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Abstract

In this paper, we introduce ρ-variation operator of Cohen type commutator of one-

sided singular integral. By the extrapolation of one-sided weights, we establish the

boundedness of the above operator from weighted Lebesgue spaces to weighed one-

sided Triebel-Lizorkin spaces.
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1. Úó�Ì�(J

�T = {Tε}ε´���f¿÷vlimε→0 Tεf(x) = Tf(x)A�??¤á. ²;��{´ÏLï

Ä(
∑∞

i=1 |Tεif − Tεi+1f |2)1/2a.�¼ê5ÿþ�fx{Tε} �Âñ�Ý. ���
ó, ½Âe¡��

��fµ

O(T f)(x) =
( ∞∑
i=1

sup
ti+1≤εi+1<εi≤ti

|Tεi+1f(x)− Tεif(x)|2
)1/2

,

Ù¥{ti}´���½�üNªu0�ê�. d	, ,�«�{´�Äe¡�ρC��f:

Vρ(T f)(x) = sup
εi↘0

( ∞∑
i=1

|Tεi+1f(x)− Tεif(x)|ρ
)1/ρ

,

Ù¥ρ > 2, þ(.�H¤k�4~ªu0�S�{εi}.

C��f�ïÄ3VÇØ, H{nØ9NÚ©Û�+�kX­��A^. Lépingle [1]Äk��


�S�����C�Ø�ª. Bourgain [2]ïá
�?XÚH{²þ�C�Ø�ª. k'���

C��f�ïÄ9A^ë�©z [3] [4] [5]. ÛÉÈ©�f��f�ïÄ�´NÚ©Û¥­�©|,

§3�©�§¥kX4Ù­���^. LiuÚWu [6]�Ñ
�����¹eäkIOØ�Calderón-

ZygmundÛÉÈ©�f��f����C��f�\�Lpk.5��½½n. ü>ÛÉÈ©�
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f�BMO¼ê)¤���f�C��f�\�k.53©z [7]¥�ïá. FuÚLin [8]��
ü

>�f�Lipschitz¼ê)¤���f�\�k.5. ZhangÚWu [9]ïá
ÛÉÈ©�Lipschitz¼

ê)¤���f����C�Ø�ª. Zhang ÚHou [10]�Ñ
ü>ÛÉÈ©�Cohen.��f

�Lipschitz�O. Cohen [11]Ú\
ÛÉÈ©�Cohen.��f¿ïÄ
Ùk.5. ChenÚLu [12]ï

á
ÛÉÈ©�Cohen.��flTriebel-Lizorkin�m�Lebesgue�k.5. É±þ(J�éu,

�©òÚ\ü>ÛÉÈ©�Lipschitz¼ê)¤�Cohen.��f�C��f¿ïÄÙ\�k.5.

2. ý��£

3©z [13]¥, Aimar, Forzani�Mart́ın-ReyesÚ\
ü>Calderón-ZygmundÛÉÈ©:

T+f(x) = lim
ε→0+

T+
ε f(x) = lim

ε→0+

∫ ∞
x+ε

K(x− y)f(y)dy,

Ù¥|3R− = (−∞, 0)�Ø¼êK¡�ü>Calderón-ZygmundØ�÷v

∣∣ ∫
a<|x|<b

K(x)dx
∣∣ ≤ C, 0 < a < b,

|K(x)| ≤ C/|x|, x 6= 0, (2.1)

|K(x− y)−K(x)| ≤ C|y|/|x|2, |x| > 2|y| > 0. (2.2)

ùaØ¼ê���~f�

K(x) =
sin(log |x|)
(x log |x|)

χ(−∞,0)(x).

1986c, Sawyer [14]ÄkÚ\
ü>Muckenhoupt�A+
p9A

−
p5?ne¡�ü>4��f:

M+f(x) := sup
h>0

1

h

∫ x+h

x

|f(y)|dy, M−f(x) := sup
h>0

1

h

∫ x

x−h
|f(y)|dy.

éu1 ≤ p <∞, eω÷v

sup
a<b<c

1

(c− a)p

∫ b

a

ω(x)dx
( ∫ c

b

ω(x)1−p′dx
)p−1

<∞,

½

sup
a<b<c

1

(c− a)p

∫ c

b

ω(x)dx
( ∫ b

a

ω(x)1−p′dx
)p−1

<∞,

K¡ωáuA+
p½A

−
p . �p = 1�, �3~êC¦�ω÷v

M−ω(x) ≤ Cω(x), M+ω(x) ≤ Cω(x).
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K¡ωáuA+
1½A

−
1 . éu1 ≤ p < ∞, kAp $ A+

p �Ap $ A−p . 5¿�ω(x) = exáuA+
p �Ø

áuAp. aq�, éu¤k�a < b < c ∈ R, 0 < α < 1, 1 < p < q �1/p− 1/q = α, ω÷v

1

(c− a)1−α

( ∫ b

a

ωq
)1/q( ∫ c

b

ω−p
′)1/p′

< C,

½

1

(c− a)1−α

( ∫ c

b

ωq
)1/q( ∫ b

a

ω−p
′)1/p′

< C

K¡ωáuA+(p, q)½A−(p, q). �p = 1, 1− 1/q = α�, �3~êC¦�ω÷v

M−ω(x)
q ≤ Cω(x)

q
, M+ω(x)

q ≤ Cω(x)
q

K¡ωáuA+(1, q)½A−(1, q). éu0 < α < 1, ½Âü>©êgÈ©:

I+
α (f)(x) :=

∫ ∞
x

1

(y − x)1−α f(y)dy.

Andersen�Sawyer [15]��
I+
α´lL

p(ωp)�Lq(ωq)k.�, Ù¥ω ∈ A+(p, q)�1/p− 1/q = α.

-A(x)�Rþ�ÛÜ�È¼ê. éum ≥ 1, Rm(A;x, y)�¼êA(x)3y?�V?ê�m�{�.

=

Rm(A;x, y) := A(x)−
∑

|k|≤m−1

1

k!
A(k)(y)(x− y)k.

½ÂXe�ü>ÛÉÈ©Cohen.��f:

T ε,+A,mf(x) =

∫ ∞
x+ε

K(x− y)

(y − x)m−1
Rm(A;x, y)f(y)dy. (2.3)

-Θ = {β : β = {εi}, i ∈ R, ε ↘ 0}. �Ä8ÜN × Θ�^FρL«¤k÷v‖g‖Fρ < ∞�¼
êg(i, β)�¤�·Ü�ê�m, Ù¥

‖g‖Fρ = sup
β

(∑
i

|g(i, β)|ρ
)1/ρ

.

�½Lp(R)þ����fT = {T+
t }t>0, �ÄFρ-��fV (T ) : f → V (T )f �:

V (T )f(x) =
{
Tεi+1f(x)− Tεif(x)

}
β={εi}∈Θ

,

Ù¥
{
Tεi+1f(x)− Tεif(x)

}
β={εi}∈Θ

´Fρ¥��, �±e¡�/ª�Ñ

(i, β) = (i, {εi})→ T[εi+1,εi]f(x).
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5¿�

Vρ(T f)(x) = ‖V (T )f(x)‖Fρ .

½Â 2.1 éu0 < α < 1, e¼êf÷v

‖f‖Lipα = sup
x,h∈R,h6=0

f(x+ h)− f(x)

|h|α
<∞,

K¡f ∈ Lipα.

½Â 2.2 éu0 < α < 1, 1 < p <∞9Ü·��¼êω, e¼êf÷v

‖f‖Ḟα,∞p,+
≈
∥∥∥ sup
h>0

1

h1+α

∫ x+h

x

∣∣f(y)− f[x,x+h]

∣∣dy∥∥∥
Lp(ω)

<∞,

K¡fáu\�ü>Tribel-Lizorkin�mḞα,∞p,+ .

3�©¥, ·�òïáXe(J:

½n 2.1 -m ≥ 1, ρ > 2, 0 < α < 1�A(k) ∈ Lipα, k = 0, 1, . . . ,m − 1. �T +
A,m = {T ε,+A,m}ε>0.

e1 < p < q <∞, 1/p− 1/q = α, Kéω ∈ A+(p, q), k

‖Vρ(T +
A,m)f‖Lq(wq) . ‖A(m−1)‖Lipα‖f‖Lp(wp).

½n 2.2 -m ≥ 1, 0 < α < 1�A(k) ∈ Lipα, k = 0, 1, . . . ,m− 1. �T +
A,m = {T ε,+A,m}ε>0. e1 < p <

∞, ρ > max{2, 1/(1− α)}, Kéω ∈ A+
p , k

‖Vρ(T +
A,m)f‖Ḟα,∞p,+

. ‖f‖Lp(w).

��Bå�, 3�©¥·�^i1CL«�����CþÃ'��~ê, �3ØÓ� �Ù�

�±ØÓ. ef ≤ CgÚf . g . f , ©OP�f . g, f ∼ g.

3. ½n 2.1Ú½n 2.2�y²

3y²½n2.1�c, ·�k�Ñe¡�Ún.

Ún 3.1 [16] eA(m−1) ∈ Lipα (0 < α ≤ 1), �3~êC¦�

|Rm(A;x, y)| ≤ C‖A(m−1)‖Lipα |x− y|m−1+α; (3.1)
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|Rm(A;x, y)−Rm(A; z, y)|

≤ C‖A(m−1)‖Lipα
(m−1∑
l=1

|x− z|l|z − y|m−1−l+α + |x− z|m−1+α
)
. (3.2)

Ún 3.2 [17] -T �½Â3C∞c (R) þ�g�5�f¿÷v

‖ωTf‖∞ ≤ C‖fω‖∞,

Ù¥ω−1 ∈ A−1 ; @o, éu1 < p <∞, ω ∈ A+
p k

‖Tf‖Lp(ω) ≤ C‖f‖Lp(ω).

Ún 3.3 [18] �ω ∈ A−1 , �3ε1 > 0¦�, é?¿�1 < r ≤ 1 + ε1, kωr ∈ A−1 .

y [½n2.1�y²] *	�

∥∥{χ(y+εi+1,y+εi](z)
}
i∈N,γ={εi}∈Θ

∥∥
Fρ
≤ 1, ∀y ∈ R. (3.3)

|^(3.1), ��

|Vρ(T +
A,m)f(x)| ≤

∥∥V (T +
A,m)f(x)

∥∥
Fρ

≤
∫ ∞
x

∥∥{χ(x+εi+1,x+εi](y)
}
i∈N,γ={εi}∈Θ

∥∥
Fρ

|K(x− y)|
|y − x|m−1

|Rm(A;x, y)f(y)|dy

. ‖A(m−1)‖Lipα
∫ ∞
x

|f(y)|
|x− y|1−α

dy

= ‖A(m−1)‖LipαI+
α (|f |)(x).

|^I+
α�L

p(ωp)�Lq(ωq)k.5, ��

‖Vρ(T +
A,m)f‖Lq(wq) . ‖A(m−1)‖Lipα‖I+

α (|f |)‖Lq(wq) . ‖A(m−1)‖Lipα‖f‖Lp(wp).

ùÒ�¤
½n2.1�y².

y [½n2.2�y²] -x ∈ R, h > 0 �I = [x, x+ 8h]. Pf = f1 + f2, Ù¥f1(x) := fχI(x). 5

¿�

1

h1+α

∫ x+h

x

∣∣Vρ(T +
A,m)f(y)−

(
Vρ(T +

A,m)f
)

[x,x+h]

∣∣dy
≤ 2

h1+α

∫ x+2h

x

∣∣Vρ(T +
A,m)f(y)− Vρ(T +

A,m)f2(x)
∣∣dy

≤ 2

h1+α

∫ x+2h

x

∣∣Vρ(T +
A,m)f1(y)

∣∣dy +
2

h1+α

∫ x+2h

x

∣∣Vρ(T +
A,m)f2(y)dy − Vρ(T +

A,m)f2(x)
∣∣dy

=: I1(x) + I2(x).
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éuI2(x), k

∣∣V (T +
A,m)f2(y)− V (T +

A,m)f2(x)
∣∣

≤
∫
R

|k(y − z)|
|y − z|m−1

|Rm(A;x, z)−Rm(A; y, z)||f2(z)|χ(y+εi+1,y+εi)(z)dz

+

∫
R

∣∣∣ k(y − z)
(z − y)m−1

− k(x− z)
(z − x)m−1

∣∣∣|Rm(A;x, z)f2(z)|χ(y+εi+1,y+εi)(z)dz

+

∫
R

|k(x− z)|
|x− z|m−1

(
χ(y+εi+1,y+εi)(z)− χ(x+εi+1,x+εi)(z)

)
|Rm(A;x, z)f2(z)|dz

=: J1(x, y) + J2(x, y) + J3(x, y).

dd��

∣∣Vρ(T +
A,m)f2(y)− Vρ(T +

A,m)f2(x)
∣∣ ≤‖V (T +

A,m)f2(y)dy − V (T +
A,m)f2(x)

∥∥
Fρ

≤‖J1(x, y)
∥∥
Fρ

+ ‖J2(x, y)
∥∥
Fρ

+ ‖J3(x, y)
∥∥
Fρ
.

éu‖J1(x, y)
∥∥
Fρ

, 5¿�z ∈ (x + 8h,∞), y ∈ (x, x + 2h). ��|x − z| ∼ |z − y|, |x − y| ≤ |z − y|.
d(3.2), ��

|Rm(A;x, z)−Rm(A; y, z)| . ‖A(m−1)‖Lipα
(m−1∑
l=1

|x− y|l|z − y|m−1−l+α + |x− y|m−1+α
)

. ‖A(m−1)‖Lipα |x− y||z − y|m−2+α.

2(Ü(2.1)Ú(3.3), ��

‖J1(x, y)‖Fρ ≤
∫
R

∥∥{χ(y+εi+1,y+εi](z)
}
i∈N,γ={εi}∈Θ

∥∥
Fρ

|k(y − z)|
|y − z|m−1

×

|Rm(A;x, z)−Rm(A; y, z)||f2(z)|dz

.
∫
R

|x− y|
|x− z|2−α

|f2(z)|dz

≤ h
∫
R

1

|x− z|2−α
|f2(z)|dz.

éuJ2(x, y), 5¿�

J2(x, y) =

∫
R

∣∣∣ k(y − z)
(z − y)m−1

− k(x− z)
(z − x)m−1

∣∣∣|Rm(A;x, z)f2(z)|χ(y+εi+1,y+εi)(z)dz

≤
∫
R

|k(y − z)− k(x− z)|
|z − y|m−1

|Rm(A;x, z)f2(z)|χ(y+εi+1,y+εi)(z)dz

+

∫
R

∣∣∣ 1

(z − y)m−1
− 1

(z − x)m−1

∣∣∣|k(y − z)Rm(A;x, z)f2(z)|χ(y+εi+1,y+εi)(z)dz

=: J21(x, y) + J22(x, y).
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éuz ∈ (x+ 8h,∞), y ∈ (x, x+ 2h), ´y|y − z| ≥ 2|x− y|. d(2.2), (3.3)Ú(3.1), ��

‖J21(x, y)‖Fρ ≤
∫
R

∥∥{χ(y+εi+1,y+εi](z)
}
i∈N,γ={εi}∈Θ

∥∥
Fρ
×

|k(y − z)− k(x− z)|
|z − y|m−1

|Rm(A;x, z)f2(z)|dz

.
∫
R

|x− y|
|x− z|2−α

|f2(z)|dz

≤ h
∫
R

1

|x− z|2−α
|f2(z)|dz.

|^aqu‖J21(x, y)‖Fρ�?n, ��

‖J22(x, y)‖Fρ . h

∫
R

1

|x− z|2−α
|f2(z)|dz.

nþ��

‖J2(x, y)‖Fρ . h

∫
R

1

|x− z|2−α
|f2(z)|dz.

éu{εi} ∈ Θ, -N1 = {i ∈ Z : εi − εi+1 ≥ y − x}, N2 = {i ∈ Z : εi − εi+1 < y − x}. K

‖J3(x, y)‖Fρ ≤
∥∥∥{∫

R

(
χ(y+εi+1,y+εi)(z)− χ(x+εi+1,x+εi)(z)

)
×

k(x− z)
(z − x)m−1

Rm(A;x, z)f2(z)dz
}
i∈N1,β={εi}∈Θ

∥∥∥
Fρ

+
∥∥∥{∫

R

(
χ(y+εi+1,y+εi)(z)− χ(x+εi+1,x+εi)(z)

)
×

k(x− z)
(z − x)m−1

Rm(A;x, z)f2(z)dz
}
i∈N2,β={εi}∈Θ

∥∥∥
Fρ

=: ‖J31(x, y)‖Fρ + ‖J32(x, y)‖Fρ .

éui ∈ N1, ´y

‖J31(x, y)‖Fρ ≤
∥∥∥{∫

R
χ(x+εi+1,y+εi+1)(z)

k(x− z)
(z − x)m−1

Rm(A;x, z)f2(z)dz
}
i∈N1,β={εi}∈Θ

∥∥∥
Fρ

+
∥∥∥{∫

R
χ(x+εi,y+εi)(z)

k(x− z)
(z − x)m−1

Rm(A;x, z)f2(z)dz
}
i∈N1,β={εi}∈Θ

∥∥∥
Fρ

=: ‖L1(x, y)‖Fρ + ‖L2(x, y)‖Fρ .
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�1/(1− α) < r < ρ, dHölderØ�ª9(2.1), (3.1), ��

‖L1(x, y)‖Fρ .
∥∥∥{∫

R
χ(x+εi+1,y+εi+1)(z)

|f2(z)|
|z − x|1−α

dz
}
i∈N1,β={εi}∈Θ

∥∥∥
Fρ

≤ h1/r′
(

sup
β

∑
i∈N1

( ∫
R
χ(x+εi+1,x+εi)(z)

|f2(z)|r

|z − x|(1−α)r
dz
)ρ/r)1/ρ

≤ h1/r′
( ∫

R

|f2(z)|r

|z − x|(1−α)r
dz
)1/r

.

aq��

‖L2(x, y)‖Fρ . h1/r′
( ∫

R

|f2(z)|r

|z − x|(1−α)r
dz
)1/r

.

éui ∈ N2, 5¿�εi − εi+1 ≥ y − x < 2h. dHölderØ�ª9(2.1), (3.1), ÏLaqé

u‖L1(x, y)‖Fρ�?n, k

‖J32(x, y)‖Fρ ≤
∥∥∥{∫

R
χ(x+εi+1,x+εi)(z)

k(x− z)
(z − x)m−1

Rm(A;x, z)f2(z)dz
}
i∈N2,β={εi}∈Θ

∥∥∥
Fρ

+
∥∥∥{∫

R
χ(y+εi+1,y+εi)(z)

k(x− z)
(z − x)m−1

Rm(A;x, z)f2(z)dz
}
i∈N2,β={εi}∈Θ

∥∥∥
Fρ

. h1/r′
(

sup
β

∑
i∈N2

( ∫
R
χ(x+εi+1,x+εi)(z)

|f2(z)|r

|z − x|(1−α)r
dz
)ρ/r)1/ρ

. h1/r′
( ∫

R

|f2(z)|r

|z − x|(1−α)r
dz
)1/r

.

nþ��,

‖J3(x, y)‖Fρ . h1/r′
( ∫

R

|f2(z)|r

|z − x|(1−α)r
dz
)1/r

.

�Ä½Â3C∞c (R)þ�n�g�5�f:

M+
1 f(x) = sup

h>0

1

h1+α

∫ x+2h

x

∣∣Vρ(T +
A,m)f2(y)

∣∣dy,
M+

2 f(x) = sup
h>0

1

h1+α

∫ x+2h

x

∫
R

h

|x− z|2−α
|f2(z)|dzdy,

M+
3 f(x) = sup

h>0

1

h1+α

∫ x+2h

x

h1/r′
( ∫

R

|f2(z)|r

|z − x|(1−α)r
dz
)1/r

dy.
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éuω−1 ∈ A−1 , |^Ún3.3, �3s > 1¦�ω−s ∈ A−1 . éuI(x), dHölderØ�ªÚ½n2.1,

��

1

h1+α

∫ x+2h

x

∣∣Vρ(T +
A,m)f2(y)

∣∣dy ≤ 1

hα+1/t

(∫ x+2h

x

∣∣Vρ(T +
A,m)f1(y)

∣∣tdy)1/t

.
1

hα+1/t

(∫ x+2h

x

|f1(y)|sdy
)1/s

.
h1/s

hα+1/t

( 1

8h

∫ x+8h

x

|f(y)|sω(y)sω(y)−sdy
)1/s

. ‖fω‖∞ω(x)−1,

Ù¥1/s− 1/t = α, ω−s ∈ A−1 éuω−1 ∈ A−1 . @o,

‖ωM+
1 f‖∞ . ‖fω‖∞.

2(ÜÚn3.2, ��

‖M+
1 f‖Lp(ω) . ‖f‖Lp(ω). (3.4)

éuM+
2 f , ÏLHölderØ�ª��

1

h1+α

∫ x+2h

x

∫
R

h

|x− z|2−α
|f2(z)|dzdy

≤ 1

hα

∫ x+2h

x

∞∑
k=3

1

(2kh)2−α

∫ x+2k+1h

x+2kh

|f(z)|dzdy

≤
∞∑
k=3

1

2k(1−α)

( 1

2k+1h

∫ x+2k+1h

x

|f(z)|sω(z)sω(z)−sdz
)1/s

≤ ‖fω‖∞
∞∑
k=3

1

2k(1−α)

( 1

2k+1h

∫ x+2k+1h

x

ω(z)−sdz
)1/s

. ‖fω‖∞ω(x)−1,

Ù¥0 < α < 1, ω−s ∈ A−1 éuω−1 ∈ A−1 . K

‖ωM+
2 f‖∞ . ‖fω‖∞.

2(ÜÚn3.2í�

‖M+
2 f‖Lp(ω) . ‖f‖Lp(ω). (3.5)
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éuM+
3 f , k

1

h1+α

∫ x+2h

x

h1/r′
( ∫

R

|f2(z)|r

|z − x|(1−α)r
dz
)1/r

dy

≤ 1

hα+1/r

∫ x+2h

x

( ∞∑
k=3

1

(2kh)(1−α)r

∫ x+2k+1h

x+2kh

|f(z)|dz
)1/r

dy

.
∞∑
k=3

1

2k(1−α−1/r)

( 1

2k+1h

∫ x+2k+1h

x

|f(z)|rdz
)1/r

≤
∞∑
k=3

1

2k(1−α−1/r)

( 1

2k+1h

∫ x+2k+1h

x

|f(z)|rω(z)rω(z)−rdz
)1/r

≤ ‖fω‖∞
∞∑
k=3

1

2k(1−α−1/r)

( 1

2k+1h

∫ x+2k+1h

x

ω(z)−rdz
)1/r

. ‖fω‖∞ω(x)−1,

Ù¥0 < α < 1, ω−r ∈ A−1 éuω−1 ∈ A−1 . Ïd,

‖ωM+
3 f‖∞ . ‖fω‖∞.

|^Ún3.2, ��

‖M+
3 f‖Lp(ω) . ‖f‖Lp(ω).

2(Ü(3.4)9(3.5), �¤
½n2.2�y².

Ä7�8
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