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Abstract

To study the effects of mortality, infection rates of random disturbances and random
perturbation of the system on the spread of disease, in this paper, we consider a
stochastic infectious disease model in which the mortality, transmission and system of
the disease are disturbed with changing population size. The existence and uniqueness
of knowledge is proved by constructing appropriate Lyapunov functions. Established
thresholds R} for determining disease extinction, applying Martingale’s theorem of
large numbers and It6 formulas, sufficient and almost necessary conditions have been
obtained for the extinction of infectious diseases. More specifically, if R < 1, the
disease will die out. Finally, by constructing threshold R, we find that the stochastic
perturbations of the death rate and random perturbation of the system for susceptible
population can enhance the spread of disease, while the stochastic perturbations of
the death rate and random perturbation of the system for infectious population, as

well as the transmission rate of the disease can suppress the spread of the disease.
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BENL TR AMEFUK L T 50 F1 LT B ZE 5. BREEN (6380 76 1 i PR BB v 5] N PR S5 0 7
BT T BA — AR 2N RO I BEALSIRS AL Gt i, 57 1 ks P A8 7 A AAAE ME— PR 78 40 5%
i, FE—E AN, R T RENLARSI R K A 5. FRAR N (7] 8 T AR G E 2 3 1 S
g R, T 2ORE T ALSIRS AL Y iR, 15 H T 11 M 75 FIURE (2 I 75 e 6% 40
PTG R R ) S5 VR IR BH 1 AE — 8 2 M TR O T AT m R BE N LT RS A 1. N.Tuerxun %6 A\ [S)fRi& 1%
e Z FIMEL L, AL T SRR AR R A R ARy B BENLSIRSHEE AL, FIH HI/RBFR
FEFRRUE B T AP AR A AR AEME— M. X5 N (9, 10] fRistfe gede, PR ZMIBET: 2 [R] i 32 3
IREEREFS (RENA, R T —KRBENLISIS AL QWi y, FHIUER] T RS R AAAEME— PERIIR R A
X%, 5N SR ETE T 2N SECZA B AL G AL [3,5,9,11-13]. 25N [14] K
PRBENE S G N E PR v, RS A% Y S RO IR B e 78 () B 32 348, $2H 1 —RAE T
FERE N A AR LM K A ZR B BEHLSIRSHLAY , 15 H 7 PRI MG 75 (1) 9 5F R 6% 400 ) 0 1) R 5 AT
M5B, AR YURBIA S IR 2 T R H IR 2 [3,12,15-22].

BEEN (23R AE e g2 BRI BE R R g2 M, $&H T — RN 1284k H B G briE R A%
(I BEALSIRS & YL A B 4

dS(t) = (bN(t) — pS(t) — BG4+ 6R)dt — o200 dB (1),

dI(t) = [0 — (u+ a+9)I(0)]dt + o 5L dB(1), (1)

dR(t) = VI (t) — (n + 6)R(t)]dt.

o S(t): H gL rh 5 IH AU,
o I(t): FLBe rh Geivs # M B,
o R(t): ALY 2 5 AU,
o N(t): BANMHIHE,

o b: A,

o i FARFETR,

o B RGN NS HEfh ., BB I 6] P 2 R 1) B b 2 1) P S B,
o §: MRE AR R G e J) A,
o o PRI HERTILTHR,

o i BYMEIIIRE

o o IR

XEB(t) & —4EbrAERIAR s sh. XN [23]15 H T AR GLIi AT (1) B K 4 RN RF A 78 43 2 A%
R

DOLI: 10.12677/pm.2022.126103 940 HibHF


https://doi.org/10.12677/pm.2022.126103

fEAR{

(1) ﬁl]%2(1) 02 > max{(f — a)?/2(b+7),8—0a}, (2)B—a <0, Ry <0, (3)o2<B—a, &
HIRy = 22 SN — NS, TR K4,

= braty

(2) HRRy = 572 — sy > 1 MBHHREA.

TESCHR [23]B0FERN b, i — B2 BRI (1) 28 RS2 R30S RBmMAS)hHS, 4,
dR
dt °

SRR, B RE AT

dS(t) = [pN(t) — puS(t) — 25052 + 6R(1)]dt — 01 SFE2dBi (t) + 025 (£)dBa(t),
dI(t) = 250 — (u+ a + ) I(t)]dt + o1 5FEL By (1) + 051(£)dBs(b), (2)

dR(t) = [yI(t) — (ju + 0)R(t)]dt + o4 R(t)dB(t).

Bi(t), Ba(t), Bs(t)» Bu(t)RVUAESIHATHIES, o010 o o3 ol NERBHRBIMRE, B
7(2) PO 2 M R AR .

M (2) AT PATS ]
AN(t) = [(b— p)N(t) — el (£)|dt + 028 (£)dBs(t) + o3I (t)dBs(t) + o4 R(t)dBy(t).

Lo =

Y=,z =2, MRFE(Q2)EN

Z|wn

dr =[b(1 — ) + (o — B)wy + 0z + oixy? — o32*(1 — x) + olz2?]dt
—o12yd By (t) + 022 (1 — 2)dBy(t) — o32ydBs(t) — o4x2dBy(t),

dy = [Bry — (b+a+7)y +ay® — o3y*(1 — y) + 032’y + ofyz’]dt
+o120ydB; (t) — oxydBa(t) + o3y(1 — y)dBs(t) — o4yzdBy(t),

dz = [yy — (b+8)z + ayz + o2y*z + 05222 — 0222(1 — 2)|dt — oaz2d Ba(t)
—03yzdBs(t) + 042(1 — 2)dBy(t).

®3)

XTERA(3), BINAz+y+2=1RAL, WHA(3) Ma] LS

dr=[b(1 —z)+ (o« — B)zy + 6(1 — x — y) + o2xy® — o2z*(1 — x)
+022(1 — z — y)?]|dt — o12yd By (t) + 09w (1 — x)dBo(t)
—o3xydBs(t) — o4z (1 — x — y)dBy(t),
dy = [Bry — (b +a+y)y +ay? — 03y (1 — y) + 032’y (4)
+o2y(l —x — y)?|dt + o1zyd B, (1)
—0oxydBs(t) + o3y(1 — y)dB3(t) — ouy(1 — x — y)dBy(t),

TE S BT AR e i B R ) ek P, — e 2 5248 37 7 i K A R R I M 2 A, 9 nDusE:
N [5]#EH T —2K Hf Beddington-DeAngelis Thfg [ 57 bR F I FEHLSIR LAY, 452 7 505 K 4 F0HF
AWIBME S F. Dieu 55N [24] $&H T —REGBIY BUNSIREENL Y 778, 3] T 50 K4
FEAMBIE M. Du 26N [25] WE7L T —28 A Beddington-DeAngelis &£ FIBEHLSIRAERL, 2
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1A% G AR R A IR AL AN AR IR AR I D0 B35 ORI 7 K 78 70 i B AR IRRSCE T, AR H )
FEAESCHR 23] LA LB B AR Q. U R M ARG B0, 53] 7 RBA(4), FFikER
ST (4) IR 4 (R BRAE 6

SCERRIIINFUT . R o P ay A SO F B EAE SO AR 7228 =87
REE IR (4) (04 5 IE AR AR A7 AR ME—VEJF HLAS Y 7 BB (4) I IEANAR £, 55 DU B 20 i S 3T B T 1Y
R VR R B, R T BT (4) % TR KA I BB 2 AR B8 TR0 HEAT T 4518 E A5 IR R
JE .

2. &R

ARTAG G5 AR SORT B8 43 500 7 R AR DR, 281 STk [26-33).

ENX2.1 [27,28,34] HHEANEE 7:Q - TU{co} WEEKM {r<t} e F,VteT, MWK
H—MERELZ, R

ENX2.2 [28] ik P:F —[0,1] g

(1) P() = 1.

(2) % 4, e F H ANA; =00 #7), 1,j=1,2, . H P(UZ, 4;) = 52, P(A;) WAL, MLHN
EARIE, B (9, F, P) NBEERL MR (Q,F,P) IR 5. 4 F={AcF:3B CeF
18 Bc Ac C,P(B) = P(C)}, Wa Fi—" o- RE R F R F s, & F=F, &
(Q, F, P) F5e& MRk A 3 H).

EE 1.3.2.3 [27, 34) (AR K EEA) B M(t) = {M;}i>0 /& t = 0 FONE W SEIES: R
L UEe)

M,

tl}I-‘POO<M7 M>t =00 a.s. = tEI-Eloo W =0 a.s.
PAK
M, M M,
lim sup (M, M), <00 as. = lim —L =0 as.
t—+o00 t—+oo ¢

3. ERIEMRFERE—4

TEXHE A, BUEBIARIRA = {z > 0,y > 0,z + y < 1} 2 RG(4) P IEAZE B (4)774E
ME— 4R IEfR. gtk B R E I 51 331,
g[383.1. Tl = {(z,9,2) : 2 >0,y > 0,2 > 0,z +y+2 = 1}o 3 THEMTLZ I (20, yo, 20) €
U, ZAE()FAR—0 EM(x(t),y(t),z(t),t > 0) LMK AR MRBFAED ¥, LHAB, HEF
8t >0, (x(t),y(t),z(t)) € T,

MERR. B (3) ) R 2 JR #BLipschitz 2 2L 1), X TARMHILAME (20, yo, 20) € R3 Hit € (0,7.), fF1E
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ME— R AE (2 (), y(t), 2(¢)) a.s, AT ZBuEnr . B85 AT EEM. = co as. Bng > 1ER
I REIERF (0, yo, z0) BBTEX [, 1] e XA BEn > no» & AR

T, = inf{t € [0,7.) : min{z(t), y(t), 2(t)} < %}7 Q)

Hinfo = co(p XARTE). WRAERHE L WTLUEHEEN —» oo, 2B KIF Hidr. =
lim 7,,, W7, <7, a8 #H7o =00, N7, =00 a.se TR, HHT = oL, MW LIGH IE

n—roo

filfe HiToo # 00, WELZ, IT > 0Me € (0,1)7F
P{ro <T} >e.
PRI AFAERE R I, > no 15
P{r, <T}>¢e, Vn>n. (6)
ESNC*-RHD RS —» R, Hp
D(z,y,z) =Inxyz,

IRIHE, XMEEx,y,2 € (0,1), BRED(z,y,2) M.
XRRELD (2, y, 2) M Tto AT, W LA 2

ZLD(x,y,z) = l[b(l —z)+ (a— Bzy + 0z + oixy® — o3 (1 — z) + ojw2?]

8

1
—ﬁ[—olxydBl (t) + o2x(1 — 2)dBs(t) — o3xydBs(t) — o4x2dBy(t)],

1
+§[ﬁxy —(b+a+y+ oy’ — o3y’ (1 —y) + 032’y + ofy=?]
1
—@[alxydBl(t) — 09xydBy(t) + o3y(1 — y)dBs(t) — o4yzdBs(t)]
1
+=[yy — (b+68)z + ayz + 03y°z + 03w’z — 0327 (1 — 2)]
2z

1
_g[_O—QdeBQ(t) — ngZng(t) + 0'42(1 — Z)dB4(t)]

b 0z
= [ -bt(a=By+ — +oiy* —o3a(l - 2) + 012"

+[Bx — (b+a+7)+ay —ozy(l —y) + o3a? + 0327

+[% — (b+6) + ay + o3y + o3a* — 0i2(1 — 2)]

1
—=[o7y? + 05(1 — z)* + 03y® + 0327

2
1

—i[afﬁ +o32® + 03(1 —y)? + 0727
1

~lo3e® + o3y + 31— 2P

=
&
8k
4

DOLI: 10.12677/pm.2022.126103 943


https://doi.org/10.12677/pm.2022.126103

AR

b 1)
= [Z—2b—6+(a—Bly+ = +30%y° — ofw + 30727

+B:L’—(b+o¢+’y)+ay—a§y+3a§x2+lj+ozy—aiz]

1
—5 (o1 +209)2% + (07 + 203)y

+2032° + 05 (1 —2)? + 05(1 — y)* + 03 (1 — 2)?]

> ~20-0-By— (o5 +o3)r—(b+a+y)—o3y—oiz
1
~5l(0% +203)a + (03 + 203)52 + 2032 + 031 — )
+o3(l—y)* +oi)(1 - 2)°].

(1>

H(x,y,z).

HTE&Mr +y+ 2 = 1HEEH (v, y, 2) 2 &S, W30 <0, HEMEREM(x,y,2) €T,
HH(x,y,z) >C; Kk

dD(z,y,z) > Cdt+ o1(x —y)dBy(t) + o2(3z — 1)dBsy(t)
+03(3y — 1)dB3(t) + 04(32 — 1)dBy(t). (7)

FXS L (T) I MOE T, A THISr 0115
T NT T AT T AT T AT
/ dD(z,y,z) > / Cdt + / o1(z —y)dB(t) —|—/ 02(3z — 1)dBs(t)
0 ’ TaNT 0 T NT ’
+/ 03(3y — 1)dBs(t) + / 04(3z — 1)dBy(t).
0 0
X FR A EUE, LS R
ED(x(th AT),y(tn AT),2(1 AT)) > CT + D(x0, Yo, 29) > —00.

XFn>n, 2HEAQ ={weQ:n, =1(w) <T} HO6)K, HP(Q,) > ehliir. A, XHE
Bw € Q, Ea(r,,w),y(Th,w), 2(Tn,w) T EDH —ANET L Rk,

D(z(1p,w), y(Th,w), 2(Th,w)) < In l

n
n] PL15 3|
ED(x(t, AT),y(tn AT),2(1, AT))] < E[llny(T AT,)]
< E[lg, Iny(r,)]
1
< eln-—.
n
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g, & BREQ RHE R L TN 2n — oo, —o0o < CT < —ooie A, AT, = oo,
kT, = 0o, Nz, = co a.se 51 B3 1HTUFE A 7€ e a

TESIEE3 AL b, W LLE HSHERE > 0, Hao() > 0,y(t) >0,2(t) >0Hr +y+2=1, &
P31 45 B B AL 1

EIE3.1. iCA = {(z,y):2 >0,y >0,2+y <1}, MAREAR (e ERTE, I, 3 FALFT4045
18 (x0,y0) € A, AR ())BAE—AE— EM(x(t),y(t) LA ABE 1A EFAF, BFsHE&EeE >0,
(x(t),y(t)) € Aa.so

4. RIRAIR 4

TEARTTH, BRI (4) X T KL R AL F R BRI % Bk, AT 7@ s IE
B, $RH S FRAIRIPRICA. 144 — SR 5,

SI3E4.1. #7542
dr = [b(1 —x) +0(1 — x) — o32*(1 — 2) + oix(1 — z)]dt + o9z(1 — 2)dBy — 042(1 — x)dB,.

AR EMHD + 6> Lo2 Mz, MAEEL € (0,1), N H4(8)M Ma— B T 1o

MERR. X T FE(8), RHItoA N, nILAfHE|

1 1
dln(l—z) = [-b—4d+ 50%322 —o%r — iaiaﬂdt + 09xdBy — 04xdBy

1 1
< [-b—06+ iag —o5r — §aix2]dt + o9xdBy — 04xdBy

£ Yy (x)dt + oyxdBy — o4xdBy. (8)
Hrb Yy (@) = —b— 6+ 205 — ofx — soia?. PIAMRBIRATD 46 > Lof BOLFIBREY, (x) FHESE,

MNFAEEMNE € (1—01,1), EFFTRDDIVHE Lo 15T (2) < 0. XF 53 (8) ML MORILAR 73 I B
PAt, AJLAAS

In(l—a(t) _ W-2(0) 3 Ta(a)dt . Jo o2wdBs(t)  Jy oawdBu(t)
t - t t t t '

xb b AP EL E W R IS T R BOE BT 15

limsupw < limsupw <0, Vze(l—op,l).
BRI, SRRz € (1—o,1), AILMFHz—FoEaT 1. #5E, WEVTTEQ)MEEML, (0,1)I1h

RATENBIXIE (1 — 01,1)e EXREV* = — 20+ 1)*, Hipk yEE, 165 HFUE R b2
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wewfiE, oA A1

LV o= 2Bz + D (1 —x) +6(1 — 2) — 022%(1 — z) + o2z(1 — z)]
Ak (k- D2e+ )2
2
= 262z + 1D 2[2z+1)A —2)(b+ 0 — (62 + 0)a® + o22)
+(E" = 1)a*(1 = 2)*(03 + 07)]
—2k*(2z 4+ 1)¥ 2. 11

[o32%(1 = 2)* + 03 (1 — 2)?]

(1>

HAl =22+ 1)(1 —2)(b+6 — (067 + 02)2* + oix) + (k* — 1)a?(1 — x)?(03 + 07)-
Mr e (0,1— 0] AEXQRr+1)(1—2)(b+02x) > (b+02)(1—1+01) = o1bEOL, MATLAFKE]E
LN G EE G

O > ob— 2z +1)(0? +03)x* + (k* — 1) (05 + 03)2?*(1 — z)?

1
> Zglb, V x € (0, 1-— Ql]

P, . .
LV = 2k* (2 +1)F 72T < —2k* Jo1b <=5k b, forall z € (0,1 - 01].

Xf EXAORN T, A AR5 H i Dynkin A3, 7] LG 2
Toy Nt
EV*(x(r,, At)) = V*(z(0))+E LV (U(s))ds
0
< V*(z(0)) — %k*glb -E(7,, A ).
f§i15¢ — oo H N HFatou7| B, B85 2]
1
EV*(2(re,)) <V (2(0)) = 5k 016 (7).

RIEVAE0, ) A, W LAERIE(T,) < ooo KL, SFFz € (0,1), 2t — ooltf, Hx — 1. 5]
FRAIE B 58 O
FRic4.1. RAVCRR (L) AV() = (z(t),y(t))e A, ETAMEAY = (z0,10) € Ao FTHHL

1
fleyy) = Br—(b+a+y)+ay—osy(l—y)+ 5(03 —o})a”
1 1
5ot —w =y~ Lo3(1—y) Q

T4 8 (1, 0) RN LR 742, T DUR B 51 % o K 4640 A & 44, BR/3 5]

F(1,0) = [6—(b+a+v)+W]
= (b+a+7y)[R—1]. (10)
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| od-ot-ol
b+a+’y 2(b+a+7)

Kb Ry =

NHECRAEM], EREERAET, BB ABEREIRSTREEE, BN KL,

EIR4.1. iy = (20,90), TU(t) = (x(t)

= Jy(t) AEER())M R, 4o RRy < 1Hb+0 > 203, *F
HEFEWME (20, 90) € A, Bt — oo, W (x(t),y(t))

— (1,0) a.5c KR, R5H,

Iny(t
P{tl'gn DZ( ) :(b+a+7)(R8—1)<0}:1, Y (20, 90) € A,y > 0. (11)

IERR. BUNRE < 1, MM (10)a Al LI H £(1,0) < 00 X (z,y) € A, A (4)i8 HIto AR A5

1
Ly = ;[ﬁxy—(b+a+7)y+ay2—0§y2(1—y)+0§w2y+aiy(1—x—y)z]
1 2.2 2 2.2 2 2
~2y —[oi2%y® + o32%y® + o3y* (1 — y)* + o3y (1 — = — y)?]

1
= Bw*(b+a+7)+ay*0§y(1*y)+§(0§*Uf)xQ
1 1

3ot —a—y) — o3y

= f(may>

dhly = f(x, y) + ledBl(t) — O'QLIZdBQ + 0'3(1 — y)dB3
—04(1l — 2z — y)dBy.
KRR LS (z, y) R IESEHIFEH £(1,0) < 0, XHEERI(z,y) € U,, = {(z,y),z € (1 — 02,1),y €

(0, 00)}e EIEHH oo € (0, 1) 773 /MEAR f (2, y) < OBLIL.
X B ORNEAR 73 B Lht, AT LAAS 2

1 1 I
% — nyo / flx,s)ds + - / o1xdB (t) — t/ ooxdBy
0 0

1 1
+/ o3(1 — )st/ o4(1 =z —y)dB.
t 0 t 0

xb b P I E i 5 O EAR R B K HOE BT A

In
hmsupT_hmsupf(x y) <0, V (z,y) € Uy,. (12)

t—o00

B, WTUE HAMERR (2, y) € U,,» y— & T0.

&
g%ﬁ
L.&\‘:
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AR

TR, BATHIEHAMER R (2, y) € Up,» @ — 1o MHMEENHo2 > 0fifFy < 0o, AILIMSH]

a—p zy? a(l—z—y)*
ZLIn(l—-z) = —-b-— T2 y—lix(l—x—y)—agl — o3 ( T— =2
3 2’1 -z —y)’ x2y2
+§$2_U4ﬁ_(01+03) (1_$)2
z l—2—
< —b+/5 P2 —1_x(1—$—P2) %
o2
93 2 zu
+2"E 717901 — 2)2

(1>

T (z).

FobT(2) = —b+ B2 — 21—z — py) — 03202l | 2y 22 (oo AR BHT (o) )
ESEPER S| BESNAE 1, BURE A2 € (1 — 00,1), BY(2) < OLL. FHik

dln(l—x) S T( )+011 dBl( )70-2.’1';dB2( )+0'31 ng( )
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