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Abstract

This paper mainly studies the mean Berwald curvature and isotropic mean Berwald
curvature doubly-twisted product of Finsler metrics. The necessary and sufficient
conditions for the doubly-twisted product of Finsler metrics are weakly Berwald met-
rics. It is proved that under certain conditions the doubly-twisted product of Finsler

metrics with isotropic mean Berwald curvature is weakly Berwald metrics.
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1. 5|5

PR — PR Rk B S A 075, 1981 4F, Chen 45 H1 T Riemann & HeA ML E[1].
2006 -, Kozma, Peter 1 Shimada 4 FeFHE) 3] T Finsler JUfA A, #F 5 7 $8 Finsler & &)
Cartan B, M 2R J H5e &1 [2]. U5 JLAE, $6AH Finsler BERAF 3] 1 — Lo 2235 (1) 0GR AT 53 [3][4].

£ Finsler JUfTH, 55 Berwald /& —K B2 Finsler K&, Berwald & /62 | Berwald
it # (R ([5][6]. 1986 4F, Matsumoto %5 T Berwald & 1E X[7]. 2001 4F, PhARAEH T H
HH K Berwald I3 [1] Finsler J¥ & & Berwald £ 5. Berwald {3 1ZF#Fr N-F15 Berwald %,
FLEAT I 5 F 4 Berwald #1149 Finsler [ 54955 Berwald (8] 2005 4, FETBRMLES R4 i
TR Berwald #HZKE X[9], B Berwald HHZHIHE". 2013 4, Peyghan 1 Tayebi il ]
T R K F Y Berwald 2% 56F Finsler FE /259 Berwald FE#([3]. 2020 4F, H8. f]5HMK
BEFLIE ] 7O AR Finsler Wil B A 1 1]°F ) Berwald % 24 HAY 2B 2 55 Berwald HiJE[10].

ARICKHEAR Finsler £ & N Finsler £ &, £ ZHF 75 W H A Finsler f§ & 1) F1
Berwald {2 F12K [\ °F15) Berwald #i3, 22345 H XUHEF Finsler & 8 455 Berwald [ & 1) 78 2 4%
. HL32 20 SCHR 3] [10] 89 8 K, A STRR R B A 1735 Berwald i ZE X4 Finsler 81555
Berwald i [ HIRR.
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2. Fi&ER

B M Jyn GECIY, M ERREAAEA (21, am). W TM R M I, SEE S
/_llé*/]__\‘y‘j (Iyy) = (Ila e amnayla e ’yn)’ M J:Em Finsler EEEX!ID‘F
EMX1. [LPEHERE M _ER Finsler R & —ELL WA F: TM — [0, 00), /2

(3) IENE: FAE TMe =TM\ {0} L& C~ 5,
(i) IEFFIRME: F(z, \y) = A\F(x,y), YA > 0;
(

ii7) BRI nox n ] Hessian %5 (g;;) == (%8325;) fETMe FRIEER.
FEM2. [12]i% F 72 Finsler BE&, W F iFFMEH RECH

1, 0*F? , OF°

G g (aylamky 81:1 )3 ( )
RAE G KTy B = 7R Euler 2 BA
5Gi ;
= 2G". 2.2
Y oy (2.2)
FEM3. [8]#% F /& Finsler fE#&. Berwald HIZH RECH
: PG
Bl = ———r 2.3
IR Ay Qyk oyt (2:3)
P34 Berwald MIZRE RECN
1 m
Ejk = §Bjkm' (24)
# Biy, =0, % F 4 Berwald [£2; % Ej). = 0, 7% F 7959 Berwald .
FEX4. 9] F 52 Finsler . F 537 Berwald #2352
1

R F HA KRR Berwald #13, K e = c(x) & M _ERIFREREL
K, W (GAP) R (Gpe) MR, 15 GAPGpe = 4.

B My My 535052 ny 4ERT ny 4ECTEIRIE, My F1 My ERIREALER 73 A8 (2!, - 2m)
(u', - um). TMy M TMy ERREBAASR BN (2t ™yt y™) AT (ul - a2 0t
v"2). M = My x My N My 1 My BIFRBIRIE, 280N ny +ne. Wm : M — My Ml mg : M — M,
e HRESY, Wdr c TM — TM, Mdry : TM — TM, 55128 m flomy FFROUI0E. 4
X =(x,u)eM, Y= (yv)eTxM, HTxM =T, M, & T, M,.

EX5. B (M, Fy) fl (My, Fy) &2WA Finsler i/, H fi Al fo 0 My x My — RY ZHAEIESLE
BREL Fy A Fy BIWHEAR Finsler [ BR ALY M = My x My B4+ 77 05E L Finsler £
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BF:TM > R*

FAXY) = f3(m(X), ma (X)) FY (m (X), dmi (V)
+ [H(m(X), w2 (X)) 5 (ma(X), dma(Y')), (2.6)

Horp £ R0 fy BERRONBER S IRFE F & M Ef)— Finsler JE&.

W fi=15 fo=1FHAME DAL, W F AHH Finsler &, W fi=1H fob=1, 1
F A Finsler &, Wik f1 1 fy EEAESETHEL, AR F YIRS LRI Finsler &

i
1 O?F? B 1 0°F%
<Z> Gij - 2 Bylayﬂ (”) Gap = 2 611“8115' (27>
M F R EAGK B R A

- 1 82F2 . f;gij 0

(Gap) = (iw) = ( 0 f2gus ) ; (2.8)
f2 29" 0

GBY) = : 2.9
(GP4) ( o g3 ) (2.9)

RICLsE, NGRT I, Wi, 25 AR 1 B 0y NS EHEER, W a, 5 5,

AN | 5 na; KGHTFEN, 10 A, B %, UM 1 +na. AR (M, F)
1

R (My, Fy) A7 LT, 405046 3CIE L7 IARER 1 A2, 10 G A G BRI F, 9

GUTIES"S

3. WixFA Finsler E=2AY¥FE1] Berwald BiZE

AT FEAHE T AR Finsler JE &5 311 Berwald %1 R 4%
WEl3.1. X F & Finsler & F, #o F, 89, A, F %589 Berwald B EQZH BA., A:

1 9Pg"h OF2  9°gth OF}  9°g OF? Of3

BF. —Bk ( : , , A Ly=2
UL 2N gyioyt Byt Oyidy! Oyi | Oyidyi Oyl Ozt
1 agkh dg*" dg*" 11 09ij \ Of3
_2f2( — 951+ 8ngz+ algij+g ayl)@
1 3‘3 h 3f2 3f1 2
_— F 1
42 8y18y38yl( Oxh F 8 ) (3.1)
1 0%g*" oft OF2
By = By = By = — o o OO0 (32)

412 9ytoyt oz OvP’

DOI: 10.12677/pm.2021.117156 1392

=
&
8k
4


https://doi.org/10.12677/pm.2021.117156

A 25

1 agkh af2
E _mk _ mk _ 1
Eaﬁl = Balﬁ = Bmﬁ = —27022 Oyl @Qaﬁ,
1 0
EZ[M f2 gkh afl Caﬁm
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E;’le: f2 wa u(cul’
1 Og™ 0f2
I% Bﬁzl Bls =57 72 i

B 2 f2 gus dunJi

1 o oo
42 Ov*dvP dur oy’

_ Y
El@z = BZ Blaﬁ

B —18372 s gt OF3 Pgr OF3 O?gr+ 8F22)3f12
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3 g VH 2 2

~ oo G L+ )

UERA. MRAE (2.1) 15
A:}GAB( PF? c <9F2)7
17 \9YBoxc© 9XP
4 (3.9) HHI A =4, W
eF ;. OF OF* PF? . 2F? OF?

J [e3

) 1 .
Gz _ *Glh

_ J (e 2
1 (8yhaxjy oo’ 8$,L)+4G (Gorazr?  dorow?” ™ ur )

i (2.6) HEiHEA

OF _ wOFY  OF* _0ff o, 20F | OF

oyh 2oyh’  Oxh T Oxh o) 8 dzh ™Y
O*F*  OfF OFF O*F* 9fF 6F2 O?F}
oyhdue ~ Oue Ayt Oyhdxi  Oxd Oyt + 1 Oyhoxi’

£ (2.9), (3.11) A1 (3.12) £RA (3.10), 715

OFt  0f3 oft
22 % _ —F
oy oxhT ' Bxh )

1 8f§ :
G =G+ L J
1Y (G

(3.13) PRIl RN KT o7 flormr 5

Gu‘)‘

1
0G 9G 1 agh off , Of R Of ., 0ff .
_ )25 _ ) pa 9J1 g
o~ oy a2 oy \ant? T auet Vg T aan T gpnte)
L awf30FY | Of3 i OfF o 0K Of3 0FF
129 o ap T G T 0w gy ot o

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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H(2.7) 10 (i) 1 56 = 20ney®. I,

agih 8F2 agm haghk A
=2 —2¢" =0 3.15
ayj ay a ] ghky g a j y ? ( )

ERE] gihgy; = o7, LA

1 (8f2 k+% a) 82‘Fl2 _L(aifg k af2 a
827 duc” ' oyhays  Af2 0ak) T due’

)3, (3.16)
8 (3.15) A1 (3.16) £RN (3.14), A5

1
G _0G 1, 0 OFF  0f OFF Of O3 .

B =gy A Gt gy~ 5 3y I G g

4}2 %Z; (ng F? + gfl F2), (3.17)
(3.17) PILER T ot 5 I fe
1

% % ih ih
e e
+ 2}2(?)’%6; gf@i) }2 azi(;;(gﬁ s gf;FQ) (3.18)
(3.18) BIILRIN ST o* fhd, BIRTHESS(3.1), [MEEATHS (3.2)—(3.4) WKL
Ffelith, #4 (3.9) HI A = o, FHELATE (3.5)—(3.8) MO, O

3.2. X F & Finsler B2 Fy #= Fy, 89 3ER. A, F #HF69-F3 Berwald 1 E 6 25 Eap

¥ 3

L(agkh 32F12 a2gkh 8F12 829kh 3F12 aSQkh 2>87J022
8f3° Oy* Oy'dyl  Oyioyk Oyt dyidyk Oyl Oyidyidyt ' Ozt
1L g™ off o 1 dgmof; OPF}

1
Bij =Eqij —

T 8fF Oy dyidyt 0xh 2 T B[ Ov dur dyidy (3.19)
Ei — By — 1 82gkh AffOFf 1 &g aif??aFf’ 520)
812 Oy Oy* dxh dvP 8 fE OvBOvY Qur Jy'
E IE 1 Og™ 52F22 D2gH 8F22 &g anz 93gm 2)87f12
o of 8f1 v Ovedvs | QvBAYY Hve | HuveduY HvP | vedvBIvY 2 Hur
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WERR. 4R (2.4) %1 Eap = 3B 5, + 3B g, AT
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[EEE, ATIEA (3.20) A (3.21) RO

4. 55 Berwald X3%FR Finsler E=

(3.23)

(3.24)
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KA 59 Berwald XA Finsler [E &, IRR B A KA1 Berwald B XA Finsler [

i 555 Berwald JE 8 Z[AJ AR AR,

EIE4.1. XL F £ Finsler B2 F, #= Fy 89 3ER. F £ 35 Berwald B & % HALY T 7| 7 A2 28 m%,

e
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09 0l _, (45)
Oyidyk Oz
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(4.4) FARIB%T o W58
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QBT Jur (4.6)
1 (4.5) F (4.6) FRA (3.20) A5
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W?ﬁ —0, (4.8)
B (4.1), (4.4) A1 (4.8) FANF] (3.19) 17
E; =0, (4.9)
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Eop =0, (4.10)
B (4.7), (4.9) A1 (4.10)7] 4 Eop = 0, Bl F /255 Berwald & &.
WEE W F 285 Berwald &, A Eap =0, P E;; =E;3 =Eg, = E,3 = 0.
R (3.20) XFETF A1
1 9%g" 9fp0F; 1 9% Of} OF} (411)
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