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Abstract

In this paper, we mainly discuss the well-posedness problem of a Memory-type Evolu-

tion Equation with nonclassical dissipation. The existence of weak solution is obtained

by using the Galerkin’s method and analytical techniques. Also, we prove the unique-

ness of the solution and the continuous dependence on initial value.
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1. Úó

·��ÄXe�k�²;ÑÑ�ÚPÁ��uÐ�§�·½5¯K:
utt −M(|∇u|22)∆u−K0∆u+

∫ t

−∞
µ(t− s)∆u(s)ds+ h(ut) + f(u) = g(x),

u(x, t)|∂Ω×R+ = 0, u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω.

(1)

Ù¥ Ω ⊂ RN (N ≥ 3)´äk1w>. ∂Ω�k.«�; M(r) = a+ br ( r = | · |2 L« L2(Ω)�ê),

� a, b > 0; d	, h(ut) = αu3
t − βut ��²;ÑÑ�, g ∈ L2(Ω). �ïÄþã¯K, ·�Ú\PÁ

Cþ, ½ÂXe:

ηt(x, s) = u(x, t)− u(x, t− s), (x, s) ∈ Ω×R+, t ≥ 0. (2)

� t = 0�, ·�k

η0(x, s) = u0(x, 0)− u0(x,−s), (x, s) ∈ Ω×R+. (3)

AO/, b�

K0 =

∫ +∞

0

µ(s)ds, (4)
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K�§ (1)C�:utt −M(|∇u|22)∆u−
∫ +∞

0

µ(s)∆ηt(s)ds+ h(ut) + f(u) = g(x),

ηtt = −ηts + ut,

(5)

�kÐ>�^�:{
u(x, t)|∂Ω×R+ = 0, ηt(x, s)|∂Ω×R+ = 0,

u(x, t)|t=0 = u0(x), ut(x, t)|t=0 = u1(x), ηt(x, t)|t=0 = η0(x), x ∈ Ω.
(6)

(H1) 'u��5� f �b�: f : R→ R,

|f(u)− f(v)| ≤ C0 (1 + |u|p + |v|p) |u− v|, ∀u, v ∈ R. (7)

Ù¥ C0 > 0�~ê, 0 < p ≤ 4
N−2

. d	, b�

f(u)u ≥ f̂(u) ≥ 0, ∀u ∈ R. (8)

ùp f̂(u) =
∫ u

0
f(s)ds.

(H2) 'uPÁØ¼ê�b�:

1) µ(s) ∈ C1(R) ∩ L1(R), ∀s ∈ R+, µ(s) ≥ 0, µ′(s) ≤ 0;

2)�3~êK0, δ > 0, ¦�é ∀s ∈ R+, µ(s)÷v (4)ªÚ µ′(s) + δµ(s) ≤ 0.

d 2)��, 0 ≤ µ(s) ≤ µ(0)e−δs (µ(0) 6=∞), �
 lim
s→∞

µ(s) = 0.

¯¤±�, 3�§ (1)¥, � h(ut) = 0�, ÙÌ��^u£ãg,.¥��«ÅÄy�(�)Ô

N�$Ä�¹ÚÔn5Æ�). Cc5,éaqu (1)��§,®��õêÆö¤�Ä(� [1–5]9Ùë

�©z). 2012c, 3 [6]¥, Lazo �Ä
[�5�§ utt −M(‖∇u‖2)∆u+
∫ t

0
h(t− τ)∆u(τ)dτ = 0,

Ù^Faedo-Galerkin�{��
�'�·Ü¯K�3��f�Û).

2013c, 3 [4]¥, Zhang�<ïÄ
��äk��5ÛÜ{ZÚ�Ý�'á��Ý���5Ê

�5�§:

|ut|ρutt −M(‖∇u‖2)∆u+ α∆2u− β∆utt − γ∆ut +

∫ t

0

g(t− s)∆u(s)ds+ a(x)ut|ut|k + bu|u|r = 0,

¦�Ì�|^Faedo-Galerkin�{��f)��Û�35.

2018c, 3 [5]¥, Nadia�<�Ä
�aäk�Cò´���5Ê�5�§, ¿|^Uþ{�

�)��Û�35. 2020 c, 3 [1]¥, Ü�<ïÄ
XeäkPÁ��[�5ÅÄ�§:

|ut|ρutt −M(‖∇u‖2)∆u−K0∆u−∆utt +

∫ t

−∞
µ(t− s)∆u(s)ds− α∆ut + f(u) = h,
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¨�y²
�Nf)��3��5Ú�NáÚf��35. Óc, 3 [2]¥, Li�<�Ä
3ÛÜ�

Þ{Z�^e�Ê�5ÅÄ�§, ¿ïÄ
)���mÄåÆ1�.

nþ¤ã, <�Ì��Ä�k²;ÑÑ�(rÑÑ−∆ut ½fÑÑut)�ÅÄ.�§. 
�§

(1)�k�²;ÑÑ�(h(ut) = αu3
t − βut), �da�§Ì�Ñy3R5(��XÚ¥, X�«�.

ì���(XÊU�1ì!�.EÍ!�.gÄzÅ�:!]¢x±9Ä1Ú^���). 1993c,

3 [7]¥, Wang�<®²�Ä
�kaq{Z��ÅÄ�§:

ωtt − c2
0ωxx = f(ωt),

Ù¥ f(ωt) = ωt − ω3
t . aq�ïÄ½�©z [8]. AO/, äkR5(���.ì�l��þ5`E

,´ëYXÚ, �äkÃ¡�gdÝ. Ïd, ïÄ�kØ½.{Z��²;ÑÑXÚ�N)��3

5, ´äk¢S¿Â�.

�©òÌ�¦^�²;�Faedo-Galerkin�{(Ük��O�{, y²)��3��5ÚÙé

Ð��ëY�65.

2. ý��£

��Bå�, H9�©, ^ C,CT L«?¿��~ê, Ù3ØÓ1$�Ó�1Ñ�Ø�Ó, � CT

L«T~ê�6u T . - | · |L«ýé�½LebesgueÿÝ, | · |p� Lp(Ω) (p ≥ 2)��ê, |∇ · |2L«
H1

0 (Ω)þ��ê.

�m½Â:

M = L2
µ

(
R+;H1

0 (Ω)
)

=

{
ξ : R+ → H1

0 (Ω)

∣∣∣∣ ∫ ∞
0

|∇ξ(s)|22 ds <∞
}
. (1)

¿D±SÈÚ�ê

〈ξ, ζ〉M =

∫ ∞
0

µ(s)〈∇ξ,∇ζ〉ds,

‖ξ‖2M =

∫ ∞
0

µ(s)|∇ξ|22 ds.

Ù¥ 〈·, ·〉L« L2(Ω)þ�SÈ.

�©¤ïÄ�§���m�:

H = H1
0 (Ω)× L2(Ω)×M,

Ù�D±Xe�ê:

‖z(t)‖2H = ‖(u(t), ut(t), η
t)‖2H = |∇u(t)|22 + |ut(t)|22 + ‖ηt‖2M. (2)
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3. ·½5

½Â 3.1 (f)�½Â) b�^� (H1)-(H2)¤á, z(t) = (u(t), ut(t), η
t)´�§ (1)��Nf

), �Ð� z(0) = z0 = (u0, u1, η0) ∈ H. Ké ∀ t ∈ [0, T ], e z(t)÷v�§ (1)¿�

u ∈ L2([0, T ];H1
0 (Ω)),

ut ∈ L∞([0, T ];L2(Ω)) ∩ L4([0, T ];L4(Ω)),

ηt ∈ L2([0, T ];M).

(3)

,	, é?¿� ω ∈ C∞0 (Ω), ξ ∈Mk:
〈utt −M(|∇u|22)∆u−

∫ +∞

0

µ(s)∆ηt(s)ds+ αu3
t − βut + f(u)− g(x), ω〉 = 0

〈ηtt, ξ〉M = 〈−ηts, ξ〉M + 〈ut, ξ〉M.

(4)

éu t ∈ RA�??¤á.

3.1. )��35

Äk, À�S� {ψi}�eã�Direchlet¯K

−∆ψj = λjψj ,

ψj |∂Ω = 0.

�AuA�� λj �A�¼ê. K3 ∂Ω 1w�^�ek {ψj}+∞j=1 ��m H1
0 (Ω) ��|��

Ä, �ψj ∈ C∞0 (Ω). �e5ÏL½Â�m L2
µ(R+) ¥��|IO��Ä {lk}+∞k=1, ·��±��

{ϑj}+∞j=1 = {lkψj}+∞k,j=1�¤ L2
µ(R+;H1

0 (Ω))þ��|Ä.

�
�§ (1)�3Xe�Cq):

um(x, t) =

m∑
j=1

ϕj(t)ψj(x),

umt(x, t) = ∂tum(x, t) =

m∑
j=1

∂tϕj(t)ψj(x),

ηtm(x, t) =

m∑
j=1

κj(t)ϑj(x).
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Ù¥ ϕj(t) = 〈u, ψj〉, κj = 〈ηt, ϑj〉M, � zm = (um, umt, η
t
m)÷v

umtt −M(|∇um|22)∆um −
∫ ∞

0

µ(s)∆ηtm(s)ds+ αu3
mt − βumt + f(um) = gm(x),

ηtmt = −ηtms + umt,

(um, η
t
m)|∂Ω×R+ = (0, 0),

um(0) =

m∑
j=1

ψj(x)ξj , umt(0) =

m∑
j=1

ςjψj , η
t
m(0) =

m∑
j=1

ηjϑj .

(5)

AO/, �m→∞�, k

m∑
j=1

(u0, ψj)ψj(x) =

m∑
j=1

ξjψj(x)→ u0 ∈ H1
0 (Ω),

m∑
j=1

(u1, ψj)ψj(x) =

m∑
j=1

ςjψj(x)→ u1 ∈ L2(Ω),

m∑
j=1

〈η0, ϑj〉Mϑj(x) =

m∑
j=1

ηjϑj(x)→ η0 ∈M.

Ï� {ψj(x)}+∞j=1 ´3þã�m¥È�5, ��þãÂñ´¤á�.

Ún 3.2 b�^� (H1)-(H2)¤á, K�3~ê CT > 0, ¦� (5)ª�)

zm(t) = (um(t), umt(t), η
t
m), ÷v

|umt|22 + |∇um|22 +
∥∥ηtm∥∥2

M +

∫ t

0

‖ηsm‖
2
M ds+

∫ t

0

|umt(s)|44ds ≤ CT . (6)

y²: ^ umt¦± (5)ª, ¿3 ΩþÈ©, ��

1

2

d

dt
|umt|22 +

1

2

d

dt

∫ |∇um|22

0

M(s)ds+
1

2

d

dt

∥∥ηtm∥∥2

M +
(
ηtm, η

t
ms

)
M

+α |umt|44 − β|umt|
2
2 +

d

dt

∫
Ω

f̂(um)dx−
∫

Ω

gm(x)umt dx = 0.

(7)

-

E(t) = |umt|22 +

∫ |∇um|22

0

M(s)ds+
∥∥ηtm∥∥2

M + 2

∫
Ω

f̂(um)dx− 2

∫
Ω

gm(x)um dx. (8)

¤± (7)ª�z�
1

2

d

dt
E(t) + α |umt|44 − β|umt|

2
2 +

(
ηtm, η

t
ms

)
M = 0. (9)

Ï�

β|umt|22 = β

∫
Ω

|umt|2 ≤ β(

∫
Ω

|umt|4)
1
2 · (
∫

Ω

1)
1
2 ≤ β(|umt|24) · |Ω| 12 ≤ α

2
|umt|44 +

β2

2α
|Ω|. (10)
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db�^� (H2)��:

(
ηtm, η

t
ms

)
M =

∫ ∞
0

µ(s)

∫
Ω

∇ηtm(x, s)∇ηtms(x, s)dx ds =
1

2

∫ ∞
0

µ(s)
d

ds

∥∥∇ηtm(x, s)
∥∥2

ds

= 0− 1

2

∫ ∞
0

µ′(s)
∥∥∇ηtm(x, s)

∥∥2
ds ≥ δ

2
‖ηtm‖2M.

(11)

2dM(r)�b�±9^� (H1)��:∫ |∇um|22

0

M(s)ds ≥ a|∇um|22, (12)

∫
Ω

f̂(um)dx ≥ 0, (13)

,�, |^YoungØ�ªÚPoincáreØ�ª, k∫
Ω

gm(x)um dx ≤ ε

λ1

|∇um|22 +
1

4ε
|gm|22. (14)

Ù¥ λ1´�f −∆�1�A��.

é (9)ª'u t3 [0, T ]þÈ©, ¿(Ü (10)-(14), ��:

|umt|22 +

(
M0 −

2ε

λ1

)
|∇um|22 +

∥∥ηtm∥∥2

M + δ

∫ t

0

‖ηsm‖
2
M ds+ α

∫ t

0

|umt(s)|44ds

≤ β2

α
|Ω|+ |um1|22 +

(
M0 −

2ε

λ1

)
|∇um0|22 + ‖ηm0‖2M .

(15)

� εv
��, - λ = min{1,M0 − 2ε
λ1
, δ, α} > 0, K�3~ê CT > 0�¦�eª¤á:

|umt|22 + |∇um|22 +
∥∥ηtm∥∥2

M +

∫ t

0

‖ηsm‖
2
M ds+

∫ t

0

|umt(s)|44ds ≤ CT . (16)

y.�

½n 3.3 b�^� (H1)–(H2)¤á, � z0 = (u0, u1, η0) ∈ H. K�§�3�Nf)

z = (u, ut, η
t)÷vu ∈ L2([0, T ];H1

0 (Ω)), ut ∈ L∞([0, T ];L2(Ω)) ∩ L4([0, T ];L4(Ω)) Ú

ηt ∈ L2([0, T ];L2
µ(R+;H1

0 (Ω))).

y²µdÚn 3.2, ��
um3 L2([0, T ];H1

0 (Ω))¥��k.,

umt3 L∞([0, T ];L2(Ω)) ∩ L4([0, T ];L4(Ω))¥��k.,

ηtm3 L2([0, T ];L2
µ(R+;H1

0 (Ω)))¥��k..

(17)
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Ïd, �3{um}�f�(EP�{um}), ¦�

um → u3 L2([0, T ];H1
0 (Ω))¥fÂñ,

umt → ut3 L4([0, T ];L4(Ω))¥fÂñ,

umt → ut3 L∞([0, T ];L2(Ω))¥f*Âñ,

ηtm ⇀ ηt3 L2([0, T ];L2
µ(R+;H1

0 (Ω)))¥fÂñ.

(18)

du um(t)3 L2([0, T ];H1
0 (Ω))¥��k., umt(t) 3 L∞([0, T ];L2(Ω)) ∩ L4([0, T ];

L4(Ω)) ⊂ L2([0, T ];L2(Ω)) ¥��k., �� um(t) � H1(QT ) ¥�k.8. q H1(QT ) ;i\

L2(QT ), K�3 {um(t)}�f�(EP� {um}), ÷v

um ⇀ u3 L2(QT )¥rÂñ.

qd (H1)ÚÚn 3.2��∫ T

0

∫
Ω

|f(um)|qdxdt ≤ C0

∫ T

0

(1 + |um(t)|pp)dt

≤ C
∫ T

0

(1 + |um(t)|p2p+2)dt

≤ C
∫ T

0

(1 + |∇um(t)|p2)dt

≤ ρ0.

Ù¥ q� p�éóê, ρ0 > 0�~ê.

K�âþã f(um)���k.5, ��

f(um) ⇀ χ3 Lq([0, T ]; Ω)¥fÂñ.

d	, �â um �3 L2(QT )¥�rÂñ5, �� um → u (m→∞)3 QT þA�??Âñ. 2d f

�ëY5, ��

f(um(x, t)) ⇀ f(u(x, t))3 QT þA�??Âñ.

q Lq(QT ) ⊂ H−1(QT ), KdLebesgueÅ�È©½n��, �3 φ ∈ L2(0, T ;H1
0 (Ω)), ¦�

lim
m→∞

∫ T

0

∫
Ω

f(um)φdxdt =

∫ T

0

∫
Ω

f(u)φdxdt.

��� f(um)→ f(u)3 H−1(QT )¥fÂñ, df4����5, �: χ = f(u).

� φ ∈ C∞0 (0, T ;C∞0 (Ω)), k∫ t

0

〈umtt, φ〉dτ =

∫ t

0

〈M(|∇um|22)∆um +

∫ +∞

0

µ(s)∆ηtm(s)ds− h(umt)− f(um) + gm, φ〉dτ. (19)
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�g�Oþªm>�z��, ¿(ÜYoungØ�ª, HölderØ�ª, ÚÚn 3.2, ��∫ t

0

〈M(|∇um|22)∆um, φ〉dτ ≤
∫ t

0

M(|∇um|22)|∇um|2|∇φ|2dτ

≤ CT‖∇φ‖L2(0,T ;H1
0 (Ω)).

(20)

∫ t

0

∫ +∞

0

µ(s)〈∆ηtm(s), φ〉dsdτ ≤
∫ t

0

∫ +∞

0

µ(s)|∇ηtm(s)|2|∇φ|2dsdτ

≤ K
1
2

0

∫ t

0

|∇φ|2‖ηtm‖Mdτ

≤ CT‖∇φ‖L2(0,T ;H1
0 (Ω)).

(21)

∫ t

0

〈−αu3
mt, φ〉dτ ≤ α

∫ t

0

|umt|34|φ|4dτ ≤ CT‖∇φ‖L4(0,T ;L4(Ω))

≤ CT‖∇φ‖L2(0,T ;L2(Ω)).

(22)

∫ t

0

〈βumt, φ〉dτ ≤ β
∫ t

0

|umt|2|φ|2dτ ≤ CT‖∇φ‖L2(0,T ;L2(Ω)). (23)

∫ t

0

〈f(um), φ〉dτ ≤
∫ t

0

‖f(um)‖H−1‖φ‖0dτ ≤ CT‖φ‖L2(0,T ;H1
0 (Ω)). (24)

∫ t

0

〈gm, φ〉dτ ≤
∫ t

0

|gm|2|φ|2dτ ≤ CT‖φ‖L2(0,T ;L2(Ω)). (25)

¤±(Ü (20)-(25), ��∫ t

0

〈umtt, φ〉dτ ≤ CT (‖φ‖L2(0,T ;H1
0 (Ω)) + ‖φ‖L2(0,T ;L2(Ω))).

K

umtt ∈ L2(0, T ;H−1(Ω)). (26)

�â (17)ªÚ (26)��

umt → ut3 L2(QT )¥rÂñ. (27)
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� umt → ut 3 QT ¥A�??Âñ. u´ u3
mt → u3

t 3 QT ¥A�??¤á. q u3
mt → χ13

L
4
3 (QT )¥fÂñ. df4����5�: u3

t = χ1.

,	, du gm(x) ∈ L2(Ω) , éu��� x ∈ Ω, k gm → g (m → ∞) ´fÂñ�, �

g(x) ∈ L2(0, T ;L2(Ω)).

nþ¤ã, �m→∞�, é?¿� ω ∈ H1
0 (Ω), ξ ∈M, k:

〈utt, ω〉 − 〈M(|∇u|22)∇u,∇ω〉 −
∫ ∞

0

µ(s)〈∇ηt(s),∇ω〉ds+ α〈u3
t , ω〉 − β〈ut, ω〉

+ 〈f(u), ω〉 = 〈g(x), ω〉.

〈ηtt, ξ〉M = 〈−ηts, ξ〉M + 〈ut, ξ〉M.

�e5©O�y�§�) z = (u, ut, η
t)÷vÐ©^�:

d u ∈ L2(0, T ;H1
0 (Ω))Ú ut ∈ L2(0, T ;L2(Ω)), ¤±k u ∈ C(0, T ;L2(Ω)). K um(0) ⇀ u(0)

3 L2(Ω)¥fÂñ, qd um(0) ⇀ u03 H1
0 (Ω)¥, � u(0) = u03 L2(Ω)¤á.

� ν(t) ∈ C1[0, T ], � ν(T ) = 0. K3 (5)ªüàÓ¦± ν(t)¿'u t3 [0, T ]þÈ©, k:∫ T

0

〈umtt, ν(t)〉dt−
∫ T

0

〈M(|∇um|22)∆um), ν〉dt−
∫ T

0

〈
∫ +∞

0

µ(s)∆ηtm(s)ds, ν(t)〉dt

+α

∫ T

0

〈u3
mt, ν(t)〉dt− β

∫ T

0

〈umt, ν(t)〉dt+

∫ T

0

〈f(um), ν(t)〉dt =

∫ T

0

〈gm, ν(t)〉dt.

z{��:

−〈umt(0), ν(0)〉 −
∫ T

0

〈umt, ν(t)〉dt+

∫ T

0

M(|∇um|22)〈∇um,∇ν(t)〉dt

+

∫ T

0

∫ +∞

0

µ(s)〈∇ηtm(s),∇ν(t)〉dsdt+ α

∫ T

0

〈u3
mt, ν(t)〉dt

−β
∫ T

0

〈umt, ν(t)〉dt+

∫ T

0

〈f(um), ν(t)〉dt =

∫ T

0

〈gm, ν(t)〉dt.

�m→∞�, k

−〈u1, ν(0)〉 −
∫ T

0

〈ut, ν(t)〉dt+

∫ T

0

M(|∇u|22)〈∇u,∇ν(t)〉dt

+

∫ T

0

∫ +∞

0

µ(s)〈∇ηt(s),∇ν(t)〉dsdt+ α

∫ T

0

〈u3
t , ν(t)〉dt

−β
∫ T

0

〈ut, ν(t)〉dt+

∫ T

0

〈f(u), ν(t)〉dt =

∫ T

0

〈g, ν(t)〉dt.

(28)
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q^ ν(t)�^ (5)ª¿'u t3 [0, T ]þÈ©, z{��:

−〈ut(0), ν(0)〉 −
∫ T

0

〈ut, ν(t)〉dt+

∫ T

0

M(|∇u|22)〈∇u,∇ν(t)〉dt

+

∫ T

0

∫ +∞

0

µ(s)〈∇ηt(s),∇ν(t)〉dsdt+ α

∫ T

0

〈u3
t , ν(t)〉dt

−β
∫ T

0

〈ut, ν(t)〉dt+

∫ T

0

〈f(u), ν(t)〉dt =

∫ T

0

〈g, ν(t)〉dt.

(29)

é' (28)ªÚ (29)ª, k

〈u1, ν(0)〉 = 〈ut(0), ν(0)〉,

¤± 〈(u1 − ut(0)), ν(0)〉 = 0, �
 ut(0) = u1.

aqþãÐ���y, �� θ(t) ∈ C1(0, T ;L2
µ(R+;M) (θ(T ) = 0), ¿3�m L2

µ(0, T ;L2(Ω))

þ©O�^ (5)Ú (5)�1�ª, ²LO�Ú'�, ��∫ +∞

0

µ(s)〈ηt(0)− η0, θ(0)〉ds = 0,

= 〈ηt(0)− η0, θ(0)〉 = 0, � ηt|t=0 = η0. y.�

3.2. ��5ÚëY5

½n 3.4 b�^� (H1)-(H2)¤á, K¯K (5)-(6)�)´����ÙëY�6uÐ�.

y²: - ω1 = (u, ut, η
t) ∈ H Ú ω2 = (v, vt, ξ

t) ∈ H ´�§ (5) ©OéAuÐ� ω1(0) = ω1
0 =

(u0, u1, η0) ∈ HÚω2(0) = ω2
0 = (v0, v1, ξ0) ∈ H�ü�),��ω = ω1−ω2 = (u−v, ut−vt, ηt−ξt),

ÙÐ©�� ω0 = (u0 − v0, u1 − v1, η0 − ξ0), K ω÷v�§:
ωtt − a∆ω −

∫ +∞

0

µ(s)∆ζt(s)ds+ αu3
t − αv3

t − βωt + f(u)− f(v) = b(|∇u|22 − |∇v|22),

ζtt = −ζts + ωt,

(30)

dM(r) = a + br��M(|∇u|22) = a + b|∇u|22. ?
^ ωt ��§ (30)3 L2(Ω)þSÈ, 2d

(11)��

1

2

d

dt
|ωt|22 +

a

2

d

dt
|∇ω|22 +

1

2

d

dt

∥∥ζt∥∥2

M +
δ

2

∥∥ζt∥∥2

M + α((|ut|3 − |vt|3), ωt)

≤ β|ωt|22 + (f(v)− f(u), ωt) + b(|∇u|22 − |∇v|22, ωt).
(31)

e¡é (31)Ø�ª�m>1��?1?n, w, p
2(p+1)

+ 1
2(p+1)

+ p+1
2(p+1)

= 1¤á, 2�âi\
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½nÚYoungØ�ª, Kk:

(|f(v)− f(u)|, ωt) ≤ C
∫

Ω

(1 + |u|p + |v|p) |ω||ωt|dx

≤ C[1 + |u|p2(p+1) + |v|p2(p+1)] · |ω|2(p+1) · |ωt|2

≤ C[1 + |∇u|p2 + |∇v|p2)] · |∇ω|2 · |ωt|2

≤ C[|∇ω|22 + |ωt|22 +
∥∥ζt∥∥2

M],

(32)

e¡é (31)Ø�ª�m>1n�?1?n, k:

(|∇u|22 − |∇v|22, ωt) ≤ ≤ (|∇u|2 + |∇v2|) · |(|∇(u− v)|2)| · (
∫

Ω

|ωt|2dx)
1
2

≤ CT |∇ω|2 · |ωt|2 ≤ CT [|∇ω|22 + |ωt|22 +
∥∥ζt∥∥2

M].

(33)

du u3
t �üN4O¼ê, � ∫

Ω

(|ut|3 − |vt|3) · ωtdx ≥ 0.

nþ, � (31)ª�z�

d

dt
[|ωt|22 + a|∇ω|22 + ‖ζt‖2M] ≤ C[|ωt|22 + a|∇ω|22 +

∥∥ζt∥∥2

M].

e� λ2 = min{a, 1}, �dGronwallÚn, k:

‖ω1 − ω2‖2H ≤ CeCt‖ω1
0 − ω2

0‖2M.

��=� ω1
0 = ω2

0 �, �Ò¤á. ¤±Òy²
)���5, ÚéÐ��ëY�65. y.�

� �

�ö©%a����[��Ç�G%��Ú9%�y§a��H�g,�ÆÄ7(?Òµ

2018JJ2416)�]Ï"

ë�©z

[1] Ü�w, Üï©, �°ÿ. �aäPÁ�[�5ÅÄ�§�§��NáÚf[J]. A^êÆ, 2020,

33(4): 894-904.

[2] Li, C., Liang, J. and Xiao, T.J. (2021) Long-Term Dynamical Behavior of the Wave Model

with Locally Distributed Frictional and Viscoelastic Damping. Communications in Nonlinear

Science and Numerical Simulation, 92, Article ID: 105472.

https://doi.org/10.1016/j.cnsns.2020.105472

DOI: 10.12677/pm.2021.118173 1557 nØêÆ

https://doi.org/10.1016/j.cnsns.2020.105472
https://doi.org/10.12677/pm.2021.118173


4Ü��

[3] Liao, M., Guo, B. and Zhu, X. (2020) Bounds for Blow-Up Time to a Viscoelastic Hyperbolic

Equation of Kirchhoff Type with Variable Sources. Acta Applicandae Mathematicae, 170, 1-18.

[4] Zhang, Z.Y., Liu, Z.H. and Gan, X.Y. (2013) Global Existence and General Decay for a

Nonlinear Viscoelastic Equation with Nonlinear Localized Damping and Velocity-Dependent

Material Density. Applicable Analysis, 92, 2021-2048.

https://doi.org/10.1080/00036811.2012.716509

[5] Mezouar, N. and Boulaaras, S. (2020) Global Existence and Decay of Solutions for a Class of

Viscoelastic Kirchhoff Equation. Bulletin of the Malaysian Mathematical Sciences Society, 43,

725-755. https://doi.org/10.1007/s40840-018-00708-2

[6] Lazo, P.P.D. (2011) Global Solution for a Quasilinear Wave Equation with Singular Memory.

Applied Mathematics and Computation, 217, 7660-7668.

https://doi.org/10.1016/j.amc.2011.02.069

[7] Wang, H. and Elcrat, A.R. (1993) Boundary Control of Weakly Nonlinear Wave Equations

with an Application to Galloping of Transmission Lines. Dynamics and Control, 3, 281-300.

https://doi.org/10.1007/BF01972700

[8] Sun, B. and Huang, T. (2014) Chaotic Oscillations of the Klein-Gordon Equation with Dis-

tributed Energy Pumping and van der Pol Boundary Regulation and Distributed Time-Varying

Coefficients. Electronic Journal of Differential Equations, 2014, 1-28.

DOI: 10.12677/pm.2021.118173 1558 nØêÆ

https://doi.org/10.1080/00036811.2012.716509
https://doi.org/10.1007/s40840-018-00708-2
https://doi.org/10.1016/j.amc.2011.02.069
https://doi.org/10.1007/BF01972700
https://doi.org/10.12677/pm.2021.118173

	1 引言
	2 预备知识
	3 适定性 
	3.1 解的存在性
	3.2 唯一性和连续性


