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Abstract

This paper considers Gorenstein AC-projective dimensions over formal triangular ma-

A 0
trix rings. Let T = <U B> be a formal triangular matrix ring, where A and B are

M,

M,
structing exact sequences, we characterize Gorenstein AC-projective dimensions of a

rings and U is a (B, A)-bimodule, and let M = ( ) be a left T-module. By con-
oM

left T-module M with Gorenstein AC-projective dimensions of left A-module M; and
left B-module M;. Moreover, we establish a relationship of left global Gorenstein AC-

projective dimensions of ring 7" and A, B. As an application of above conclusions, left
R 0
global Gorenstein AC-projective dimension of the ring T'(R) = (R R> and Gorenstein

AC-projective dimension of the left 7'(R)-module are described.
Keywords
Formal Triangular Matrix Ring, Gorenstein AC Projective Module, Level Module,

Gorenstein AC-Projective Dimension, Left Global Gorenstein AC-Projective

Dimension
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1. 5|5

Gorenstein [F] 1 B 18 FIHT 7T N A 1T L AR RK — B 32 SAR [F A B s F AT 2 250, Bl
U5 T-19694F Auslander f1Brigder A XU iZi Noetherian¥h I {45 R A2 Bl 51 A\ FIG-4E £ k& (L [1]).
Enochs#lJendalft # Auslander M Brigder {1 J # 5] A\ T Gorensteinf5 5§ Al A 5 85 (8 & (W [2]). 7E
[3] [4]%, Ding%s 4 M T T Gorenstein$s 4T £ P 5 155 (1) 15 5K 15 ;- Gorenstein ¥ #H FlGorenstein
FP-WNHE. KRBT Noetherian¥h b [ Gorenstein 5 S A A S5, 1K P FSLAE B SR _EATIR 203611
PER (W [3-7]). PIDing M Chenff17s H TAE, Gillespie 73 H1E &A1 145 44 ADing $4F FDing P 5 (K
[5]). )&, Bravo &4 1 #t— B 5t — M3 F B Gorenstein [FACEL, 51 AFFHF5T T Gorenstein AC-
L A Gorenstein AC-P (UL [8]).
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A
WA, B, UN(B, A)XH, T = (U 2) BT b 0 3 R g — R A A R e,

KN TR, IATRRZ AF X = A 4530, A —FaEsC 3, TR A= AR EAEFR R 1R
AT E EE . TR, A2 T FE N AR EE [FF 54T 1A, IF
A5 T2 A WZhangiiid 1 Artin =M% FEIR F 1) Gorenstein®& S 8 (W, [9]), Li F54E [10]+ %
[ T = A FEFE K Gorenstein 5 5 15, 20194, Mao # 7% 1 X = MHFEIA EHDingté [11], 1
JaMou%sh T — 1 A F IR = MAEFEIR L Gorenstein AC-FE 515 (1 &4 2 1 (0L [12]).20164F,
ZhuZE R T = M5 PR EBLH) Gorenstein [ W 4E 5L (W, [13]), 7E [11]H, Mao%h i T = f1 35 FEFR AN
F R B Ding 556 4EH a0 21 1

maxz{Dpd(4M;),Dpd(p M)} < Dpd(rM) < maz{Dpd(4M;) + 1,Dpd(5M>)}.

LS5 2 S8 1 Ding P 45 4 4014 %1 i

Z LR R K, AR T )i Gorenstein AC-FH A Gorenstein AC-FE5} 1E & 51 1)
ok, FRE R = AR IS L Gorenstein AC- FE5 4 H0X — AW AF vk 1 1) FBLS S T 61 38 1
WL, UEBH T 45 B # A& Gorenstein AC-H 5 AEXCH IR, Ui A RA AR BL, sU AL AT

M-
T M M = (M) A1 Gorenstein AC-HESH AEH T F % 2
2/ oM

max{GAcpd(AMl)v GAcpd(BMZ)} < GAcpd(TM) < maw{GAcpd(AMl) + 17 GAcpd(BMQ)}'
B, & B # 0, WIAT, A, BIf /£ %2 4K Gorenstein AC-$5 5 4E50 045 W01 F % &:

maz{1G,,PD(A),1G, ,PD(B), 1} <1G, ., PD(T) < maz{1G, PD(A) + 1,1G, .PD(B)}.

2. F&FIR

KRIH A H Y NE BT AER S G, TA AR, X T 3R, RATHR-Mod (
Mod-R)F&/R 7 (£1) R-IEJEWs, FlpM (Mg) F£on— () R-BEIRATHpd (M), id(M) Ffd(M)5r
MFRIRBEM IS, WA 4EE, H G, pd(r M )RR E R-EEM [f)Gorenstein AC-#% 1 450 I
G, PD(R)FIILID(R) 3 3 /R I8 RIF /2 Bk Gorenstein AC-HE 5 4EEUM /e B R Level N 5 4E 4.

L REFERH - — P, = P, — Py — F — Offi {5 H A prfg $558 /2 R P Y A TR
AR, IRRFAAR A TR R AR, 45 e RAR LA AT B A IR R 78 A R F ¥4 Tord (F, L) = 0, N
FRL AN Levell$t. XT3 RAFTA /£ R p X, FATE XILID(R) = sup{id(rX) |z X N{EELevel /£ R-
L NIE RIV) 2 24K Level M AT 434,

HRERBH AR IESSIP: - - P, - Py — P° = P' — ..., HiM = Ker(P° — P,
#i X TAE B Level i RARL, ¥ A Hompg (P, L)IEHA, ATFEM A Gorenstein AC-#4t4¢. X T /£ R-
X 3E LG ,opd(rX) = inf{n| FHELRBIEEH0 - G, — -+ — G — Gy — X — 0, #
T G 3 NGorenstein AC-# 5 15} N X 1] Gorenstein AC-F% 5% 4 . 47 W /& 2 FIn AN A7 1E,
M 4G ,.pd(rX) = oo; & X1G, . PD(R) = sup{G,.pd(rX) | X RNA{EE L R-BL} IR i %
R Gorenstein AC-& 5T 4%
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&, Pl

A 0
T— (U B)%%%*/l\ﬁéﬁzﬁa%ﬁﬁi%, S ARUBIFE, U— (B, A)- WL 1h [14][5E

. M-
51 5] AT K, SEET-Mod S T M0, Bt ol =il M — ( ) B, € A-Mod, M, € B-
M2 oM

M- N-
Mod, oM = U @4 My — MyN— A B-FZ: wmmm( ) @J( ) a@<f1>,;iq:fle
My/ oM Ny/ N f2

Hom 4 (M, Ny), fo € Hompg(Ms, No), Hiii & T EIAS #.

Usa M 22 U0, N,

L‘DMi iWN
f2

Mo Ns.

M! M M
A LR IR, ET—*%?FUO—>< 1) ﬁ( 1) %< 1) — 0IE& Y BA Y /2 AR T
2/ M My/ oM MZH M

0 — M| — My — M{ — O B-BFHI0 — M) — My — My — 0 BJ1ES.
3. FELHR

FATSear M LR 51 BE, 3 A5 RAIIE B A 2.

A 0
SI3E3.1. [12] [€#1] & T = < )ﬁbﬁﬁ;&;fﬁﬁ%%, HPAFBAHR, gUFE, Uy AR TRAE
U B

(1) ZET-BE M = < AGorenstein AC- 5 11

(2) M, ANGorenstein AC-#% §f /2 A-#E, M, /im(p™) N Gorenstein AC-#% it /2 B-#, BE &M
U®a My — My NEFIZS.

#—F, U®s M 7 Gorenstein AC-4%4% £ B-# % HAX L My A Gorenstein AC -4 4% £ B-#£.
S133.2. [15] [51#H2.2.1) F F AR-#, F&HGBFH:

(1) Gucpd(rM) < n.
(2) R EELERBEESFHI0 - K, - Py — - = P — Py - M — 0, X &P
ANGorenstein AC-FH /£ R-1%, 4 K, N Gorenstein AC-$¢ 5 /£ R-15.

IR S GBS g T PR RIF) JE B AR Level N U 4EHUF /e B K Gorenstein AC-#5% 5 4E £ 7] )
KANKR, LRI BRRU @ 4 PRSI BRI — 7850 5.
5|33.3. R ¥, MAILID(R) <1G, PD(R).

Proof. W1G,.PD(R) = n < oo X E B ARAM, FAELRBEIEEH0 — G, — Gy —
= G = Gy = M — 0, AT EG ¥ NGorenstein AC-X 5t /2 R4, AT Bl Level /£ R-
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L. NG, NGorenstein AC-H3 I /2RI, Jir UL b 45 fEHomp(—, L)-1E & [ #5542 R-A8 1 &
Bl — P> = P' — P = G, — 0. MR > LAExtE (M, L) = Exty(G,, L) = 0,H
BRI #id(nL) < n, BVAILID(R) < G, PD(R) = n. .

S133.4. FUABRHFABAE, PAKIAAE, WU @4 PA RS LBHL.

Proof. RRU N /2 B-BE, PR /L A8, FT AlHom (P, —), Homp (U, —) ¥ N IEA BT, #M
EATE G & THoma (P, Homp(U, —)) N IEA. HAERE R € 2, A K TFHomp(U @4 P,—)IEH,
WU @4 PSS 2 B O

51383.5. &’IG, ,PD(B) < oo, Usat-F R EHK AR, gUNHZHHAE. FEXH Gorenstein AC-1& 4+
E A, MU @4 XA Gorenstein AC-3% 41 £ B-#%.

Proof. PN X AGorenstein AC-5F /e A1 By AAFAE LS /e AR IE5 51
Ao Pt pPY 5Pl p2 ...

134X = ker(P° — PY). K AgUHH, d5/#H3.4, /8 RU @, PR EB-HE XA
NfA(U4) < oo, ATEARTH [16] [5]32.3)15 24 /2 BB 14 51

URaA: - 5 U@4P 15U P U@ Pl 5> U®,4P2— -

R AEBIU @4 X Zker(U®a PY — U®y PY). H5IH3.3, XA Level £ B-#L, Hid(pL) < oco.

el [16] [51#2.4) G Homp (U @4 A, L)IEH. BIFU ® 4 X AGorenstein AC-$34f /£ B-1. O
Mg AT 3 AR

EIE3.6. &1G, PD(B) < oo, Us A K RAE MBI, gURBAHR. WA T ET-H M = (Zl) "

; 2/ e

max{GAcpd(AMl)v GAcpd(BMQ)} < GAcpd(TM) < max{GAcpd(AMl) +1, GAde<BM2)}‘

Proof. H/ciEHmaz{G,.pd(aM;),G,.pd(M2)} < G, .pd(rM). &G, .pd(rM) = m < co. NI

BhAET-BIEES
(o) ()
(). = (i) (W ()
0— — — = — — 0,
N3/ om Ngm_l em—1 N/ oo My/ o

Nz’
o <N1> ¥ H9Gorenstein AC-H it AET-HE. 118 33,1, 5 A1145 8, NI (N3 /im (o)) ¥4
2/ ¥

HGorenstein AC- & HH . N H 51 #E3.5, 03U @4 Ni#4 AGorenstein AC-H 4 72 BAE. 4k 1 i
51 #3.1,4 g N3¥J JyGorenstein AC-HL5 . MUAFAE /L ABIE S50 — N» % NP
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m

0 0
NO B My ORIEBESTESHI0 — Ny & Nl o N9 B M, 5 0, HIEG, pd(uM)) <
mAIG, . pd(pMs) < mfFiE.

TN RIUEMG, . pd(r M) < max{G,.pd(aM;) +1,G,.pd(pM2)}.

wmaz{G,.pd(aM1) + 1,G,.pd(gMs)} = n < co. WAFLELABIEGHI0 — Cpy Tngs
Cos 5% o 500 B0y B3 My — 0, Jh FiA C 3 M Gorenstein AC-$ /2 AR AT 72 BHS
I—E/EI\EIJPO ﬂ M2 — 07 ;H\:quoy\j&gﬁEB—*ﬁ 1E;EA-$ﬁker(fzf1)j"jKi Ezﬁiﬁﬁ%ﬁ%ﬁm : CZ — Ki
s 1 = 1,2,"' ,n — 1. /—\';'EXB-IE‘I%ShQ . (U ®Xa Co)EBPQ — Mz, XﬂL?u S U,CO S CQ,IL‘O S Po,
ho(u ® co,20) = M (u @ fo(co)) + golwo). ho NI FEAS, 1C /2 B-iker(h;_1 ) NKS, W] LL1S 2
KT-BIES T3

)
ho

o) (oorcran) = Go)
0— — — — 0.
K3/ (U®aCh) @ Py My/ oM

L, fEEA B-BIEASIP & K — 0, Hrh PO A B-#E. & U B-F#&h, - (U®a C) & P —
Kl WFueUec € Crzy € Py, i(u®cy,m) = Y (u@mi(cr)) + gi(zy). B AR, AT1SAET-1
EEFH

()

(oo (wcen)
0— — —
K3/ y2 (U®aCh)d P

HE AR, BATIRLET-HIES 5

< > 1
O .
KQ ’d)

(o) (o on )
0— — —
Kyt (U®aCh1) @ Py

= Co M,
- ( )= )= (), =0
U®asCr)® Py (U ®a Co) ® Py My/ oM

51 BE3.5, FTHU @4 C;¥9Gorenstein AC-#54 /2 B-1. 1 [15] [5]1712.1.8] 4, Gorenstein AC-
PG ST B AN E A, T #2822 B-1 P35 N Gorenstein AC-# 5, MU A (U @4 C;) @ PR
HNGorenstein AC-#4t 4 B-fi. XA NG, .pd(pMs) < n, ATLAH 5 BE3.20] #E H K5~ A Gorenstein

c
ACHEH 7 B, Wk 3] B3 15, ( 0 >$n(
Kyt (U®aC) o P

HIG, . pd(r M) < n. O

) Y5 N Gorenstein AC-F G} /£ T-4.

HEHE3.6, FATAI#H LR HER.
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HEIL3.7. R pU # 0RFEAHE, Ush A TR A AZSHE. N

maz{lG, . PD(A),1G, . PD(B),1} <1G, .PD(T) < maz{lG, . PD(A) + 1,1G, . PD(B)}.
Proof. & 56 BATIE Hmaz{1G, . PD(A),1G,.PD(B),1} < 1G, . PD(T). %IG,.PD(T) = m < oo.
HB-RZEU £0, oM : U A = U — ORNHFE Hhal 81k, TR — (;‘)m

HGorenstein AC-#FAET-HE. #im > G, pd(rX) > 1.

0
fEHU A B-BEN, 5 #3.651, G, .pd(sN) < GAcpdT< ) < 1G,.PD(T) = m. Kk
N

Y
H1G,.PD(B) < m. fEIEABLY, HEH3.651, G,.pd(aY) < GAdeT(

) <1G,.PD(T) = m.
0

HIAHIG, . PD(A) < m. %k, {IG,.,PD(4),1G,.PD(B),1} <1G,.PD(T).
T EATRIEAIG, . PD(T) < max{lG, . PD(A) + 1,1G, PD(B)}.
#®{1G,.PD(A) + 1,1G,.PD(B)} = m < co. £ WG, . PD(B) < oo. Al f1EH3.6%1, S{E=

FETHE M = (Ml) ﬁ
M2 oM

G,.pd(r M) < maz{G,.pd(aM;) + 1,G,.pd(sM2)} < maz{lG,.PD(A) + 1,1G,.PD(B)}.
HHIG, . PD(T) < maz{1G,.,PD(A) + 1,1G, .PD(B)}. O

ASCHIRTTEXS BRI 3h, BEEEBO IR AR, AR RS W BRI B BB 07 B 17
AR AA ST BATRNE R — W, AT AT DS A 5 BE3. 6 AN HEIR 3. 745 Hh M HER AT 9o ol

#E123.8. HRAF, T(R) = (R 0), g
R R

M,

(1) #I1G,.PD(R) < 0o, M = <
M,

) HWIET(R)-HL

max{GAcpd(RMl)v GAcpd(RMQ)} < GAde(T(R)M) < max{GAc pd(RMl) +1, GAcpd(RMQ)}'

(2) maz{lG, ,PD(R),1} <1G,.PD(T(R)) < 1G,,PD(R) + 1.
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