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Abstract

This paper is devoted to studying the global well-posedness of Cauchy problem for
the two-dimensional dispersive quasi-geostrophic equations. By introducing a kind
of Hybrid-Besov spaces with different regularity indices at high frequency and low
frequency, and by establishing the uniformly bounded estimations of the corresponding
dispersive operator semigroup on these new function spaces, the global well-posedness
of the 2D dispersive quasi-geostrophic equations is obtained for uniformly small initial

values in the critical functional framework.
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00 +u-VO+v|D|“0 + Auy =0, (x,t) € R? x (0, 00),
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M A =00, FREA (1.1) BHUAZL I 4 quasi-geostrophic T4

00 +u-VO+v|D|“0 =0, (x,t)e€R?x(0,00),
u=TRY = (—R20,R10), (z,t) €R?x (0,00), (1.2)
6(0,2) = (), z e R%

MR R AR A Lo REEEE, o > 1,0 = 1,a < 1 2 5IFRRIGFHETE, k5 TE B IG SIS TE,
LSCHR [2, 3], FEXRIGFHIETE T, Constantin A1 Wu [4-6] UEBH 7 HME )& (1.2) Yl i AR/
PE. Wu [7-9] 73 I #E1E Lebesgue 73 [A], Morrey 7 [A] LA & 551K Sobolev 7% [A] Hilk B T #J{f 7] & (1.2)
YRR TS e . 7E IR B TE T, Kiselev, Nazarov A1 Volberg [11] $2& H 7 — o i) =E & SR AR i 2
D75, UERH T 5% 6] JE D6 I AE ) R3S . S5 G [RIEY, Caffarelli 1 Vasseur [12) M\—N 584
ANF T 1), 183 785338 ] DeGiorgi 50777, @07 1 5@ 004 R IE M. [H453 — 3R 12, fEkIm 7t
WIS TE N, A R (1.2) S5 T FROWIE I B A0 g 1 B i e 4 ) IE WATS SR 2 A JT ). 0 T )M
) R (1.2) 5% Tl 54 23 18] b /N ) B AT T 1 D B 8 A 55 gt 1 2% At TE U () B8 2 A FR 25 3R, il 2
5] STk [13-19).

2 H AT~ Ik, X T 4E B quasi-geostrophic J7 FE A WIE A @ (1.1) IR 50 25 S A X 53 /D
Kiselev Ml Nazarov [20] 3z [11] FHJTAEUER] 724 o = 1 ISAME R (1.1) % TARE S A A D6
W & B TR . AEAS — 3R 1A, AT i) TAEAREHE £ 22 AR 1E . )5, Cannone, Miao Al
Xue [21] UEBH 74 A 7850 K0F, HME R (1.1) (4R IEN . Wan 1 Chen [22] WEBH 724 A 5K,
H v 785 /NeE, WHE R AR (1.1) S il AR IE 8 M. Elgindi A1 Widmayer [23] F1) FH B [8] 32 804 1T,
WERT 72 v = 0 B, WME R (1.1) Mg RIS 8] A7 AE 1.

—AME B AR 1) /2 BE TS 7 I 57 2 8] R 3R A 4E A U quasi-geostrophic 72 (1.2) X T i
ZH A — BUNIME RIS e PE. ik, 5230 [24] BIJE K, ARG 78 53 TF K 07 FE AL 1) G5 R A
gt — AR AR A A [ IE N PEFR AR VR A 2 Besov 23 (8], i & S AH B B R B —80h
A1, FRdEd s B Littlewood-Paley BE 8 F1 Bony 15 7 40 i 25 1 A1 43 BT ) BRAS A 75 vk DA K 45 &
AN E B, WE T 4Bt HL quasi-geostrophic 7 FEA (1.1) XTIl S & 2 Besov 2 [A] 1 —Z/
WA BB IE M. AR A R BRI

RELL Wpel24) ae @22 WEES A TXIERE e EHE 6] ooz <o
(R (1.1) AEAEME— i B i !

6 € C ([0, o0; Bs’;a’frlia) N L>(0, oo; Qs;oﬁ“ia) N LY(0, oo; %’;EH)

ARITHIRI AR 88 =, JATKE S H Littlewood-Paley PRSI —Le AR F 52, Foh
HEECEERE GA(t) I BRARRIE A CL S FHEMTH 385 =1, AIGIE H Bony 1547 73 il B 18 45 7
BHCETEIR G Besov 25 (0] _EIZR AU AL 1 )5, A4 T 2245 AR,

FEARTH, Fg M g $3RoR g KT 2 RAZ R B AR e, F1 205 A1 N AR {8 L 204 e
i = /1. ATH C Fom— MR, ERME AT RERE A AL E AT AR L.
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2. Fi&ER

B, FATH 1 #4748 Littlewood-Paley B8, 45 HIE A A Besov 7% A LA K& AH M ) Chemin-
Lerner Z¥[A] [ 7€ . £ KT Littlewood-Paley B F12 # Besov ZE A1 18, A2 % 2 [24].

B .Z(R?) y Schwartz Z8[1), 5/ (R?) RLER T~ U ). B0 AL o, v € F(R?) 1§45
@, 0 R R BT

3 8
supp@CC::{§€R2:E§|§|§§},

. 4
supp ¢ C B:={£ e R*: [¢] <3h

Y e =1 vEeR*\ {0}

JEZL

MAERR § € Z, % pj(x) := 2% p(2z),9;(x) = 2209(20x), & XINZ R+ A, AR H
?‘ Sji
Ajf=yjxf, Sif=v;*f, Vji€L, feSR.

% S(R?) = (R?)/P[R?], Hrh P[R?] A€ XAE R? E 4k 2 T B b Bl i) Ze 2 1) . Ax P Jl
H1,E ) (R?) HRRAZANT 77 fidk:

F=Y00f Sif= > At

JEL k=—o0
B, B @ Ao ISCEETEIR, 25 5 IR AR R AL T A USRI T S, T A ALl IE A

Aj(Sk-1fArf) =0, [j—Fk|l>5.

12| Bony (7BU4M (23], T4
f9=Trg+T,f +R(f,9),

Hrp
Trg=>_ Si1fBg, R(f.9) =Y A fAjg, Ajg= > Az

JEL JEL 5/ —jl<1

EX 21 #s,0ceR, 1<p<oo, EXIRET Besov 23]

By = {1 € AUE) gy 2= sup 2718, f 1o + sup 274, f10 < o0},
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EX 2.2 #s,0cR, 1<p,r< 400, iE X Chemin-Lerner %¥[H] :
£7(0,00; BS) = {f €.7'((0,00) x R?) : lim S;f =0,
j——o0

1 F £ 0,00:857) = Sup 2| A fllLr0.00i22) + 5P 277 A; fll 1 (0,00520) < OO}‘
P 2i<A 21> A

5132 2.3 (Bernstein FFR) [24] W 1< p < ¢ < +oo, XEEM 8,7 € N3, oL
1) suppf C {|¢] < A2’} = (|07 fl|zo < ORI £ 1,

2) suppf C {4127 < [¢] < A2} = ||fllzr < G270 sup (|07 f]| -

1B]=II

I, FRATE R (1.1) BTSN TR
t
o(t) = QA(t)00+/ GA(t — T)V(RY0(7) - 6(7)). (2.1)
0

Hr {GA(1) }imo NEUBCERE, HRMARILAN

A&l

GAt) f = eiAt%e”t‘Dlaf =Fr! [cos (A'E”t) e VIt £(€) + isin ( e

eriiie).

B, TG B OECERE {GA (1) Fiso B LP — L7 A1t

53R 2.5 W E &R HFLLONFOLRI, Hael0,2, WHEES v ERXKe>0,C >0, {115
# supp Oy C A€, BT

1) XHEREH A>0,

1G* ()0ll> < Ce™ X160 ]| 125 (22)
2) MMEEM A > AFI 1 < p < oo,

1G4 ()80l » < Ce™ "G o (2.3)
MERR 1) 456 g4 IRIEA B K Plancherel &3, 713

16%(®)8o]] . =

G4 (t,)00(€)]] 1o < Clle™ " ho(€)| . < Ce "ol 2.

2) 45 G4 WKL LK Fourier HITERT, W43

gA(t)f:Ffl[Cos( ||£1|| {)eer tf(g)H&n( |££1|| ) 7V|g|atf(5)]
=F! [(cos (A||§€1|t> + isin (Alél' >> —viglTe } f(ﬁ)
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T, BATEW GA(t) I TP, ¥ ¢ € D(R2\0), HAE € MIEST1. 454 6, MIHEMR, 2 YL
g(t,x) = F 1 o(AT1€)G(t,9)] (t, @)

= (2n) [ o100 (e

[

e, A EAEW]

E
RE

lg(t, ). < Cem>™. (2.4)
JTAREMETE (2.3), AR 73 X350 s || < A7 AT |z) > A2 SR e.
B, fA1E C > 0 43 Hor

/ gz t)|dz < C / / GO |G (1, €)lded < O, (2.5)
[z <A1 |z|<A—1 JR2

WA, T L= o %, BURAL L(e™€) = et B a AR, 15

i|z|??

gat) = [ IV 00O0 (1 e

= [ e 006" e
iz FIFR R SR 3 5 DL AU I AN, B S IEWIAFAE C > 0 AL

&1

07 (7] < Clel (L + AP
A
|97 (e7VIEI"Y)| < C|g|~evIElE,

ki, A

() [p016)6% 1,9)]
<Clal™ Y0 AN

lai] + ez] = |af
la] < N

(VV=lelg) (A=1e)ae (€41

x 972 (e IEI"t)
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BN = 3, XHERI A > A, Bor
(L) (@(ATOGA )] < O] PeIel™,
PRI, BT

/ lg(x,t)|dx < C’e_c’\at)\2/ |Az|2dz < Ce "™, (2.6)
BES

lz]>A—1

454 (2.5) M1 (2.6) BDAT4S (2.4) BOL. X B8 T (2.3) 2R,
3. LA AISRFLAN

538 3.1 s, 0eR, acl0,2],(pq) € [1,oc0]. ML
1) XHERHT 6 € 85, G0 oo .00iyry < ClON o505

sP
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o a < - oo,
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UERA 1) HixE X 2.2, ATAN

192 (D01 20,0010 = Sup 271 A5G4 (6)0)]| Laco,00i22)

+ sup 27| A; (G4 (£)0) [l L(0.00:L7) - 3.1)

2i>A

5, M 5IH 2.5, /1S
185G OO oo porrey < Clle™ N NAOI L2 o o)
<0274 A0 Lo (3.2)
Hx, RS
125G OO a0 m0s0) < Clle™ MR o] oo,
<0275 A0 Lo (3.3)
¥ (3.2) F1 (3.3) FRN (3.1), BPS
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2) HE X 2.2, AT%0

H /Ot GA(t —7)f()dr

([ 4= nswan)

fa(e0ia,td Ty f;-g L9(0,00;L2)
t
+ su ; GA(t — 1) f(1)dr ) .
sup ([ tu=nrean),
(3.4)
B, I8 H Minkowski A% 30, 513 2.5 (2) LA Young A%E, AT
t t
A, A — d ] 0/ At —1)A, d‘
i~ / gt —ns@r)|, <] [lete-nase ]
t )
<C “2EN| A, d
<c| [ e Nl
cle= ., Jaurel
L4(0,00) L'(0,00;L?)
< C2 V|| A; . .
- ¢ jf‘ L1(0,00;L?) (3 5)
Hx, FHA43
t t
) Ay < Ay _ .
HAJ(/O GA(t T)f(f)df)\m(o’oo;m <C / |64 =)as f @) |
< C 752(”(15 T) A
<o| [« NI
< |2t HA |
- ¢ (0,00) ]f(T) L'(0,00;LP)
<C2 . (3.6)
L'(0,00;LP)
¥ (3.5) F1 (3.6) 1R (3.4), EPFFHIESE 18 L.
31332 Wpel24],ae 222 R0 L0008, " )N L0000 "),
MAFES A, RY0,0 TREH L C, 13
RLHG 3—a,242—q C 2a7 2,241
|| ||f11 0,00; '2,1} t - ( I:OO(O,OO @zp (0,@;@2:5+ )
0 sz |0 ez ). 3.7
I | ||E1(Om;@2=p 3oe ) (3.7)

JERA H Bony R A 15,

Aj(RM0)0) = D Aj(Seo1(RT)AD) + > Aj(Sk10AKRM0) + Y Aj(Ax(R0)AL0)
|k—j|<4 |k—j|<4 k>j—2
= Ij +II] +IIIJ
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SINFERRAE J; = { (K k)« |k —j| <4,k <k —2}. WX 20 > A BHEH

(A (RT0)AL0)

(Z+Z byl

Jll th ]hh

L1(0,00;LP) L'(0,00;LP)

(R0)AL0)

L1(0,00;LP)
=10+ 1o+ 15,
Hor
Jin={(K k)€ J;: 28 < A28 < A},
Tin = {(K k) € J;: 2" < A28 > A},
Jinn = {(K k) € J;: 2" > A28 > AL

FIH Bernstein A%, Holder AFEXULE T RE £ LP(R?)(1 < p < o0) EH A 1H

Li<C Y 2YApRY)| e ey 27 A0

(0,00;L2)
(k' k)ET;u
SO N AR g A 1 g 20 D2
(k',k’)EJj”
< C|R*0 241 a ola—1)(k'—k)—k(2+2—a)
H ||L°°(0 SRt H HLl(o :+1 kzjl:<4k<zk:2
1 k(2+2-a)
<CHR 6||Loc(0 .2—a, +1 a H HLl(O ;p+1 k;<42
—j(242-0a)
<027/ 161l L 6 HLl(o Sy

[FIAE (SRR, W] O

L.<C ) 2¥[|Ap(RM0)

HLOO(O,oo;LOO) ||Ak0||L1(O,oo;LP)

k’ k)GJ] 1h
SC Y BRI 2 B40]] 1 20 P2
k’ k)EJJZh T 7’
<C RL0 N e a2 2(a—1)(k’—k)2—k(%+2—a)
IRl (000t 0 H I; L0ccd s . lge;sz;
<C RLG ) a2 41a 0 2(a 1)(k'— k)2 k( +2—a)
H HLOQ(O’OO;%;P a )H H %2 p+1 Isz:<4 k’<2k22
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> (0,00:%, , 1(0,00; 2p )
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<C Z 2 A (R e 0,001 25 TN AR 1 g sy 27V 727 H27
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<CH72l9||Lm(0 e dhe H HLl(o .3 k;l<42 k(2+2-a)
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Z+Z Z 145 (ks (REO) AW 1 ..z

= 7,4 + Ij75 + Ij’g.
FIH Bernstein A58, Holder A& LE T RE 7E LP(R?) (1 < p < 00) LH IS

lja<C Z 2k/‘|Ak’ (RLH)HL‘”(O,OO;LQ)HAkGHLl(O,oo;L?)

(k' k)eJ; 1
SO BRI A 22O
(k' ,k)ET; 1 o s
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(k' k)eJ;in
<C Z Q%HAM (RLH)HLoo(o,oo;H)”Ake”Ll(o,oo;B)
(k' \k)EJ;1n
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(k' \k)EJ;1n
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<C Z 2k’(%+1—a)HAW(RL9>||LW(O7OO;LP)21¢(%+1)||Ak9||Ll(Om;Lp)2(k’—k)(%+a—2)27k(37a)
(K", k)ETj nh
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sup 2769 I; ||L1(OOOL2)+Sup 22| I, [l 21 0,00:L7)
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e N B 63)
AT 15

2811<p12](3 O‘)||II |1 (0,0052) + sup 9(5+2- O‘J||]‘I | 10,0057

SO,y oemiorn O o (59)
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