
Pure Mathematics nØêÆ, 2021, 11(11), 1897-1910

Published Online November 2021 in Hans. http://www.hanspub.org/journal/pm

https://doi.org/10.12677/pm.2021.1111212

þ�-��OKeê��ÅN��
�`Ý]2�xüÑ

���¦¦¦¦¦¦§§§���xxxxxx§§§ÓÓÓ¦¦¦)))∗

Àu�ÆnÆ�§þ°

ÂvFÏµ2021c10�16F¶¹^FÏµ2021c11�16F¶uÙFÏµ2021c11�24F

Á �

�©ïÄ
ê��ÅN�eÄuþ�-��OK��`Ý]2�xüÑ¯K"NN�xúi	ï'

~2�x§Ó�Ý]��Ãºx]�Úü����ºx]�§ºx]����5dd�L§É�

��ÓÀÂ5�x"A^�Å�5�g.��nØ¦Ñ�`Ý]2�xüÑ§¿ÏL.�KFé

ó½n��k�c÷"

'�c

þ�-��§ê��ÅN�§��ºx]�§�Å�5�g.��§k�c÷

Optimal Mean-Variance Investment
Reinsurance Strategy under
Markov Modulated Model

Huihui Wang, Tingting Sun, Huisheng Shu∗

College of Science, Donghua University, Shanghai

Received: Oct. 16th, 2021; accepted: Nov. 16th, 2021; published: Nov. 24th, 2021

∗ ÏÕ�ö"

©ÙÚ^: �¦¦, �xx, Ó¦). þ�-��OKeê��ÅN���`Ý]2�xüÑ[J]. nØêÆ, 2021,
11(11): 1897-1910. DOI: 10.12677/pm.2021.1111212

http://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2021.1111212
http://www.hanspub.org
https://doi.org/10.12677/pm.2021.1111212


�¦¦ �

Abstract

Based on the mean variance criterion, this paper studies the optimal investment rein-

surance strategy under Markov modulated model, and assumes that an insurer is

allowed to purchase proportional reinsurance business and invest a risk-free asset and

two dependent risky assets in the financial market. And the dependence of risky assets

is characterized by a common shock of the price process. Stochastic linear quadratic

control theory is used to find the optimal investment reinsurance strategy, and the

effective frontier is obtained by Lagrange duality theorem.
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1. 0�

Markowitz (1952) [1]JÑ�þ�-��Ý]|ÜnØ37Kó§¥��u�X­���^.

Bäuerle (2005) [2]Ägòþ�-��OKA^u�x°�, ¿��
kÃ�åü«�/e�`2

�xüÑ�), Úå
NõÆö�2�'5. Bai ÚZhang (2008) [3]ïÄ
ØÓºx�.3þ�

��OKe��`2�xÝ]üÑ¯K, ÏL¦)HJB �§���`üÑ�)ÛL�. Yan ÚLi

(2011) [4]ïÄ
Äuþ�-��OK, �x<©O=	ï2�xÚ=Ý]ü«�¹e��`üÑ¯

K. Bi �(2019) [5] ïÄ
þ�-��OKe¢�����`Ý]2�xüÑ¯K. Ù¦�'ïÄ�

�©z [6–8]�.

Hamilton (1989) [9]Äg37Kó§¥Ú\
�kê��ÅN��Ä��., �â{IGNPê

â?1
¢yïÄ. Cc5, �þ©Ùm©òê��ÅN��.A^��`Ý]2�xüÑ¯K¥.

Zhou �(2003) [10] ïÄ
3ê��ÅN�e, ºx]�dn|�¦|¤��`Ý]|Ü¯K. Ping

ÚYam (2013) [11]ïÄ
ê��ÅN�e��`Ý]2�xüÑ¯K; Bi �(2019) [5]ïÄ3ê�

�ÅN�eü���¢�L§��`Ý]2�x¯K, |^�Å�5�g.��Eâ, ��
�`
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Ý]2�xüÑÚk�c÷�)ÛL�ª; ÜçR�(2021) [12]ïÄ
3ê��ÅN�e, �J{a

L§�ºx]�aL§�����`Ý]2�x¯K, |^�Å��nØÚ2ÂHJB �§��¯K

��`). 3¢S¥, �
­�½|ëêX|Ç!ÂÃÇ!ÅÄÇ�¬��N²LG��Cz
U

C, ê��ÅN��.éÐ/�x
ù«y�. �©¥ò^ê��ÅN��a*Ñ�.5�xºx

]��d�L§.

8c, �õê©z3ïÄ2�xÝ]üÑ���5¯K�, õ´�Äx«�m�3��'X. ¯

¢þ, �xúi?1Ý]1��, ºx]��m�¬�3��5, �'uda¯K�ïÄ%m�©

z. Ý]L§¥, ºx]��d�Ø=É�g�²E(½¡�XÚ5ºx)�K�, Ï~^ÙK$Ä5

�x, Ó��¬É�	.�¸(½¡XÚ5ºx)�K�, Ï~^aL§5�x. ·�b�7K½|â

,É�¾��!¿	�	.ÀÂ§X¼��â,�u�, ºx]�d�Ñyì�Cz. d�ØÓº

x]�É��ÓÀÂ
�3��5§·�^aL§��5�x. �©ïÄ�­:´, 3ê��ÅN

�e, �xúi	ï'~2�x, Ó�Ý]��Ãºx]�Úü����ºx]�, Äuþ���O

K, A^�Å�5�g.��nØ¦Ñ�`Ý]2�xüÑ)ÛL�, ¿ÏL.�KFéó½n�

�k�c÷.

2. �.£ã

�½�����VÇ�m(Ω,F , {Ft}t≥0, P ), σ- 6{Ft}t≥0÷vÏ~^�. {Wn(t), t ≥ 0, n =

0, 1, 2} ´(Ω,F , {Ft}t≥0, P ) þ�IOÙK$Ä, {α(t), t ≥ 0}½Â3(Ω,F , {Ft}t≥0, P ), ��uN =

{1, 2, · · ·, d}þëY�mk�G��àgê��Åó, d ���ê, Ù=£VÇ�

pij(t) = P (α(t) = j | α(0) = i), t ≥ 0, i, j = 1, 2, . . . , d.

PQ = (qij)d×d�ê¼óα(t)�rÝÝ


qij = lim
t→0+

pij(t)

t
, i 6= j, qii = lim

t→0+

pii(t)− 1

t
, i = 1, 2, · · · , d,

éz�i k
∑

j∈N qij = 0, qij > 0(i 6= j), �Wn(t) Úα(t) �pÕá.

PC(t)´�xúi¢��, ÑlXe*ÑL§

dC(t) = a(t, α(t))dt− b(t, α(t))dW0(t), (2.1)

Ù¥a(t, i) > 0Úb(t, i) > 0, i ∈ N . dd��J{L§R(t)kXeLã

dR(t) = c(t, α(t))dt− dC(t), (2.2)

Ù¥c(t, i)´�¤Ç, i ∈ N .

��/, �xúiÏL	ï2�x�Ö5=£ºx, �©b½�xúiU'~2�x�B�¤.

c1(t, i)L«�xúi��¤Ç, c2(t, i)L«2�xúi�¤Ç, θ(t, i), η(t, i) ©O��xúiÚ2�

xúi�S�Xê, η(t, i) > θ(t, i), i ∈ N . -ξ(t)L«2�xúi3t��¢��'~, ξ(t) ≤ 1. Ä
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uÏ"�¤�nKkc1(t, i) = a(t, i)(1 + θ(t, i)), c2(t, i) = a(t, i)ξ(t)(1 + η(t, i)). d��xúiJ{

L§

dR(t) =c1(t, α(t))dt− (1− ξ(t))dC(t)− c2(t, α(t))dt

=a(t, α(t))(θ(t, α(t))− η(t, α(t))ξ(t))dt+ b(t, α(t))(1− ξ(t))dW0(t).
(2.3)

�xúi  J¦|d���z, 37K½|�3Ý]1�. b½7K½|d��ÃºxÅ 

Úü����ºx]�|¤. �xúi3t ��Ý]uÃºx]��d�L§B(t) ÷v{
dB(t) = r0(t, α(t))B(t)dt, t ∈ [0, T ],

B(0) = B0 > 0,
(2.4)

Ù¥r0(t, i) > 0´ÃºxÅ �|Ç, i = N .

3t ��ºx]��d�L§S1(t)§S2(t)©O÷v{
dS1(t) = S1(t) [r1(t, α(t))dt+ b1(t, α(t))dW1(t) + dY (t)] , t ∈ [0, T ],

S1(0) = s1 > 0,
(2.5)

{
dS2(t) = S2(t) [r2(t, α(t))dt+ b2(t, α(t))dW2(t) + dM(t)] , t ∈ [0, T ],

S2(0) = s2 > 0,
(2.6)

Ù¥r1(t, i)(≥ r0(t, i)), r2(t, i)(≥ r0(t, i))´�xúiÝ]uºx½|�ÂÃÇ, b1(t, i)(> 0), b2(t, i)(>

0)´ºx½|��ÅÄÇXê. b½

Y (t) =

N1(t)+N0(t)∑
k=1

Yk, M(t) =

N2(t)+N0(t)∑
k=1

Mk (2.7)

´ü�EÜÑtL§,��OêL§{N0(t)}t≥0�xºx]����5. Ù¥{N0(t)}t≥0, {N1(t)}t≥0,

{N2(t)}t≥0 ´n��pÕá�ÑtL§, rÝXê©O�λ0(t, i), λ1(t, i), λ2(t, i), i ∈ N . ,	, b

½{Yk, k ≥ 1}({Mk, k ≥ 1})�ÕáÓ©Ù��ÅCþ,k�Ó©ÙFY (·)(FM (·)),kE(Y ) = µ11 > 0,

E(Y 2) = µ12 > 0, E(M) = µ21 > 0, E(M2) = µ22 > 0. {Yk, k ≥ 1}Ú{Mk, k ≥ 1}�pÕá, �

�{N1(t)}t≥0 Ú{N2(t)}t≥0 ��pÕá.

y�xúi�Äò�Ü©]7Ý]u7K½|. Pl1(t)§l2(t)�3t ��Ý]u7K½|üº

x]���Ý, X(t)L«t ���ãLL§, Ø�Ä�´¤^�, KX(t) kXeL�

dX(t) =dR(t) +
l1(t)

S1(t)
dS1(t) +

l2(t)

S2(t)
dS2(t) +

X(t)− l1(t)− l2(t)

B(t)
dB(t)

=[X(t)r0(t, α(t)) + a(t, α(t))(θ(t, α(t))− η(t, α(t)ξ(t))

+ l1(t)(r1(t, α(t))− ro(t, α(t))) + l2(t)(r2(t, α(t))− ro(t, α(t)))]dt

+ b(t, α(t))(1− ξ(t))dW0(t) + l1(t)b1(t, α(t))dW1(t) + l2(t)b2(t, α(t))dW2(t)

+ l1(t)dY (t) + l2(t)dM(t),

(2.8)
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Ù¥X(0) = x0, α(0) = i0, �r0(t, i), a(t, i), θ(t, i), η(t, i), r1(t, i), r2(t, i)´t ∈ [0, T ]þ®�ëY¼

ê.

�
Bu¦), ·�A^Grandell(1991) [13]¥�{ò(2.7)?nXe

dY (t) = (λ0(t, i) + λ1(t, i))µ11(t, i)dt−
√

(λ0(t, i) + λ1(t, i))µ12(t, i)dW11(t),

dM(t) = (λ0(t, i) + λ2(t, i))µ21(t, i)dt−
√

(λ0(t, i) + λ2(t, i))µ22(t, i)dW22(t),

Ù¥IOÙK$ÄW11(t), W22(t)�{Wn(t), t ≥ 0}§n = 0, 1, 2Õá. IOÙK$ÄW11, W22 ��

'Xê

ρ(t, i) =
λ0(t, i)µ11(t, i)µ21(t, i)

σ1(t, i)σ2(t, i)
∈ (0, 1).

-

ε1(t, i) = (λ0(t, i) + λ1(t, i))µ11(t, i), ε2(t, i) = (λ0(t, i) + λ2(t, i))µ21(t, i),

σ2
1(t, i) = (λ0(t, i) + λ1(t, i))µ12(t, i), σ2

2(t, i) = (λ0(t, i) + λ2)µ22(t, i).

Kk

dX(t) = dR(t) +
l1(t)

S1(t)
dS1(t) +

l2(t)

S2(t)
dS2(t) +

X(t)− l1(t)− l2(t)

B(t)
dB(t)

= [X(t)r0(t, α(t)) + a(t, α(t))(θ(t, α(t))− η(t, α(t))ξ(t))

+ l1(t)(r1(t, α(t))− ro(t, α(t)) + ε1(t, α(t)))

+ l2(t)(r2(t, α(t))− ro(t, α(t)) + ε2(t, α(t)))]dt

(2.9)

+ b(t, α(t))(1− ξ(t))dW0(t) + l1(t)b1(t, α(t))dW1(t) + l2(t)b2(t, α(t))dW2(t)

−
√
l21(t)σ2

1(t, α(t)) + l22(t)σ2
2(t, α(t)) + 2ρ(t, α(t)))l1(t)l2(t)σ1(t, α(t))σ2(t, α(t))dW (t).

½Â1 Pπ(t) = (ξ(t), l1(t), l2(t))L«��Ý]2�xüÑ, ¡π(t)´�NN�. ÷v±e^�

£1¤π(t)´F�ÿ�, t ∈ [0, T ].

£2¤0 ≤ ξ(t) ≤ 1, l1(t) ≥ 0, l2(t) ≥ 0.

£3¤E[
∫ t

0
(ξ(s))2ds] <∞, E[

∫ t
0
(l1(s))2ds] <∞, E[

∫ t
0
(l2(s))2ds] <∞, t ∈ [0, T ].

3. �`Ý]2�xüÑ

b½�xúiýÏ3ªà��T���oãL�z, =E[X(T )] = z. KI�3d8Ieé��

1��`Ý]2�xüÑ, ¦�T��ãL�ºx����, ùp·�^T ��ãL���5Ýþ

ºx, =

VarX(T ) = E
{

[X(T )− EX(T )]
2
}

= E
{

[X(T )− z]2
}
. (3.1)
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$^þ���OK, þã¯KL«�

min VarX(T ) = E
{

[X(T )− z]2
}
,

¦�


EX(T ) = z,

π ∈ Π,

(X(·), π(·))÷v(2.9).

(3.2)

Ù¥Π �¤k�NNüÑπ(t)�8Ü. þã¯K¤�ê��ÅN��þ���¯K.

e¡·�?Ø¯K(3.2)Ý]üÑπ(t)�NN�1). Äk½ÂXe~�©�§|{
ψ̇(t, i) = −r(t, i)ψ(t, i)−

∑d
j=1 qijψ(t, j),

ψ(T, i) = 1, i = 1, 2, . . . , d.
(3.3)

ë�PingÚYam(2013) [11]��§ψ(t, i) > 0�(3.3)�)�3���.

½n1 eéz�z > ψ(0, i0)x0,

E

∫ T

0

[(r1(t, i)− r0(t, i) + ε1(t, i))2 + (r2(t, i)− r0(t, i) + ε2(t, i))2]dt > 0 (3.4)

¤á, K¯K£3.2¤�1.

y²·��Ié����NNüÑ÷vE[X(T )] = z,b½Ý]|Ü�πβ(t) = (ξβ(t), lβ1 (t), lβ2 (t)),

�ξβ(t) = θ(t,i)
η(t,i)

, lβ1 (t) = β(r1(t, i)−r0(t, i)+ε1(t, i))ψ(t, i), lβ2 (t) = β(r2(t, i)−r0(t, i)+ε2(t, i))ψ(t, i),

β ∈ R. d�éA�ãLL§^Xβ(t)L«. éψ(t, α(t)) �Xβ(t)�¦È$^Itô úª��

d[ψ(t, α(t))Xβ(t)]

={ψ̇(t, α(t))Xβ(t) + ψ(t, α(t))r0(t, α(t))Xβ(t)

+

d∑
j=1

qα(t)jψ(t, j)Xβ(t)}dt+ β[(r1(t, α(t))− r0(t, α(t)) + ε1(t, α(t)))2

+ (r2(t, α(t))− r0(t, α(t)) + ε2(t, α(t)))2]ψ2(t, α(t))

+ {· · · }dW (t) + {· · · }dW0(t) + {· · · }dW1(t) + {· · · }dW2(t)

=β[(r1(t, α(t))− r0(t, α(t)) + ε1(t, α(t)))2 + (r2(t, α(t))− r0(t, α(t))

+ ε2(t, α(t)))2]ψ2(t, α(t)) + {· · · }dW (t) + {· · · }dW0(t) + {· · · }dW1(t) + {· · · }dW2(t),

(3.5)

Ù¥ψ(t, i)÷v(3.3), l0�T�È©¦Ï"��

EXβ(T ) =E[ψ(T, α(T ))Xβ(T )]

=ψ(0, i0)x0 + βE
∫ T

0

ψ2(t, α(t))[(r1(t, α(t))− r0(t, α(t)) + ε1(t, α(t)))2

+ (r2(t, α(t))− r0(t, α(t)) + ε2(t, α(t)))2]dt.

(3.6)
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dψ(t, i) > 0, ·��I�

β =
z − ψ(0, i0)x0

E
∫ T

0
ψ2(t, α(t))[(T1(t, α(t)))2 + (T2(t, α(t)))2]dt

> 0, (3.7)

Ù¥

T1(t, i) = r1(t, i)− r0(t, i) + ε1(t, i), T2(t, i) = r2(t, i)− r0(t, i) + ε2(t, i), (3.8)

KkEXβ(T ) = z, �ξβ(t) < 1, lβ1 (t) ≥ 0, lβ2 (t) ≥ 0. =Xβ(t)´���NNüÑ.

NN�1)�3��?Øþ����`¯K. ¯K(3.2)´k�å^�E[X(T )] = z �à�`z

¯K, Ú\��.�KF¦êλ ∈ R 5�Ø�å^�E[X(T )] = z.

J (x0, i0, π, λ) = E
{

[X(T )− z]2
}

+ 2λ [EX(T )− z]

= E
{

[X(T ) + λ− z]2
}
− λ2, λ ∈ R,

(3.9)

@o, ª(3.2)¦�`Ý]2�xüÑ¯K�=z�¦)ëê�λ��Å��¯K

min J (x0, i0, π, λ) = E
{

[X(T ) + λ− z]2
}
− λ2,

¦�

{
π ∈ Π,

(X(·), π(·))÷v(2.10).

(3.10)

ùa¯K·�¡��ê��ÅN���Å�5�g.(LQ)�`��¯K.

¯K(3.2)�(3.10)k�Ó�). Äk�Ä±eA�Ún.

Ún1 b�k��¼êf(x, y) = ax2 + by2 + cx+ dy+ exy, ea > 0�4ab− e2 > 0, Kf(x, y)k

4��f (x∗, y∗) = − bc2+ad2−cde
4ab−e2 , d�(x∗, y∗) =

(
ed−2bc
4ab−e2 ,

ec−2ad
4ab−e2

)
.

Ún2 b�K(t, i), Q(t, i)÷v±eü|~�©�§{
K̇(t, i) = [W(t, i) + a2(t,i)η2(t,i)

b2(t,i)
− 2r0(t, i)]K(t, i)−

∑d
j=1 qijK(t, j),

K(T, i) = 1, i = 1, 2, . . . , d,
(3.11)

{
Q̇(t, i) = r0(t, i)Q(t, i)− a(t,i)(θ(t,i)−η(t,i))

λ−z − 1
K(t,i)

∑d
j=1 qijK(t, j)[Q(t, j)−Q(t, i)],

Q(T, i) = 1, i = 1, 2, . . . , d.
(3.12)

Ù¥

W(t, i) =
T2(t, i)T 2

1 (t, i) + T1(t, i)T 2
2 (t, i)− 2σ1(t, i)σ2(t, i)ρ(t, i)T1(t, i)T2(t, i)

T1(t, i)T2(t, i) + σ2
2(t, i))− ρ2(t, i)σ2

1(t, i)σ2
2(t, i)

,

T1(t, i) = b21(t, i) + σ2
1(t, i), T2(t, i) = b22(t, i) + σ2

2(t, i).

duª(3.11)(3.12)´�5�©�§�XêëY, �)��3��5w,. d	, �(3.3)y²aq

��K(t, i) > 0. ª(3.11)´?n�Å�5�g.��¯K���Riccati�§, 
(3.12)K�
)

û(3.10)¥��àg�.
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½n2 ¯K(3.10)k�`�"��

π∗(t, x, i) = (ξ∗(t, x, i), l∗1(t, x, i), l∗2(t, x, i)), (3.13)

Ù¥

ξ∗(t, x, i) = 1 +
a(t, i)η(t, i)[x+ (λ− z)Q(t, i)]

b2(t, i)
,

l∗1(t, x, i) =
σ1(t, i)σ2(t, i)ρ(t, i)T2(t, i)− (b22(t, i) + σ2

2(t, i))T1(t, i)

(b21(t, i) + σ2
1(t, i))(b22(t, i) + σ2

2(t, i))− ρ2(t, i)σ2
1(t, i)σ2

2(t, i)
[x+ (λ− z)Q(t, i)],

l∗2(t, x, i) =
σ1(t, i)σ2(t, i)ρ(t, i)T1(t, i)− (b21(t, i) + σ2

1(t, i))T2(t, i)

(b21(t, i) + σ2
1(t, i))(b22(t, i) + σ2

2(t, i))− ρ2(t, i)σ2
1(t, i)σ2

2(t, i)
[x+ (λ− z)Q(t, i)],

�`�

inf
π∈Π

J (x0, i0, π, λ) =
[
K (0, i0)Q2 (0, i0) + δ (i0)− 1

]
(λ− z)2

+ 2 [K (0, i0)Q (0, i0)x0 − z] (λ− z) +K (0, i0)x2
0 − z2,

(3.14)

Ù¥

δ (i0) =

d∑
i=1

d∑
j=1

∫ T

0

Ki0iqα(t)j [Q(t, j)−Q(t, i)]2dt.

y² éd {K(t, α(t))[X(t) + (λ− z)Q(t, α(t))]2}A^Itô Ún

d{K (t, α(t))[X(t) + (λ− z)Q(t, α(t))]2
}

=
{
K̇(t, α(t))[X(t) + (λ− z)Q(t, α(t))]2

+ 2(λ− z)K(t, α(t))Q̇(t, α(t))[X(t) + (λ− z)Q(t, α(t))]

+ 2K(t, α(t))[X(t) + (λ− z)Q(t, α(t))]

× [X(t)r0(t, α(t)) + a(t, α(t))(θ(t, α(t))− η(t, α(t))ξ(t))

+ l1(t)(r1(t, α(t))− ro(t, α(t)) + ε1(t, α(t)))

+ l2(t)(r2(t, α(t))− ro(t, α(t)) + ε2(t, α(t)))]

+K(t, α(t))
[
b2(t, α(t))(1− ξ(t))2

+ b21(t, α(t))l21(t) + b22(t, α(t))l22(t) + σ2
1(t, α(t))l21(t) + σ2

2(t, α(t))l22(t)

+2ρ(t, α(t))σ1(t, α(t))σ2(t, α(t))l1(t)l2(t)]

+
d∑
j=1

qα(t)jK(t, j)[X(t) + (λ− z)Q(t, j)]2

}
dt

+ {. . .}dW (t) + {. . .}dW0(t) + {. . .}dW1(t) + {. . .}dW2(t)
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={K(t, α(t))b2(t, α(t))

[
ξ(t)− a(t, α(t))η(t, α(t))[x+ (λ− z)Q(t, α(t))]

b2(t, i)
− 1

]2

+ l1(t)[r1(t, α(t))− r0(t, α(t)) + ε1(t, α(t))]2K(t, α(t))[X(t) + (λ− z)Q(t, α(t))]

+ l2(t)[r1(t, α(t))− r0(t, α(t)) + ε2(t, α(t))]2K(t, α(t))[X(t) + (λ− z)Q(t, α(t))]

+K(t, α(t))l21(t)(σ2
1(t, α(t)) + b21(t, α(t))) +K(t, α(t))l22(t)(σ2

2(t, α(t)) + b22(t, α(t)))

+ 2ρ(t, α(t))K(t, α(t))σ1(t, α(t))σ2(t, α(t))l1(t)l2(t)

+W(t, i)K(t, α(t))[X(t) + (λ− z)Q(t, α(t))]2

−
d∑
j=1

qα(t)jK(t, j)(λ− z)2Q(t, α(t))2 +
d∑
j=1

qα(t)jK(t, j)(λ− z)2Q(t, j)2

− 2(λ− z)2Q(t, α(t))

d∑
j=1

qα(t)jK(t, j)[Q(t, j)−Q(t, α(t))] + 0×X(t)2 + 0×X(t)}dt

+ {. . .}dW (t) + {. . .}dW0(t) + {. . .}dW1(t) + {. . .}dW2(t).

(3.15)

l0�T�È©¿¦Ï"��

E
∫ T

0

d{K (t, α(t))[X(t) + (λ− z)Q(t, α(t))]2
}

= E
{

[X(T ) + λ− z]2
}

+K(0, i0)[x0 + (λ− z)Q(0, i0)]2,

(3.16)

·��±k¦�

E
{

[X(T ) + λ− z]2
}
− λ2

= E
∫ T

0

d{K (t, α(t))[X(t) + (λ− z)Q(t, α(t))]2
}

+K(0, i0)[x0 + (λ− z)Q(0, i0)]2 − λ2

≥ −
d∑
j=1

qα(t)jK(t, j)(λ− z)2Q(t, α(t))2 +

d∑
j=1

qα(t)jK(t, j)(λ− z)2Q(t, j)2

− 2(λ− z)2Q(t, α(t))
d∑
j=1

qα(t)jK(t, j)[Q(t, j)−Q(t, α(t))] +K(0, i0)[x0 + (λ− z)Q(0, i0)]2 − λ2

= (λ− z)2E
∫ T

0

{
d∑
j=1

qα(t)jK(t, j)[Q(t, α(t))−Q(t, j)]2

}
+K(0, i0)[x0 + (λ− z)Q(0, i0)]2 − λ2,

(3.17)

=�`�

inf
π∈Π

J (x0, i0, π, λ) =
[
K (0, i0)Q2 (0, i0) + δ (i0)− 1

]
(λ− z)2

+ 2 [K (0, i0)Q (0, i0)x0 − z] (λ− z) +K (0, i0)x2
0 − z2.

(3.18)
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δ (i0) =
d∑
i=1

d∑
j=1

∫ T

0

pi0i(t)qα(t)j [Q(t, j)−Q(t, i)]2dt. (3.19)

du�÷vπ∗ ∈ Π, �e5?Ø¤�(3.13)π∗�NN5. Äk-

M1(t, i) =
σ1(t, i)σ2(t, i)ρ(t, i)T2(t, i)− (b22(t, i) + σ2

2(t, i))T1(t, i)

(b21(t, i) + σ2
1(t, i))(b22(t, i) + σ2

2(t, i))− ρ2(t, i)σ2
1(t, i)σ2

2(t, i)
, (3.20)

M2(t, i) =
σ1(t, i)σ2(t, i)ρ(t, i)T1(t, i)− (b21(t, i) + σ2

1(t, i))T2(t, i)

(b21(t, i) + σ2
1(t, i))(b22(t, i) + σ2

2(t, i))− ρ2(t, i)σ2
1(t, i)σ2

2(t, i)
, (3.21)

e�ÄM1(t, i) = 0�M2(t, i) = 0k

b21(t, i)b22(t, i) + b21(t, i)σ2
2(t, i) + σ2

1(t, i)b22(t, i) + σ2
1(t, i)σ2

2(t, i)

σ2
1(t, i)σ2

2(t, i)ρ2(t, i)
6= 1,

�M1(t, i), M2(t, i)ØUÓ��".

·�?ØM1(t, i), M2(t, i)�÷v^�, duí�'�P�, ²L�n���Ñ(J,

�/1

T1(t, i) ≤ σ1(t, i)σ2(t, i)ρ(t, i)T2(t, i)

b22(t, i) + σ2
2(t, i)

, (3.22)

�/2

T1(t, i) ≥ (b21(t, i) + σ2
1(t, i))T2(t, i)

σ1(t, i)σ2(t, i)ρ(t, i)
, (3.23)

�/3
σ1(t, i)σ2(t, i)ρ(t, i)T2(t, i)

b22(t, i) + σ2
2(t, i)

< T1(t, i) <
(b21(t, i) + σ2

1(t, i))T2(t, i)

σ1(t, i)σ2(t, i)ρ(t, i)
. (3.24)

Ù¥�/3�`üÑ��½n2.

Ún3 �Ä�`�"��(3.13), eK(0, i)[x0 + (λ − z)Q(0, i)], i = 1, 2, . . . , d�K��. @o,

K(0, α(t))[X(t) + (λ− z)Q(0, α(t))], t ∈ [0, T ]��KdK(0, i0)[x0 + (λ− z)Q(0, i0)]��Kû½.

Ún4 �Ä�`�"��(3.13), X(t) + (λ − z)Q(0, α(t)) < 0, t ∈ [0, T ]��=�x0 + (λ −
z)Q(0, i0) < 0, i0 = 1, 2, . . . , d.

Ún3ÚÚn4y²L§�ë�PingÚYam (2013) [11].

½n3 �Ä�/1, ex0 + (λ − z)Q1(0, i0) < 0, i0 = 1, 2, . . . , d, Ù¥K1(t, i), Q1(t, i)÷v±e

~�©�§| K̇1(t, i) = [ (r2(t,i)−r0(t,i)+ε2(t,i))2

b22(t,i)+σ2
2(t,i)

+ a2(t,i)η2(t,i)
b2(t,i)

− 2r0(t, i)]K1(t, i)−
∑d

j=1 qijK1(t, j),

K1(T, i) = 1, i = 1, 2, . . . , d.
(3.25)
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{
Q̇1(t, i) = r0(t, i)Q1(t, i)− a(t,i)(θ(t,i)−η(t,i))

λ−z − 1
K1(t,i)

∑d
j=1 qijK1(t, j)[Q1(t, j)−Q1(t, i)],

Q1(T, i) = 1, i = 1, 2, . . . , d.

(3.26)

K¯K(3.10)�`�"��

π̃∗(t, x, i) = (ξ̃∗(t, x, i), l̃1
∗
(t, x, i), l̃2

∗
(t, x, i)), (3.27)

Ù¥

ξ̃∗(t, x, i) = 1 +
a(t, i)η(t, i)[x+ (λ− z)Q1(t, i)]

b2(t, i)
, l̃1

∗
(t, x, i) = 0,

l̃2
∗
(t, x, i) = −(r2(t, i)− r0(t, i) + ε2(t, i))

b22(t, i) + σ2
2(t, i)

[x+ (λ− z)Q1(t, i)],

�`�

inf
π∈Π

J (x0, i0, π, λ) =
[
K1 (0, i0)Q2

1 (0, i0) + δ1 (i0)− 1
]

(λ− z)2

+ 2 [K1 (0, i0)Q1 (0, i0)x0 − z] (λ− z) +K1 (0, i0)x2
0 − z2,

(3.28)

Ù¥

δ1 (i0) =

d∑
i=1

d∑
j=1

∫ T

0

pi0i(t)qα(t)j [Q1(t, j)−Q1(t, i)]2dt.

y²L§aqu½n2.

½n4 �Ä�/2, ex0 + (λ− z)Q2(0, i0) < 0§i0 = 1, 2, . . . , d, Ù¥K2(t, i)§Q2(t, i)÷v±e

~�©�§| K̇2(t, i) = [ (r1(t,i)−r0(t,i)+ε1(t,i))2

b21(t,i)+σ2
1(t,i)

+ a2(t,i)η2(t,i)
b2(t,i)

− 2r0(t, i)]K2(t, i)−
∑d

j=1 qijK2(t, j),

K2(T, i) = 1, i = 1, 2, . . . , d,
(3.29)

 Q̇2(t, i) = r0(t, i)Q2(t, i)− a(t,i)(θ(t,i)−η(t,i))
λ−z − 1

K2(t,i)

∑d
j=1 qijK2(t, j)[Q2(t, j)−Q2(t, i)],

Q2(T, i) = 1, i = 1, 2, . . . , d,

(3.30)

K¯K(3.10)k�`�"��

π̄∗(t, x, i) = (ξ̄∗(t, x, i), l̄1
∗
(t, x, i), l̄2

∗
(t, x, i)), (3.31)

Ù¥

ξ̄∗(t, x, i) = 1 +
a(t, i)η(t, i)[x+ (λ− z)Q2(t, i)]

b2(t, i)
, l̄2

∗
(t, x, i) = 0,

l̄1
∗
(t, x, i) = −r1(t, i)− r0(t, i) + ε1(t, i)

b21(t, i) + σ2
1(t, i)

[x+ (λ− z)Q2(t, i)],
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inf
π∈Π

J (x0, i0, π, λ) =
[
K2 (0, i0)Q2

2 (0, i0) + δ2 (i0)− 1
]

(λ− z)2

+ 2 [K2 (0, i0)K2 (0, i0)x0 − z] (λ− z) +K2 (0, i0)x2
0 − z2,

(3.32)

Ù¥

δ2 (i0) =
d∑
i=1

d∑
j=1

∫ T

0

pi0i(t)qα(t)j [Q2(t, j)−Q2(t, i)]2dt.

y²L§aqu½n2.

4. k�c÷

·�®²ïÄ
¯K(3.10)�), �!?Ø(3.2)��`üÑÚk�c÷¯K, =?Ø�

/3�x0 + (λ − z)Q(0, i0) < 0, Ù§�/�aq��(J. e�3����üÑπ÷v(3.2)¤k

�å^�, ·�¡π´k��, ¡(V arX(T ), z) ∈ R2´k�:, 
¤kk�:�8ÜK¡�k�c

÷. A^Í¶�.�KFéó½n

J∗ (x0, i0) = sup
λ∈R

inf
π∈Π

J (x0, i0, π, λ) <∞, (4.1)

duinfπ∈Π J (x0, i0, π, λ)´'uλ− z ��g¼ê, 
Q (0, i0)´λ�¼ê, �òQ (t, i) �±e©)

(λ− z)Q (t, i) = (λ− z)Q̃ (t, i) + Q̄ (t, i) , (4.2)

Ù¥Q̃(t, i), Q̄(t, i)÷v{
˙̃Q(t, i) = r0(t, i)Q̃(t, i)− 1

K(t,i)

∑d
j=1 qijK(t, j)[Q̃(t, j)− Q̃(t, i)],

Q̃(T, i) = 1, i = 1, 2, . . . , d,
(4.3)

{
˙̄Q(t, i) = r0(t, i)Q̄(t, i)− a(t, i) [θ(t, i)− η(t, i)]− 1

K(t,i)

∑d
j=1 qijK(t, j)[Q̄(t, j)− Q̄(t, i)],

Q̄(T, i) = 1, i = 1, 2, . . . , d.

(4.4)

d�Q̃(t, i), Q̄(t, i)Ø2´λ�¼ê, ò(4.2)�\(3.14)k

inf
π∈Π

J (x0, i0, π, λ)

=

{
K (0, i0)

[
Q̃ (0, i0) +

Q̄ (0, i0)

λ− z

]2

+ γ (i0) +
2

λ− z
µ (i0) +

1

(λ− z)2
ν (i0)− 1

}
(λ− z)2

+ 2

{
K (0, i0)

[
Q̃ (0, i0) +

Q̄ (0, i0)

λ− z

]
x0 − z

}
(λ− z) +K (0, i0)x2

0 − z2

=
[
K (0, i0) Q̃2 (0, i0) + γ (i0)− 1

]
(λ− z)2 +K (0, i0)

[
x0 + Q̄ (0, i0)

]2 − z2 + ν (i0)

+
{

2K (0, i0)
[
x0 + Q̄ (0, i0)

]
Q̃ (0, i0) + 2µ (i0)− 2z

}
(λ− z),

(4.5)
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γ (i0) = E
∫ T

0

d∑
j=1

qα(t)j [Q̃(t, j)− Q̃(t, i)]2dt, ν (i0) = E
∫ T

0

d∑
j=1

qα(t)j [Q̄(t, j)− Q̄(t, i)]2dt.

µ (i0) = E
∫ T

0

d∑
j=1

qα(t)j [Q̃(t, j)− Q̃(t, i)][Q̄(t, j)− Q̄(t, i)]dt,

e�15¤á, Kk

K (0, i0) Q̃2(0, i0) + γ (i0)− 1 < 0, (4.6)

��`üÑ�λ∗ − zk

λ∗ − z =
z −K (0, i0) Q̃(0, i0)Q̄(0, i0)−K (0, i0) Q̃(0, i0)x0 − µ (i0)

K (0, i0) Q̃2(0, i0) + γ (i0)− 1
, (4.7)

����

V arX∗ (T )

=
γ (i0) +K (0, i0) Q̃2(0, i0)

1− γ (i0)−K (0, i0) Q̃2(0, i0)

{
z −

K (0, i0) Q̃(0, i0)
[
Q̄(0, i0) + x0

]
+ µ (i0)

γ (i0) +K (0, i0) Q̃2(0, i0)

}2

+
K (0, i0)

[
Q̄(0, i0) + x0

]2
γ (i0)− 2µ (i0)K (0, i0) Q̃(0, i0)

[
Q̄(0, i0) + x0

]
− µ2 (i0)

γ (i0) +K (0, i0) Q̃2(0, i0)

+ ν (i0) .

(4.8)

5. �(

�©Ì�ïÄ
3ê��ÅN��½|G�e, ±þ����OK��`Ý]2�xüÑ¯K.

b½3ê��ÅN�e, �xúi	ï2�x, J{Ý]���Ãºx]�Úü�ºx]�, ºx]

���5daL§��5�x, æ^�Å�5�g.EâÚ.�KFéó½n, ¦Ñ
Äuü�~

�©�§|��`Ý]2�xüÑ±9k�c÷�), ·�uyduê��ÅN���^, ºx[

�ØU��Ø. d	, �©��Ä
'~2�x, 
�¤�O�kõ«�{, �3y¢)¹¥, 7K

½|¬�3�´¤^, �¬�9�©ù!]�KÅ��/, ù
¯KE��·����\�ïÄ.

Ä7�8

I[g,�ÆÄ7(62073071).
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