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Abstract

In this paper, we investigate the stability and Hopf bifurcation of a Leslie-Gower

predator-prey model with Ratio-Dependent Functional Response and Allee effect.

First, the local asymptotic stability of the equilibrium points is discussed, and then

the condition of the existence of Hopf bifurcation is given by taking the ratio s of the

intrinsic growth rate for the predator as the bifurcation parameter. Finally, using the

canonical theory and the central manifold theorem, the direction of Hopf bifurcation

and the stability of periodic solution of bifurcation are analyzed.
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1. Úó

�©ïÄdLeslieÚGower [1]JÑ¿�²LMay [2]?��Leslie-Gower�.§T�.Ó öÚ

�Ó ö��§´��logistic.)�¼ê [3–6].XÚ(1)¥nx�±)º�Ó ö��¸«1Uå.
dx

dt
= rx(1− x

K
)− qxy

x+ a
,

dy

dt
= sy(1− y

nx
),

(1)

©z [7–10]ïÄ�Ó - ��.¡�?�Leslie-Gower�..3XÚ(1)¥
y

nx
¡�Leslie-Gower�

[1],§ÿþ�´duÓ ö"y�U�� Ô
��êþ�~�.3ù«�¹e,�
Ó öÔ«=�

Ù¦�^� Ô,Ï�Ó öU�� Ô¿Ø¿v,¤±Ùêþ�O�E¬É���.Ó ö�O�¯

Ô�±ÏL3Ó ö��¸«1UåþO\��~êc5ï� [8],=XÚ(1)¥nxO��nx+ c.

,��¡,©z [11]��Ä
�	�E,5,'XAllee�A.Allee�A�½Â�«+���·A
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Ým�'X,«+��,·A5�$ [12–14].3&Á!�Ô!ÕZÄÔ�Nõ«+¥�¬Ñy)ÔX

Ú¥ÊH�3��
­�y�,X:Ü���,éÓ ö���Uåü$,du«+�Ý���é� 

Øv�.ù
)Ôy�Ñ�U�Allee�Ak'.3�Ô�§¥,Allee�AéÜ6O��K�^x−m5
L«,Ù¥,m´Allee �AK�§Allee�AÌ�krAllee�AÚfAllee�A,rAllee �A´�«+

�Ý�u�½�K��,«+O�Ç�K,�¥4Oª³;fAllee�A´�«+�Ý�u�½�K�

�,«+O�Ç��.�XÚ�¹é�Ô�Allee �A,��Xe�.:
dx

dt
= rx(1− x

K
)(x−m)− qxy

x+ a
,

dy

dt
= sy(1− y

nx+ c
),

(2)

Ù¥ r, s� �ÚÓ ö�S3O�Ç, K ��¸NBþ,
y

x+ a
� Holling-II .õU�A. XÚ

(2)¥¤këêþ��ê.

3þã�.¥,õU�A¼ê��9��Ôx(�6u�Ô),ù¿�XÓ ö�Ó 1��d�

Ôû½.,
,�C�
5g)Ô���ê�~fL²,²;� ��6Ó ö- �XÚ�±Jø�

y¢*	�é',~XRosenzweigJÑ�Í¶�L8�Ø.,��¡,�5�õ�yâL²,3,
�

¹e,cÙ´�Ó öI�|¢,©�Ú�ö Ô,���Ü·�Ó ö-�Ô�.AT´��¤¢�

'Ç�6�.,�Ò´`,õU�A´'Ç�6�.Ïd,·��Ä'Ç�6.õU�A¼ê,��±e

XÚ: 
dx

dt
= rx(1− x

K
)(x−m)− qxy

x+ ay
,

dy

dt
= sy(1− y

nx+ c
),

(3)

3�©¥,3�Ä'Ç�6.õU�A¼ê�^�e,�3?Ø²ï:�­½5Ú� Hopf ©|

��'nØ.�©��O�YXe:12!Ì�?Ø²ï:��35Ú­½5.13!?Ø Hopf ©|�

�35.14 !ÏL5�.nØÚ© [15]��{©Û Hopf ©|���9©|±Ï)�­½5.Ø©�

���!�é¼��(J���µØ.

2. ²ï:��35Ú­½5

2.1. ²ï:��35

éu�. (3)

(i)o�3�²�²ï: E1 = (K, 0), E2 = (m, 0);

(ii)��=�

(H1) m < m1,

¤á�, XÚ (3)3����~ê²ï: E∗ = (x∗, y∗),Ù¥m1 := min{−K,− q

ra
}.
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2.2. ²ï:�ÛÜ­½5

XÚ (3)²ï:?� Jacobi Ý
Xe

J =


s0 b

nsy2

(nx+ c)2
s− 2sy

nx+ c

 , (4)

Ù¥

s0 = 2rx−mr − 3rx2

K
+

2mrx

K
− aqy2

(x+ ay)2
, b = − qx2

(x+ ay)2
.

e¡ÏLO�XÚ (3)3z�²ï:?� Jacobi Ý
�A��, 5(½ù
²ï:�­½5.

½n 1(i)e^� (H1) ¤á,�²�²ï: E1 = (K, 0) ´Q:§�´Ø­½�.

(ii)e^� (H1) ¤á, K�²�²ï: E2 = (m, 0)´Q:§�´Ø­½�.

y² (i)XÚ (3)3²ï: E1 ?� Jacobi Ý
�

JE1
=

r(m−K) −q

0 s

 . (5)

Ý
 (5)�A��� λ1 = r(m − K), λ2 = s ,e^�(H1) ¤á, λ1 < 0, λ2 > 0,Ïd, ²ï: E1 ´

Q:§�´Ø­½�.

(ii) XÚ (3)3²ï: E2?� Jacobi Ý
�

JE2
=

rm(1− m

K
) −q

0 s

 . (6)

Ý
 (6)A��� λ1 = rm(1− m

K
), λ2 = s ,e^�(H1) ¤á, λ1 < 0, λ2 > 0,Ïd, ²ï: E2 ´Q

:§�´Ø­½�.

½n 2b� (H1)¤á. e÷v

(H2) 2(m+ K)x∗ < mK,

K−s(s0 + b) > 0,es > s0¤á,XÚ (3)�~ê²ï: E∗ ´�ÛìC­½�. �L5, es < s0¤

á,K E∗ ´Ø­½�.

y²XÚ (3)3�~ê²ï: E∗ ?� Jacobi Ý
�

JE∗ =

s0 b

ns −s

 . (7)
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Ù¥

s0 = 2rx∗ −mr −
3rx2∗

K
+

2mrx∗
K

− aqy2∗
(x∗ + ay∗)2

, b = − qx2∗
(x∗ + ay∗)2

< 0.

�s0 ≤ 0�§k2Kx∗ + 2m < mK,

Ý
 (7)�A��§�

λ2 −A1λ+ A2 = 0. (8)

Ù¥

A1 = s0 − s,

A2 = −s(s0 + nb)

d^� (H1) , (H2), ��, A2 > 0. d�A1 = [2rx∗ −mr−
3rx2∗

K
+

2mrx∗
K

− aqy2∗
(x∗ + ay∗)2

]− s, Ïd,

� s > s0 ¤á�,XÚ (3)��~ê²ï: E∗ ´�ÛìC­½�. ��, A��§ (8)kK¢Ü�¢

ÜØ�", Ïd�~ê²ï: E∗ ´Ø­½�.

3. Hopf ©|��35

�!À�ëê s 5ïÄXÚ (3) 3�~ê²ï: E∗ ?� Hopf ©|��35.

Ún 3b�^� (H1), (H2) ¤á, K�3��� s∗ > 0, ¦�� s = s∗ �, A1(s∗) = 0.

y²: - A1(s) = 0. =A1 = [2rx∗ − mr − 3rx2∗
K

+
2mrx∗

K
− aqy2∗

(x∗ + ay∗)2
] − s = 0. ks =

2rx∗ − mr − 3rx2∗
K

+
2mrx∗

K
− aqy2∗

(x∗ + ay∗)2
. -s∗ = 2rx∗ − mr − 3rx2∗

K
+

2mrx∗
K

− aqy2∗
(x∗ + ay∗)2

,

�s = s∗�§A1(s∗) = 0.

b��3s′§¦�A1(s
′) = 0,Kks′ = 2rx∗ −mr −

3rx2∗
K

+
2mrx∗

K
− aqy2∗

(x∗ + ay∗)2
¤±s∗ = s′.

½n 4b�^� (H1), (H2),¤á, K�3 s∗ > 0, �s = s∗ �, XÚ (3)3��²ï: E∗ ?�

) Hopf ©|.

y²: dÚn 3 �, �3��� s∗ > 0, ¦� A1(s∗) = 0. Ïd, � s = s∗ �, A��§ (8) �±

��

λ2 + A2 = 0. (9)

d½n 2��, A2(s∗) > 0. l
�§ (9)�A��©O� λ1,λ2 = ±i
√

A2(s). Ïd, b� λ =

β(s) + iω(s)�A��§ (8)���E�, �\�§ (8) �

(β + iω)2 + A1(β + iω) + A2 = 0,

ü>Ó�'u s ¦�, k

D1(s)β
′(s) + D2(s)ω

′(s) + D3(s) = 0,

D4(s)β
′(s) + D5(s)ω

′(s) + D6(s) = 0.
(10)
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Ù¥

D1(s) = A1(s),D2(s) = −2ω,D3(s) = A2′(s),

D4(s) = 2ω,D5(s) = A1(s),D6(s) = A1′(s)ω,

A1′(s) = −1,A2′(s) = −s0 − nb.

Ïd, D1(s)D5(s)−D2(s)D4(s) 6= 0.

d (10)��

d(Reλ)

ds

∣∣∣∣
s∗

= β′(s∗) =
D3(s)D5(s)−D2(s)D6(s)

D1(s)D5(s)−D2(s)D4(s)
=

A2′(s∗)A1(s∗) + 2ω2

A1
2(s∗) + 4ω2

.

Ï�β(s) =
1

2
tr[J(E∗)],ω(s) =

1

2

√
4det[J(E∗)− tr[J(E∗)]2, ¤±§

β(s∗) = 0, β′(s∗) > 0.

î�5^�¤á, XÚ (3)3�²ï: E∗ ?�) Hopf ©|.

4. Hopf ©|���Ú­½5

�!|^5�.nØ5?ØXÚ (3)3�~ê²ï: E∗ NC�)� Hopf©|���Ú­½5.

éXÚ (3)�Cþ��

x̃ = x− x∗, ỹ = y − y∗.

C��E^ x, y �O x̃, ỹ, KXÚ (3)C�
dx

dt
= r(x+ x∗)(1−

x+ x∗
K

)(x+ x∗ −m)− q(x+ x∗)(y + y∗)

(x+ x∗) + a(y + y∗)
,

dy

dt
= s(y + y∗)(1−

y + y∗
n(x+ x∗) + c

).
(11)

òXÚ (11)­�� 
dx

dt

dy

dt

 = J(E∗)

x
y

+

f(x, y, s)

g(x, y, s)

 , (12)

Ù¥

f(x, y, s) = a1x
2 + a2xy + a3y

2 + a4x
3 + a5x

2y + a6xy
2 + a7y

3 + · · · ,

g(x, y, s) = b1x
2 + b2xy + b3y

2 + b4x
3 + b5x

2y + b6xy
2 + b7y

3 + · · · ,
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±9

a1 = r − 3rx∗
K

+
mr

K
+

aqy2∗
(x∗ + ay∗)3

, a2 = − aqx∗y∗
(x∗ + ay∗)3

,

a3 =
aqx2∗

(x∗ + ay∗)3
, a4 = − r

K
− aqy2∗

(x∗ + ay∗)4
,

a5 =
4aqx∗y∗ − 2a2qy2∗

3(x∗ + ay∗)4
, a6 = −2qx2∗ − 4a2qx∗y∗

3(x∗ + ay∗)4
,

a7 = − a2qx2∗
(x∗ + ay∗)4

, b1 = − sn2y2∗
2(nx∗ + c)3

,

b2 =
nsy∗

(nx∗ + c)2
, b3 = − s

nx∗ + c
,

b4 =
sn3y2∗

6(nx∗ + c)4
, b5 = − 2n2sy∗

3(nx∗ + c)3
,

b6 =
2ns

3(nx∗ + c)2
, b7 = 0.

�Ý


P :=

N 1

M 0

 ,

Ù¥§M =
−s
ω(s)

,N = −s0 + s

2w(s)
.Kk

P−1JP = Λ(s) :=

β(s) −ω(s)

ω(s) β(s)

 .

�s = s∗�§·�k

M∗ := M|s=s∗ ,N∗ := N|s=s∗ . (13)

ÏLC�(x, y) = (u, v)T,XÚC�
du

dt

dv

dt

 = Λ(s)

u
v

+ P−1

f1(u, v, s)
f2(u, v, s)

 , (14)

Ù¥ f1(u, v, s)

f2(u, v, s)

 = P−1

f(Nu+ v,Mu, s)

f(Nu+ v,Mu, s)

 =


1

M
g(Nu+ v,Mu, s)

f − N

M
g(Nu+ v,Mu, s)

 .
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ò (14)=z�4�I�/ªXeµ

γ̇ = β(s)r + a(s)r3 + · · · ,
θ̇ = ω(s) + c(s)r2 + · · · ,

(15)

é (15)3s = s∗??1TaylarÐm�

γ̇ = β′(s∗)(s− s∗)r + a(s∗)r
3 + o((s− s∗)2r, (s− s∗)r3, r5), (16)

�
(½Hopf©|±Ï)�­½5§·�I�O�Xêa(s∗)�ÎÒ§K

a(s∗) :=
1

16
[f1

uuu + f1
uvv + g1uuv + g1vvv]

+
1

16ω(s∗)
[f1

uv(f1
uu + f1

vv)− g1uv(g1uu + g1vv)− f1
uug

1
uu + f1

vvg
1
vv],

(17)

Ù¥¤k �ê3©|:(x, y, s) = (0, 0, S∗)?O��

f1
uuu(0, 0, S∗) = 6b4

N3
∗

M∗
+ 6b5N

2
∗ + 6b6M∗N∗ + 6b7M

2
∗, f

1
uvv(0, 0, S∗) = 6b4

N∗
M∗

+ 2b5,

g1uuv(0, 0, S∗) = 6N2
∗(a4 − b4

N∗
M∗

) + 4M∗N∗(a5 − b5
N∗
M∗

) + 2M2
∗(a6 − b6

N∗
M∗

),

g1vvv(0, 0, S∗)) = 6(a4 − b4
N∗
M∗

), f1
uv(0, 0, S∗) = 2b1

N∗
M∗

+ b2,

f1
uu(0, 0, S∗) = 2b1

N2
∗

M∗
+ 2b2N∗ + 2b3M∗, f

1
vv(0, 0, S∗) = 2b1

1

M∗
,

g1uv(0, 0, S∗) = 2N∗(a1 − b1
N∗
M∗

) +M∗(a2 − b2
N∗
M∗

), g1vv(0, 0, S∗) = 2(a1 − b1
N∗
M∗

),

g1uu(0, 0, S∗) = 2N2
∗(a1 − b1

N∗
M∗

) + 2M∗N∗(a2 − b2
N∗
M∗

) + 2M2
∗(a3 − b3

N∗
M∗

).

Ïd§·���O�

a(s∗) :=
1

8
[(b5 + 3a4)N

2
∗ + (2b6 + 2a5)M∗N∗ + (3b7 + a6)M

2
∗ − 3b4

N

M∗
+ b5 + 3a4]

+
1

8ω(s∗)
[(2a1b1 + b1b2)

N4
∗

M∗
+ 2(2a1b1 + b1b2)

N2
∗

M∗

+ (a1b2 + a2b1 + 2b1b3 + b22 − a21)N3
∗ + 3(b2b3 − a1a2)M∗N2

∗

+ (2b23 − b2a3 − a2b3 − 2a1a3 − a22)M2
∗N∗ + (2a1b1 + b1b2)

1

M∗

+ (2b1b3 + b22 − 2a21 + a2b1 + a1b2)N∗ + (b2b3 − a1a2)M∗ − (a2a3 + 2a3b3)M
2
∗].

½Â��LyapunovXê

µ2 = − a(s∗)

β′(s∗)
,
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�β′(s(∗)) > 0,dPoincaré-Andronov-Hopf©|½n§��Xe(Ø.

½n 5 b� (H1),(H2) ¤á, K�s = s∗�,XÚ (4) 3 E∗ ?�) Hopf ©|.

(i) XJ a(s∗) < 0, @o Hopf ©|�©|±Ï)´Ø­½��©|��´��.�.

(ii) XJ a(s∗) > 0, @o Hopf ©|�©|±Ï)´ìC­½��©|��´æ�.�.

5. (Ø

�©ïÄ
�a�k'Ç�6.õU�AÚAllee�A� Leslie-GowerÓ ö- ��.. XÚ

(3) ok�²�²ï: E1 (K, 0) , E2 (m, 0). 3 (H1) ¤á�k�²ï: E∗, 3 (H2)¤á� s > s0�

k�²ï: E∗´ÛÜì?­½�.�±uy, �²�²ï: E1 , E23 (H1)�^�e´Q:,o´Ø

­½�. ?�Ú, À�Ó ö�S3O�Ç s�©|ëê, � s �u�.� s∗ �, XÚ (3) 3�²ï

: E∗ NC�) Hopf ©|.

�©�ïÄ
���²ï:��¹,��3XÙ¦�²ï:,��²ï:��35Ú­½5��

ä'�E,,3�©¥¿�©Û,�±uy,Allee�Amé��²ï:��35Ú�²�²ï:�­½

5k�½K�,
Ó ö�S3O�Ç s é²ï:�­½5k�½�K�.
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