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Abstract

In the paper, proof of fundamental theorem of algebra is obtained by topological
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degree theory. Frist we construct a homotopy equation, which can reduce a complex

problem into a simpler one. Through a priori estimate for the possible solutions of

homotopy equation, we gain a bounded open set; then we prove the theorem by the

homotopy invariance and existence theorem of topological degree.
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1. Úó

�êÄ�½n´p��ê¥�~­����½n. §�²;y²9ÙuÐ{¤§�±ë�©

z [1]. 3���p��ê�á, X [2]¥Ñ´�k½nSN§vky². �êÄ�½n��{ü�y

²´|^EC¼ê¥�Liouville½n [3]½öRouche½n [3]���. © [4]§o(
EC¼ê¥ÚÄ

��ê¥|^³Ûu+nØ�y²¶© [5] [6]|^)Û¼ê�5�§©O^���!����n!

�ÜÈ©½n!3ê½n�Ñ�êÄ�½n�y²¶© [7]^�êÿÀ¥�ÓÔ+ÚÄ�+Ó��

�
½n�(Ø§¿r½n(Øí2�����¼êa¶© [8]¦^ÓN+ÚN�Ý�óä§�Ñ

�êÄ�½n�ü«�êÿÀy². �°%3© [9]¥§|^àg�5�§|)�nØ�Ñ
�ê

Ä�½n���{'��êy².

�©ØÓuþã�EC¼êÚ�êÿÀ��{, ·�^��5�¼¥�ÿÀÝ [10] [11]�ÓÔ

ØC5Ú�)5§�Ñ
½n�y². |^ÓÔØC5�±r��E,�¯K�z����é{ü

�¯K. A^ÿÀÝ'�´k.m8��E§�Ò´ÓÔ�§���U)�k�.�O. 2|^{

ü�§�ÝØ�u"§����§�)�35§= ngõ�ª3Eê��S��k���.3©Ù

���§�ÑA^¢~.

�êÄ�½n [1] 3E²¡þ§ngõ�ª

f(z) = zn + a1z
n−1 + · · ·+ an−1z + an (1)

��k���.

e¡·��ÑÿÀÝ��
ý��£.
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ÿÀÝ�½Â [11] � Ω´ Rm¥k.m8§f ∈ C2(Ω̄,Rm), p ∈ Rm, p /∈ f(∂Ω). � p´ f �

�K��, ½ÂN�f3 Ω¥'u p:�ÿÀÝ�

deg(f,Ω, p) =
k∑
j=1

sgn Jf (xj)

Ù¥ Jf (x)L«N� f �Jacobi1�ª, xj(j = 1, 2, · · · , k)L«�§ f(x) = p3 ΩS�).

Kronecker�3½n [11] � Ω ´ Rm ¥k.m8, f : Ω̄ → Rm ëY, p /∈ f(∂Ω). e

deg(f,Ω, p) 6= 0, K f(x) = p3 ΩS7k).

ÿÀÝ�ÓÔØC5 [11] � H : Ω̄× [0, 1]→ RmëY§- hλ(x) = H(x, λ). e p /∈ hλ(∂Ω).

∀ 0 ≤ λ ≤ 1, K deg(hλ,Ω, p)ð�u~ê(éu∀0 ≤ λ ≤ 1).

ÿÀÝ�½Â!5�95��y²§�±ë�©z [11].

l1912c BrouwerMáÿÀÝnØ§Ùm² Leray!Schauder�êÆ[Øäí2�õ§��

y3§ÿÀÝ�{®¤�ïÄ��5¯K�Ä��{��.

|^ÿÀÝnØ)û¯K§'�3uk.m8 Ω��E§�Ò´�§¤k�U)�k�.�

�O. e©¥§·�r deg(f,Ω, p){P� D(f,Ω, p).

2. �êÄ�½ny²

y² N� f : R2 ' C→ R2§� f ´ C∞a¼ê. -

g : R2 ' C→ R2, g(z) = zn − 1.

�ÄÓÔ�§

hλ(z) = H(z, λ) = λf(z) + (1− λ)g(z) = zn + λ(a1z
n−1 + · · ·+ an) + (1− λ), λ ∈ [0, 1] (2)

K H : R2 × [0, 1]→ R2´ C∞a¼ê§� H(·, 1) = f , H(·, 0) = g.

e¡�Ek.m8 Ω, =y² H(z, λ) = 0�¤k�U)´k.�. 5¿� λ ∈ [0, 1],

zn + λ(a1z
n−1 + · · ·+ an) + (1− λ) = 0,

þªü>��§�

|z|n ≤ |a1| · |z|n−1 + · · ·+ |an|+ 1 (3)

eÓÔ�§�)Ã.§é?¿��êm§Ñ�3λm ∈ [0, 1]§zm ∈ C§¦�

H(zm, λm) = 0� |zm| ≥ m,
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ò zm�\ (3)ª§�ü>ÓØ± |zm|§�

1 ≤ |a1| · |zm|−1 + · · ·+ |an| · |zm|−n + |zm|−n

≤ |a1| ·m−1 + · · ·+ |an| ·m−n +m−n → 0(m→∞)

gñ. ÏdÓÔ�§ H(z, λ) = 0 �¤k�U)´k.�, =�3 M > 0, ¦� |z| < M ,

-r = max{M, 2}, B(r)L«±�I�:�%, �»� r�m�, K�§�¤k) z ∈ B(r). B(r)�

�� Ω. Ïd p = 0 /∈ hλ(∂Ω).

e¡O�{ü�§ g(z) = zn − 1 = 03z ∈ B(r)¥�ÿÀÝ§= D(g,B(r), 0).

g(z) = 0k n��§=1� ng��§P�

zk = e
i2kπ
n , (k = 0, 1, 2, · · · , n− 1)

|^Eê�kS¢êé�éA§rE²¡þ�¼êw� R2 → R2 �N�, = z = (x, y) → g(z) =

(u(x, y), v(x, y)), O�Jacobi1�ª�ÎÒ.

Jg(z) =
∂(u, v)

∂(x, y)
=

∣∣∣∣∣ ux uy

vx vy

∣∣∣∣∣ = uxvy − uyvx

Ï� g(z) = (u(x, y), v(x, y)) ´)Û¼ê§¤± u(x, y), v(x, y) ÷v�Ü-iù�§§= ux = vy,

uy = −vx, Ï
 Jg(z) = u2x + v2x = |g′(z)|2 = |nzn−1|2 = n2§�

D(g,B(r), 0) =

n∑
k=1

sgnJg(zk) =

n∑
k=1

sgn n2 = n

�âÿÀÝ�ÓÔØC5§��

D(f,B(r), 0) = D(H(·, 1), B(r), 0) = D(H(·, 0), B(r), 0) = D(g,B(r), 0) = n 6= 0

dÿÀÝ�Kronecker�3½n§f(z) = 0��k���.

5µÓÔ�§e��zn = 0 §K0´�§� n­�§Ï�3 0?��ê�´"§Ïd 0´�.

�§ØU��O�ÿÀÝ§I�^�K��%C§ØX���ü �O�Ý�{ü.

3. ~f

e¡Þ~`²(Ø��(5.

f(z) = z5 + z3 + 6z 3B(1) = {z : |z| < 1}|Sw,k� z = 0. e¡^ÿÀÝ�{5y²ù�

(Ø. �EÓÔ�§

hλ(z) = H(z, λ) = λf(z) + (1− λ)g(z) = λ(z5 + z3 + 6z) + (1− λ) · 6z, λ ∈ [0, 1]
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� z ∈ B(1) , = |z| = 1�,

|H(z, λ)| = |λ(z5 + z3) + 6z| ≥ |6z| − |λ(z5 + z3)|

≥ |6z| − |z5 + z3| ≥ |6z| − (|z|5 + |z|3|) ≥ 6− 2 = 4 > 0.

Ïd p = 0 /∈ hλ(∂Ω), 
 g(z) = 6z3m8 B(1)S�k��� z1 = 0, u(x, y) = 6x, v(x, y) = 6y, O

� z1 = 0?�Jacobi1�ª.

Jg(z) =
∂(u, v)

∂(x, y)
=

∣∣∣∣∣ ux uy

vx vy

∣∣∣∣∣ =

∣∣∣∣∣ 6 0

0 6

∣∣∣∣∣ = 36

¤± D(g,B(1), 0) = sgnJg(z1) = 1. A^ÓÔØC5, �

D(f,B(1), 0) = D(H(·, 1), B(1), 0) = D(H(·, 0), B(1), 0) = D(g,B(1), 0) = 1 6= 0.

dÿÀÝ�Kronecker�3½n§f(z) = 03m8 B(1)S��k���. �y
(Ø��(5.

� �

�©��I[g,�ÆÄ7(No. 61573228)!ô��g,�ÆÄ7(No. BK20181058)�|±.
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