl ”

/ /&—Vﬂg u—dxdt

I Holder N (1.4), (1.9), (1.10), (2.4), 5I1F 2.1 K 2.1, i 2.2, fyil 2.3, 15

5—0e—0

DOI: 10.12677/pm.2021.115089 748 i


https://doi.org/10.12677/pm.2021.115089

VEIE

E“E‘ I52)

‘//@Wm uﬂ'f+2m ‘)dadt
— [ [ emantur (w50 - 1) +zwi -5 )
0 Q

|b|2 lbl2

T
Ydadt — / &nsdivu(——)dzdt.
0o Jo

T
- / &ns(div[u]® — divu)(——
0 Q
i Holder N2 % (1.4), (1.10), (2.4), Al 2.1, @y 2.2 fldn i 2.3, 15
’ |bf?
lim lim I5, = —/ / §Tn5divu(7)dxdt =0. (3.10)
0 Q

0—0e—0

A Iss
/T Ibl2
—Otéémm (Vo V(5 )+§:vm
0 Q
T
/ /grné[u vaz d dt
0 Q
T bl2 b2 b2
— [ [ et (vanwy - B +sz (e -

—/OT/Qam[ur-wa)'b'gd dt.

||2

—-)5)dadt

[b|®

b
> )) daxdt

i Holder A% % (1.4), (1.10), (2.4), Al 2.1, @y 2.2 fldn i 2.3, 15

lim hm Is3 = 0. (3.11)

0—0e—

ARG (3.9), (3.10), (3.11) H

lim ].HH(I51 +152+I53) 0.

§—0e—0

5] F3.3.F Ee
H(3.3), (3.4), (3.5), 5 #E3.1, 5|¥E3.2 K5I #3.3%1, £ HE(3.2)H e =0, 6 — 014

1 /7 / T T
— / / & ul*dxdt —I—/ / &b - div(b ® u)dzdt + u/ / &:|Vul?dzdt = 0. (3.12)
2.Jo Ja o Ja 0o Ja
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GiaTJifE (11), , 203

T
/ /frb -div(b ® u)dzdt
0 Q

= +b-div(b dzdt — +b - div b)dxd
/0/95 1(®u)xt/0/ﬂf iv(u® b)dzdt
T
:/ /fTb~(div(b®u)—div(u®b))dmdt
0o Ja

T
—/ / &b - 0;bdxdt
0 Q
IR
- / / §T|b|2dxdt7
2 0 Q

M, (3.12) LT %

—;A?éé<

HT&@) eCi((nT —71) , MTER to >0, BUEE/D 10, i3 7+ a < to,

T
+|b|2)dxdt+,u/ /§T|Vu2dxdt:0. (3.13)
0 Q

0, 0<t<sT,
%, T<t<T+a,

&(t) =11, TH+a<t<ty, (3.14)
tota—t

t0<t§t0—|—a,

0, t>to + a.

#(3.14)HN(3.13), 1431

t(J-’rCE
—/ /|b|2+u| dxdt+/ /yb|2+|u| Jdadt

T+ t—
+,u/ ’ [Vul da;dt—i—u/ |Vu|*dzdt
T «Q Q

T4+a JQ

fote 4t
+u/ +°+a/ |Vu|2dzdt = 0. (3.15)
to

H AR 4 0 i S

/ |Vu|*dzdt = 0;
)

lim
a—0 t

to+a
—t+t
Q
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id
B = 5 [ (b + [uP)s,
Q

t
F(t) :,u/ / |Vu/|*dzds.
0o Ja

(3.16)

u, b eC’([0,T]; L*()).

=
i

F bl (1.1),, (1.4), (1.8), (1.9), (1.10), & u, € L*(0,T; H~1()). fE51H2.4. 1, W X =

L*(Q), Y = H™Y(Q), T u € ([0, T); L2(2)). [FIH, i (1.1),, (1.4), (1.9), (1.10) F51#2.4.,
e A (1.6) FIWMESME, 53] u, b e CO([0,T]; L3 ().

oA
L HE

733 b € C°([0, T); L2,(2))
(3.17)

FE(3.15) 9, HT(3.16)F# DA 3, 4 o — 0, 153

(E+ F)(to) = (E + F)().

16 (3.17) 7, T (3.16), & 1 — 0, 135
(E+F)(t0) = (E+F)(O)7 tO € (O7T)7

IEEP(1.6). HIto MMEREME, e e #1110 uE .
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