
Pure Mathematics nØêÆ, 2022, 12(6), 938-951

Published Online June 2022 in Hans. http://www.hanspub.org/journal/pm

https://doi.org/10.12677/pm.2022.126103

�ao<�Cz��ÅD/¾�.�
K�ÄåÆ1�

???TTT¤¤¤

=²nó�Æ§nÆ�§[�=²

ÂvFÏµ2022c5�4F¶¹^FÏµ2022c6�8F¶uÙFÏµ2022c6�15F

Á �

�
ïÄk�Ç!D/ÇÚXÚ��Å6Äé;¾DÂ�K�§�©Ì��Ä
��3Cz�<

�5�e§;¾�k�Ç!D/ÇÚXÚÑÉ�Z6��ÅD/¾�."ÏL�ET��oäÊ

ìÅ¼êy²
)��3��5"ïá
û½;¾«ý�K�Rs0§|^���ê½nÚItôúª�
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Abstract

To study the effects of mortality, infection rates of random disturbances and random

perturbation of the system on the spread of disease, in this paper, we consider a

stochastic infectious disease model in which the mortality, transmission and system of

the disease are disturbed with changing population size. The existence and uniqueness

of knowledge is proved by constructing appropriate Lyapunov functions. Established

thresholds Rs0 for determining disease extinction, applying Martingale’s theorem of

large numbers and Itô formulas, sufficient and almost necessary conditions have been

obtained for the extinction of infectious diseases. More specifically, if Rs0 < 1, the

disease will die out. Finally, by constructing threshold Rs0, we find that the stochastic

perturbations of the death rate and random perturbation of the system for susceptible

population can enhance the spread of disease, while the stochastic perturbations of

the death rate and random perturbation of the system for infectious population, as

well as the transmission rate of the disease can suppress the spread of the disease.
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1. Úó

D/¾î­K�X<a��NèxÚ�¬�²LuÐ, ïÄ´ý�Ú��D/¾�­��ª.

êÆ�.�±éÐ/�xD/¾�DÂ5Æ9uÐª³!K�D/¾DÂ�'�Ï�. ÏL½þ©

Û, U
ýÿ;¾�DÂª³9�y����k�5. �
¦êÆ�.�Ð/�x;¾�DÂL§,

3ï�L§¥I��ÄK�;¾DÂ�y¢Ï�.

3¢S)¹¥§D/¾�a/Ç!k�Ç!EuÇÚ�¼��Ç  É�G!!í§!�¸�

Ý��¸Ï��K� [1–3]"®k�þ�©zy²
�Å�¸6ÄéD/¾�.ÄåÆ1��K�"

~X§3Gray �< [4]�ó�¥§¦�3D/Çβ¥Ú\
�Å�¸K�§ïá
���ÅSIS�.
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�«ýÚ±Y�¿©^�"Du�<�ó� [5]§Ú\
��äkBeddington-DeAngelisõU�A�

�ÅSIR�.§T�.¥§Ñ)Ç-k�ÇÚu¾ÇÓ�é�ÅD(�)Z6§¦�ÏLé�K�§

ïá
;¾±È5Ú«ý�¿©ÚA�7�^�"��< [6]ÏL3(½5�.¥Ú\�¸D(§

ïÄ
äk����5u¾Ç��ÅSIRS D/¾�.§ïá
H{²­©Ù�3��5�¿©^

�§3�½^�e§y²
�Å6Äé;¾«ý�K�"¸�< [7]�Ä
D/ÇÉ�xD(Úç

ÚD(�K�§JÑ
�aG�����ÅSIRSD/¾�.§�Ñ
xD(ÚçÚD(U
³�

;¾�u�(Ø¿y²
3�½^�eÃ¾²ï:´�Åì?­½�"N.Tuerxun �< [8]b�D

/ÇÉ��¸Z6§ïÄ
�aäk�üNu)ÇÚòz*Ñ��ÅSIRS�.§|^ê��Å�

+nØy²
�.²­©Ù��3��5"é�< [9, 10] b�D/Ç!¡EÇÚk�ÇÓ�É�

�¸D(�K�§JÑ
�a�Å�SIS D/¾�.§¿y²
XÚ)��3��5Ú;¾�±È

�«ý",	k�
©z��Ä
õ�ëêÉ�¸6Ä�D/¾�. [3,5,9,11–13]"é�< [14]ò

�¸D(Ú\(½5�.¥§=b�D/ÇÏ��¸D(�ÅÄ
É�Z6§JÑ
�a3Zý

üÑe�äk��5u)Ç��ÅSIRS�.§�Ñ
�¸D(�rÝU
³�;¾��u�61

�(Ø"D/¾�.É�¸K��ïÄ�kéõ [3, 12,15–22]"

ë�< [23]b�D/ÇβÉ��Å�¸Ï��K�§JÑ
�ao<�Cz�äkIOu)Ç

��ÅSIRSD/¾�.Xeµ
dS(t) = (bN(t)− µS(t)− βS(t)I(t)

N(t)
+ δR)dt− σ S(t)I(t)

N(t)
dB(t),

dI(t) = [βS(t)I(t)
N(t)

− (µ+ α+ γ)I(t)]dt+ σ S(t)I(t)
N(t)

dB(t),

dR(t) = [γI(t)− (µ+ δ)R(t)]dt.

(1)

• S(t): D/¾¥´aö�êþ,

• I(t): D/¾¥/¾ö�êþ,

• R(t): D/¾¥¡Eö�êþ,

• N(t): o<��êþ,

• b: Ñ)Ç,

• µ: g,k�Ç,

• β: a/�N�<þ�>Ç§=ü �mS�³��>ö�²þêþ,

• δ: ¡E�NÔ��¼å��Ç,

• α: a/�N�Ï¾k�Ç,

• γ: a/�N�¡EÇ,

• σ: xD(rÝ,

ùpB(t) ´��IO�ÙK$Ä"ë�< [23]�Ñ
D/¾�.(1)�«ýÚ±È�¿©^�

Xeµ
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(1) XJ(1) σ2 > max{(β − α)2/2(b + γ), β − α}, (2) β − α ≤ 0, R̃0 < 0, (3) σ2 ≤ β − α, Ù

¥R̃0 =
β−σ22
b+α+γ

n�^�¥k��^�¤á§K;¾«ý"

(2) XJR̃0 = β
b+α+γ

− σ2

2(b+α+γ)
> 1§K;¾±È"

3©z [23]�Ä:þ§?�Ú�Ä�.(1)É�XÚÉ�6Ä§©OK�XÚ(1)¥�dS
dt
§ dI

dt
§

dR
dt
"

�äNù§�Ä��.Xeµ
dS(t) = [bN(t)− µS(t)− βS(t)I(t)

N(t)
+ δR(t)]dt− σ1

S(t)I(t)
N(t)

dB1(t) + σ2S(t)dB2(t),

dI(t) = [βS(t)I(t)
N(t)

− (µ+ α+ γ)I(t)]dt+ σ1
S(t)I(t)
N(t)

dB1(t) + σ3I(t)dB3(t),

dR(t) = [γI(t)− (µ+ δ)R(t)]dt+ σ4R(t)dB4(t).

(2)

B1(t)§B2(t)§B3(t) §B4(t)´o�Õá�ÙK$Ä§σ1§σ2§σ3§σ4��¸6Ä�rÝ"b��

.(2)¥�¤këêÑ´�K�"

l(2)ª�±��

dN(t) = [(b− µ)N(t)− αI(t)]dt+ σ2S(t)dB2(t) + σ3I(t)dB3(t) + σ4R(t)dB4(t).

-x = S
N
, y = I

N
, z = R

N
§KXÚ(2)C�

dx = [b(1− x) + (α− β)xy + δz + σ2
3xy

2 − σ2
2x

2(1− x) + σ2
4xz

2]dt

−σ1xydB1(t) + σ2x(1− x)dB2(t)− σ3xydB3(t)− σ4xzdB4(t),

dy = [βxy − (b+ α+ γ)y + αy2 − σ2
3y

2(1− y) + σ2
2x

2y + σ2
4yz

2]dt

+σ1xydB1(t)− σ2xydB2(t) + σ3y(1− y)dB3(t)− σ4yzdB4(t),

dz = [γy − (b+ δ)z + αyz + σ2
3y

2z + σ2
2x

2z − σ2
4z

2(1− z)]dt− σ2xzdB2(t)

−σ3yzdB3(t) + σ4z(1− z)dB4(t).

(3)

éu�.(3)§Ï�kx+ y + z = 1 ¤á§K�.(3) ��±�¤

dx = [b(1− x) + (α− β)xy + δ(1− x− y) + σ2
3xy

2 − σ2
2x

2(1− x)

+σ2
4x(1− x− y)2]dt− σ1xydB1(t) + σ2x(1− x)dB2(t)

−σ3xydB3(t)− σ4x(1− x− y)dB4(t),

dy = [βxy − (b+ α+ γ)y + αy2 − σ2
3y

2(1− y) + σ2
2x

2y

+σ2
4y(1− x− y)2]dt+ σ1xydB1(t)

−σ2xydB2(t) + σ3y(1− y)dB3(t)− σ4y(1− x− y)dB4(t),

(4)

3©ÛD/¾�.�L§¥§�
Æö}ÁXïá
;¾«ýÚ±È�K�^�§~XDu�

< [5]JÑ
�aäkBeddington-DeAngelis õU�A¼ê��ÅSIR �.§��
;¾«ýÚ±

È�K�^�"Dieu �< [24] JÑ
�aäkòz*Ñ�SIR�Å�©�§§��
;¾«ýÚ

±È�K�^�"Du �< [25] ïÄ
�aäkBeddington-DeAngelis u)Ç��ÅSIR�.§J
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Ñ
D/¾�.3òzÚ�òz�¹e�±ÈÚH{�¿©7�^�"ù�©Ù¥§·��8�

´3©z [23]�Ä:þ�ÄD/Ç!k�ÇÚXÚÉ��¸K�§��
í2�.(4)§¿ÁXï

á
�.(4) �;¾«ý�K�^�"

©Ù�{Ü©�SNXe"31�Ü©¥ò�Ñ�©¬^��Ä�½ÂÚúª"31nÜ©¥

òy²�.(4)��Û�)��3��5¿��Ñ
�.(4)��ØC8"1oÜ©ÏLïáÜ·�

oäÊìÅ¼ê§y²
�Å�.(4)'u;¾«ý�K�^�"1ÊÜ©?1
(Øo(Ú�5

Ð""

2. ý��£

�!ò�Ñ�©¤^��Ü©�©�§��'�£§SN��©z [26–33].

½Â2.1 [27, 28, 34] e,�¼ê τ : Ω → T ∪ {∞} ÷v^� {τ ≤ t} ∈ Ft, ∀ t ∈ T , K¡ τ

���Ê�½FtÊ�.

½Â2.2 [28] 4 P : F → [0, 1] XJ

(1) P (Ω) = 1.

(2) é Ai ∈ F � Ai ∩Aj = ∅(i 6= j), i,j=1, 2, ...k P
(
∪∞i=1 Ai

)
= Σ∞i=1P (Aj) ¤á§@o¡�

VÇÿÝ, ¡
(
Ω,F , P

)
�VÇ�m. XJ

(
Ω,F , P

)
��VÇ�m. - F̄ =

{
A ∈ F : ∃ B, C ∈ F

¦� B ⊂ A ⊂ C,P (B) = P (C)
}

, @o F̄ ´�� σ- �ê, ¡ F̄ ´ F ���z. e F̄ = F , ¡(
Ω,F , P

)
����VÇ�m.

½n 1.3.2.3 [27, 34](��r�ê½Æ) � M(t) = {Mt}t≥0 ´ t = 0 ��"�¢�ëYÛÜ

�, Kk

lim
t→+∞

〈M,M〉t =∞ a.s.⇒ lim
t→+∞

Mt

〈M,M〉t
= 0 a.s.

±9

lim sup
t→+∞

〈M,M〉t
t

<∞ a.s.⇒ lim
t→+∞

Mt

t
= 0 a.s.

3. �Û�)��3��5

3ùÜ©¥§òy²ØC�Λ = {x > 0, y > 0, x + y < 1}´XÚ(4)��ØC8��.(4)�3

����Û�)"Äk�Ñy²I��Ún3.1"

Ún3.1. PΓ = {(x, y, z) : x > 0, y > 0, z > 0, x+ y+ z = 1}"éu?Û�½�Ð©�(x0, y0, z0) ∈
Γ§�§(3)�3����)(x(t), y(t), z(t), t ≥ 0)�)ò±VÇ1�±3Γ ¥§�Ò´`§é?¿

�t ≥ 0§(x(t), y(t), z(t)) ∈ Γ"

y². �.(3)�Xê´ÛÜLipschitzëY�§éu?ÛÐ©�(x0, y0, z0) ∈ R3
+�t ∈ (0, τe)§�3
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���ÛÜ)(x(t), y(t), z(t)) a.s§Ù¥τe´�»�m"�X�I�y²τe = ∞ a.s. -n0 ≥ 1´¿

©��¦�(x0, y0, z0)Ñ3«m[ 1
n0
, 1]¥"é¤k�ên ≥ n0§½ÂÊ�

τn = inf{t ∈ [0, τe) : min{x(t), y(t), z(t)} ≤ 1

n
}; (5)

8Üinf ø = ∞(ø L«�8). �âτn�½Â§�±wÑ�Xn → ∞§τn´4O�¿�Pτ∞ =

lim
n→∞

τn§Kτ∞ ≤ τe a.s"eτ∞ = ∞§Kτe = ∞ a.s"�e5§ekτ∞ = ∞¤á§K�±�Ñ�
)"eτ∞ 6=∞§�Ò´`§∃ T ≥ 0Úε ∈ (0, 1)¦�

P{τ∞ ≤ T} > ε.

Ïd�3�ên1 ≥ n0¦�

P{τn ≤ T} ≥ ε, ∀n ≥ n1. (6)

½ÂC2-¼êD : R3
+ → R§Ù¥

D(x, y, z) = lnxyz,

é²w§é?¿x, y, z ∈ (0, 1)§¼êD(x, y, z)�K"

é¼êD(x, y, z)A^Itôúª§�±��

LD(x, y, z) =
1

x
[b(1− x) + (α− β)xy + δz + σ2

3xy
2 − σ2

2x
2(1− x) + σ2

4xz
2]

− 1

2x2
[−σ1xydB1(t) + σ2x(1− x)dB2(t)− σ3xydB3(t)− σ4xzdB4(t)],

+
1

y
[βxy − (b+ α+ γ)y + αy2 − σ2

3y
2(1− y) + σ2

2x
2y + σ2

4yz
2]

− 1

2y2
[σ1xydB1(t)− σ2xydB2(t) + σ3y(1− y)dB3(t)− σ4yzdB4(t)]

+
1

z
[γy − (b+ δ)z + αyz + σ2

3y
2z + σ2

2x
2z − σ2

4z
2(1− z)]

− 1

2z2
[−σ2xzdB2(t)− σ3yzdB3(t) + σ4z(1− z)dB4(t)]

= [
b

x
− b+ (α− β)y +

δz

x
+ σ2

3y
2 − σ2

2x(1− x) + σ2
4z

2]

+[βx− (b+ α+ γ) + αy − σ2
3y(1− y) + σ2

2x
2 + σ2

4z
2]

+[
γy

z
− (b+ δ) + αy + σ2

3y
2 + σ2

2x
2 − σ2

4z(1− z)]

−1

2
[σ2

1y
2 + σ2

2(1− x)2 + σ2
3y

2 + σ2
4z

2]

−1

2
[σ2

1x
2 + σ2

2x
2 + σ2

3(1− y)2 + σ2
4z

2]

−1

2
[σ2

2x
2 + σ2

3y
2 + σ2

4(1− z)2]
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= [
b

x
− 2b− δ + (α− β)y +

δz

x
+ 3σ2

3y
2 − σ2

2x+ 3σ2
4z

2

+βx− (b+ α+ γ) + αy − σ2
3y + 3σ2

2x
2 +

γy

z
+ αy − σ2

4z]

−1

2
[(σ2

1 + 2σ2
2)x2 + (σ2

1 + 2σ2
3)y2

+2σ2
4z

2 + σ2
2(1− x)2 + σ2

3(1− y)2 + σ2
4(1− z)2]

≥ −2b− δ − βy − (σ2
3 + σ2

2)x− (b+ α+ γ)− σ2
3y − σ2

4z

−1

2
[(σ2

1 + 2σ2
2)x2 + (σ2

1 + 2σ2
3)y2 + 2σ2

4z
2 + σ2

2(1− x)2

+σ2
3(1− y)2 + σ2

4)(1− z)2].

, H(x, y, z).

duk^�x + y + z = 1�¼êH(x, y, z)´ëY�§K∃C < 0§¦�é?¿�(x, y, z) ∈ Γ§

kH(x, y, z) ≥ C¶Ïd

dD(x, y, z) ≥ Cdt+ σ1(x− y)dB1(t) + σ2(3x− 1)dB2(t)

+σ3(3y − 1)dB3(t) + σ4(3z − 1)dB4(t). (7)

2é�§(7)ü>l0�τn ∧ TÈ©��∫ τn∧T

0

dD(x, y, z) ≥
∫ τn∧T

0

Cdt+

∫ τn∧T

0

σ1(x− y)dB1(t) +

∫ τn∧T

0

σ2(3x− 1)dB2(t)

+

∫ τn∧T

0

σ3(3y − 1)dB3(t) +

∫ τn∧T

0

σ4(3z − 1)dB4(t).

éþãØ�ª�Ï"§�±��

ED(x(τn ∧ T ), y(τn ∧ T ), z(τn ∧ T )) ≥ CT +D(x0, y0, z0) > −∞.

éun ≥ n1§-8ÜΩn = {ω ∈ Ω : τn = τn(ω) ≤ T}"d(6)ª§kP (Ωn) ≥ ε¤á"d	§é?

¿ω ∈ Ωn§3x(τn, ω), y(τn, ω), z(τn, ω)¥��k���u 1
n
"Ïd§

D(x(τn, ω), y(τn, ω), z(τn, ω)) ≤ ln
1

n
.

�±��

E[D(x(τn ∧ T ), y(τn ∧ T ), z(τn ∧ T ))] ≤ E[ln y(T ∧ τn)]

≤ E[1Ωn ln y(τn)]

≤ ε ln
1

n
.
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Ù¥1Ωk´¼êΩk�A�¼ê§Ï��n → ∞�§−∞ < CT < −∞´gñ�§Ïdkτ∞ = ∞§
�Ò´τn =∞§Kτe =∞ a.s"Ún3.1�y²�¤" 2

3Ún3.1�Ä:þ§�±wÑé?¿t ≥ 0§kx(t) > 0, y(t) > 0, z(t) > 0�x+ y + z = 1§½

n3.1�(J²w´¤á�"

½n3.1. PΛ = {(x, y) : x > 0, y > 0, x+y < 1}§KΛ´�.(4)��ØC8"d	§éu?ÛÐ©

�(x0, y0) ∈ Λ§�.(4)�3������)(x(t), y(t))�)±VÇ1�3uΛ¥§=é?¿�t ≥ 0§

(x(t), y(t)) ∈ Λa.s"

4. ;¾�«ý

3�!¥§ò?Ø�.(4)'u;¾«ý�¿©ÚA�7��^�"Äk§�
�B�¡�y

²§JÑÚn4.1ÚIP4.1¥�Ñ�
ÎÒ"

Ún4.1. é�§

dx = [b(1− x) + δ(1− x)− σ2
2x

2(1− x) + σ2
4x(1− x)]dt+ σ2x(1− x)dB2 − σ4x(1− x)dB4.

b�^�b+ δ > 1
2
σ2

2 ¤á§Ké?¿�x ∈ (0, 1)§K�§(8)�)x��Âñu1"

y². éu�§(8)§A^Itôúª§�±��

d ln(1− x) = [−b− δ +
1

2
σ2

2x
2 − σ2

4x−
1

2
σ2

4x
2]dt+ σ2xdB2 − σ4xdB4

≤ [−b− δ +
1

2
σ2

2 − σ2
4x−

1

2
σ2

4x
2]dt+ σ2xdB2 − σ4xdB4

, Υ1(x)dt+ σ2xdB2 − σ4xdB4. (8)

Ù¥Υ1(x) = −b− δ + 1
2
σ2

2 − σ2
4x− 1

2
σ2

4x
2"Ï�b�^�b+ δ > 1

2
σ2

2 ¤áÚ¼êΥ1(x)�ëY5§

éu?¿�x ∈ (1 − %1, 1)§ÀJ¿©��~ê%1 ¦�Υ1(x) < 0"é�ª(8)ü>l0�tÈ©¿Ø

±t§�±�Ñ

ln(1− x(t))

t
≤ ln(1− x(0))

t
+

∫ t
0

Υ1(x)dt

t
+

∫ t
0
σ2xdB2(t)

t
−
∫ t

0
σ4xdB4(t)

t
.

éþªü>�þ(.¿$^���ê½n��

lim sup
t→∞

ln(1− x(t))

t
≤ lim sup

t→∞

∫ t
0

Υ1(x)dt

t
< 0, ∀ x ∈ (1− %1, 1).

Ïd§é?¿�x ∈ (1− %, 1)§�±�Ñx��ªu1"�X§y²�§(8)�?¿)x§l(0, 1)m©

�ª�?\�«�(1− %1, 1)"½Â¼êV ∗ = −(2x+ 1)k
∗
§Ù¥k∗�~ê§3�¡�y²L§¥¬
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L V ∗ = −2k∗(2x+ 1)k
∗−1[b(1− x) + δ(1− x)− σ2

2x
2(1− x) + σ2

4x(1− x)]

−4k∗(k∗ − 1)(2x+ 1)k
∗−2

2
[σ2

2x
2(1− x)2 + σ2

4(1− x)2]

= −2k∗(2x+ 1)k
∗−2[(2x+ 1)(1− x)(b+ δ − (σ2

1 + σ2
2)x2 + σ2

4x)

+(k∗ − 1)x2(1− x)2(σ2
2 + σ2

4)]

, −2k∗(2x+ 1)k
∗−2 ·Π

Ù¥Π = (2x+ 1)(1− x)(b+ δ − (σ2
1 + σ2

2)x2 + σ2
4x) + (k∗ − 1)x2(1− x)2(σ2

2 + σ2
4)"

�x ∈ (0, 1− %1]§Ø�ª(2x+ 1)(1− x)(b+ σ2
4x) > (b+ σ2

4)(1− 1 + %1) = %1b¤á§K�±é�v


��~êk∗ ¦�

Π > %1b− (2x+ 1)(σ2
1 + σ2

2)x2 + (k∗ − 1)(σ2
2 + σ2

4)x2(1− x)2

>
1

4
%1b, ∀ x ∈ (0, 1− %1].

Ïd§

L V ∗ = −2k∗(2x+ 1)k
∗−2 ·Π < −2k∗ · 1

4
%1b < −

1

2
k∗%1b, for all x ∈ (0, 1− %1].

éþªl0�τ%1 ∧ tÈ©�dDynkinúª§�±��

EV ∗(x(τ%1 ∧ t)) = V ∗(x(0)) + E
∫ τ%1∧t

0

L V ∗(Ψ(s))ds

< V ∗(x(0))− 1

2
k∗%1b · E(τ%1 ∧ t).

¦�t→∞�A^FatouÚn§U
��

EV ∗(x(τ%1)) < V ∗(x(0))− 1

2
k∗%1b · E(τ%1).

�âV ∗3(0, 1)�k.5§�±��E(τ%1) <∞"Ïd§éux ∈ (0, 1)§�t→∞�§kx→ 1"Ú

ny²�¤" 2

IP4.1. ·�PXÚ(4)�)�Ψ(t) = (x(t), y(t))"AO/§L«Ð��ψ = (x0, y0) ∈ Λ"P¼ê

f(x, y) = βx− (b+ α+ γ) + αy − σ2
3y(1− y) +

1

2
(σ2

2 − σ2
1)x2

+
1

2
σ2

4(1− x− y)2 − 1

2
σ2

3(1− y)2. (9)

ò²ï:(1, 0)�\þã�§§�±��(½;¾«ý�K�^�§=��

f(1, 0) = [β − (b+ α+ γ) +
σ2

2 − σ2
1 − σ2

3

2
]

= (b+ α+ γ)[Rs0 − 1]. (10)
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Ù¥Rs0 = β
b+α+γ

+ σ2
2−σ

2
1−σ

2
3

2(b+α+γ)
"

e¡òy²§3,
^�e§Éa/�<ê¥�êeü�"§=;¾«ý"

½n4.1. éÐ�ψ = (x0, y0)§PΨ(t) = (x(t), y(t)) ��.(4)�)"XJRs0 < 1�b+ δ > 1
2
σ2

2§é

?¿Ð�(x0, y0) ∈ Λ§�t→∞§K(x(t), y(t))→ (1, 0) a.s";¾«ý"�õ/§

P
{

lim
t→∞

ln y(t)

t
= (b+ α+ γ)(Rs0 − 1) < 0

}
= 1, ∀ (x0, y0) ∈ Λ, y > 0. (11)

y². Ï�Rs0 < 1§Kl(10)ª¥�±wÑf(1, 0) < 0"é(x, y) ∈ Λ§�.(4)$^Itôúª��

L ln y =
1

y
[βxy − (b+ α+ γ)y + αy2 − σ2

3y
2(1− y) + σ2

2x
2y + σ2

4y(1− x− y)2]

− 1

2y2
[σ2

1x
2y2 + σ2

2x
2y2 + σ2

3y
2(1− y)2 + σ2

4y
2(1− x− y)2]

= βx− (b+ α+ γ) + αy − σ2
3y(1− y) +

1

2
(σ2

2 − σ2
1)x2

+
1

2
σ2

4(1− x− y)2 − 1

2
σ2

3(1− y)2

= f(x, y)

d ln y = f(x, y) + σ1xdB1(t)− σ2xdB2 + σ3(1− y)dB3

−σ4(1− x− y)dB4.

Ï�¼êf(x, y)´ëY�¿�f(1, 0) < 0§é?¿�(x, y) ∈ U%2 = {(x, y), x ∈ (1 − %2, 1), y ∈
(0, %2)}"À�~ê%2 ∈ (0, 1)¿©�¦�f(x, y) < 0¤á"

éþªü>l0�tÈ©¿Ø±t§�±��

ln y

t
=

ln y0

t
+

1

t

∫ t

0

f(x, s)ds+
1

t

∫ t

0

σ1xdB1(t)− 1

t

∫ t

0

σ2xdB2

+
1

t

∫ t

0

σ3(1− y)dB3 −
1

t

∫ t

0

σ4(1− x− y)dB4.

éþªü>�þ(.¿��â���ê½n��

lim sup
t→∞

ln y

t
= lim sup

t→∞
f(x, y) < 0, ∀ (x, y) ∈ U%2 . (12)

Ïd§�±wÑé?¿�(x, y) ∈ U%2§y��ªu0"
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�e5§·�òy²é?¿�(x, y) ∈ U%2§x→ 1"é?¿��%2 > 0¦�y < %2§�±��

L ln(1− x) = −b− α− β
1− x

xy − δ

1− x
(1− x− y)− σ2

3

xy2

1− x
− σ2

4

x(1− x− y)2

1− x

+
σ2

2

2
x2 − σ2

4

x2(1− x− y)2

2(1− x)2
− (σ2

1 + σ2
3)

x2y2

2(1− x)2

≤ −b+ β
xρ2

1− x
− δ

1− x
(1− x− ρ2)− σ2

4

x(1− x− ρ2)2

1− x

+
σ2

2

2
x2 − σ2

4

x2(1− x− ρ2)2

2(1− x)2

, Υ(x).

Ù¥Υ(x) = −b+ β xρ2
1−x −

δ
1−x(1− x− ρ2)− σ2

4
x(1−x−ρ2)2

1−x + σ2
2

2
x2 − σ2

4
x2(1−x−ρ2)2

2(1−x)2
"�â¼êΥ(x)�

ëY5ÚÚn8�(Ø§¿�Xé?¿�x ∈ (1− %2, 1)§kΥ(x) < 0¤á"Ïd

d ln(1− x) ≤ Υ(x) + σ1
xy

1− x
dB1(t)− σ2xdB2(t) + σ3

xy

1− x
dB3(t)

+σ4
x(1− x− y)

1− x
dB4(t) (13)

é(13)ªü>l0�tÈ©¿�Ø±t§�±��

ln(1− x)

t
≤ ln(1− x0)

t
+

Υ(x)

t
+

1

t

∫ t

0

σ1
xy

1− x
dB1(t)− 1

t

∫ t

0

σ2xdB2(t)

+
1

t

∫ t

0

σ3
xy

1− x
dB3(t) +

1

t

∫ t

0

σ4
x(1− x− y)

1− x
dB4(t). (14)

�(14)ªü>�þ4�¿��â���ê½nk

lim sup
t→∞

ln(1− x)

t
≤ lim sup

t→∞

Υ(x)

t
< 0 ∀ x ∈ (1− %2, 1).

Ïd§

lim sup
t→∞

ln(1− x)

t
< 0 ∀ (x, y) ∈ U%2 . (15)

K�âØ�ª(15)Ú(12)§�±�Ñé?¿�(x, y) ∈ U%2§(x, y)��Âñu(1,0)"Ïdé?¿

�ε̄ > 0§�±uy��0 < % < %2k

P
{

lim
t→∞

(x(t), y(t)) = (1, 0)
}
≥ 1− ε̄, (x0, y0) ∈ U%. (16)

2

5. (Ø

�©3©z [23]�Ä:þ§�Ä;¾�k�ÇÚ¡EÇ¬É��¸�6Ä§ïá
��ä
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�.(4)�3����Û�)"�XÏLïáû½;¾

«ý�K�Rs0 = β
b+α+γ

+ σ2
2−σ

2
1−σ

2
3

2(b+α+γ)
§�Ñ
;¾«ý�¿©A�7�^�§=�Rs0 < 1 �^

�b+ δ > 1
2
σ2

2 ¤á§;¾«ý"

3�YïÄó�¥§��±�Ä�©��¤�ó�Ú&ÄÙ¦ï�g�"3�JÑ��.
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