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Abstract

In recent years, the boundedness and compactness of generalized Volterra-type inte-

gral operators on analytic function spaces have attracted many scholars’ interests, but

the study of the generalized Volterra-type integral operators on weighted Bergman

space is not yet complete. In this paper, we consider the boundedness and com-

pactness of Generalized Volterra type integral operators between weighted Bergman

spaces. Using the Bergman Carleson measure and Littlewood-Paley formula, we char-

acterized the boundedness and compactness of generalized Volterra-type operators

weighted Bergman space, and the properties of generalized Volterra-type operators

were further improved.
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1. Úó

�D´E²¡Cþ�ü ��, = D := {z ∈ C : |z| < 1}. H(D) ´D þ�)Û¼ê�N. �

0 < p <∞, −1 < α <∞�,\�Bergman�m Apα½Â�¤k Lp(D, dAα)�êk��)Û¼ê�

N, =µ

Apα = {f ∈ H(D) : ‖f‖p
Apα

:=

∫
|f(z)|pdAα(z) <∞}.

ùpdAα(z) = 1
α+1

(1− |z|2)αdA(z), dA(z) = 1
π
dxdy ´D þ�IOLebaneseÿÝ.

� ϕ ∈ H(D)� ϕ�ü �� Dþ�)ÛgN�, EÜ�f Cϕ½Â�

(Cϕf)(z) = f(ϕ(z)), z ∈ D, f ∈ H(D).

\�EÜ�f uCϕ½Â�
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uCϕ(f)(z) = u(z)f(ϕ(z)), z ∈ D, f ∈ H(D).

ùp a � bL«�3~ê C > 0¦� C−1b ≤ a ≤ Cb.

� g ∈ H(),½Â VolterraÈ©�f Tg �

Tgf(z) =

∫ z

0

f(ζ)g′(ζ)dζ, f ∈ H(D).

,	½ÂÈ©�f Sg �

(Sgf)(z) =

∫ z

0

f ′(ζ)g(ζ)dζ, f ∈ H(D).

Pommerenke [1]31977c, ÄkïÄ
È©�fTg3 Hardy�mH2�k.5¯K.3d��,N

õÆöïÄ
Ù¦ØÓ)Û¼ê�mþ� VolterraÈ©�f. Li ÚStević 3©z [2]¥Ú\¿ïÄ


2Â Volterra.È©�f Tϕg = Cϕ ◦ Tg, Tg,ϕ = Tg ◦ Cϕ, Sϕg = Cϕ ◦ Sg, Sg,ϕ = Sg ◦ Cϕ. ��,

2Â Volterra.È©�fáÚ
¯õÆö�'5ÚïÄ [3–9]. �éu\� Bergman�mþ��

x¾,ÿ��ïÄ. �©·�Ì��Ä\� Bergman�mApα þ�2Â Volterra.È©�f�k

.5Ú;5¯K. �©1�!0�
y²�©Ì�(J¤I�� Littlewood-Paley úª!Bergman

CarlesonÿÝÚ Nevalinna.Oê¼ê��'(Ø. 1n!, �Ñ�©Ì�(J9Ùy².

2. ý��£

Äk, ·�I�e¡� Littlewood-Paley úª, ��u [10]�½n 4.28.

Ún2.1 b� 0 < p <∞, −1 < α <∞. ef ∈ Apα, K

‖f‖Apα � |f(0)|+ ‖f ′‖Ap
α+p

.

½Â2.2 b� 0 < p, q <∞, −1 < α <∞, P λ := p
q
. � µ�ü �� Dþ�� BorelÿÝ,ei

\N�

I : Apα → Lq(dµ)

´k.�,K¡ µ´ (λ, α)− Bergman CarlesonÿÝ. e µ�ü ��Dþ�� BorelÿÝ, é¤k

{fn} ⊂ Apα, �÷v {fn}3 Dþ�?¿;f8��Âñu0�¼ê� {fn}, k

lim
n→∞

‖fn‖Lq(dµ) = 0,

·�K¡ µ´�« (λ, α)− Bergman CarlesonÿÝ.

� z ∈ D, 0 < r < 1,^4(z, r)L«± z ��%, r��»�[V­��.·�I�e¡¯¤±

�� Bergman�mi\�f� Carleson .ÿÝ�x,��©z [11].

Ún2.3 b� −1 < α <∞, 0 < p, q <∞,- µ� Dþ�� BorelÿÝ,K

(1)� 0 < p ≤ q <∞�,
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(a)I : Apα → Lq(dµ)´k.�f��=�

sup
z∈D

µ(4(z, r))

(1− |z|2)
q
p (α+2)

<∞.

(b) I : Apα → Lq(dµ)´;�f��=�

lim
|z|→1

µ(4(z, r))

(1− |z|2)
q
p (α+2)

= 0.

(2)� 0 < q < p <∞�, 1
s

= 1
q
− 1

p
. I : Apα → Lq(dµ)´k.(;)�f��=�

µ(4(z, r))

(1− |z|2)α+2
∈ Ls(dAα).

5µ ½Â�©�f D� Df = f ′.dÚn 2.1, �©�f D : Apα → Lq(µ) k.(;)��=�i\�

f I : Apα+p → Lq(µ) k.(;).

b�−1 < α <∞, ϕ´ü ��Dþ�)ÛgN�,½ÂNevanlinna.Oê¼êNϕ,α+2(w) =∑
z∈ϕ−1(w)

log( 1
|z|) , ùp w ∈ ϕ(D)� w 6= ϕ(0). ¿- Nϕ,α+2(w) = 0, w /∈ ϕ(D). dÚn2.1, ·�ê

þke¡Ún.

Ún2.4 b� −1 < α <∞, ϕ : D → D ´)ÛN�, g ∈ B, f ∈ A2
α. K

‖Tϕg f‖2A2
α
� |(Tgf)(ϕ(0))|2 +

∫
D

|f(w)|2|g′(w)|Nϕ,α+2(w)dA(w).

3. k.5Ú;5�x

|^±þÚn, ·�y3y²�©�Ì�½n.

½n3.1 b� 0 < p, q < ∞, −1 < α, β < ∞. b� g, ϕ ∈ H(), ϕ(D) ⊂ D, ½Âü �� Dþ�

BorelÿÝ µβg,ϕ�

µ(E) := µq,βg,ϕ(E) =

∫
ϕ−1(E)

|(g ◦ ϕ)′(z)|qdAβ+q(z),

ùp E � D þ�?� Borel 8. K Tϕg : Apα → Aqβ ´k.(;)�f��=� µ ´(�«) (p
q
, α)-

Bergman Carleson ÿÝ. =µ

(1) � 0 < p ≤ q <∞�,

(a) Tϕg : Apα → Aqβ ´k.�f��=�

sup
z∈

µ(4(z, r))

(1− |z|2)α+2
<∞.

(b) Tϕg : Apα → Aqβ ´;�f��=�
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lim
|z|→1

µ(4(z, r))

(1− |z|2)α+2
<∞.

(2) � 0 < q < p <∞�,P s = pq
p−q . K Tϕg : Apα → Aqβ ´k.(;)�f��=�

µ(4(z, r))

(1− |z|2)α+2
∈ Ls(D, dAα)

y²: Tϕg : Apα → Aqβ´k.�f�du

‖Tϕg f‖Aqβ ≤ C‖f‖Apα .

Ø�� ϕ(0) = 0,KdÚn 2.1

‖Tϕg f‖
q
Aq
β

=

∥∥∥∥∥
∫ ϕ(z)

0

f(ζ)g′(ζ)dζ

∥∥∥∥∥
q

Aq
β

� ‖(f ◦ ϕ))(g ◦ ϕ)′‖qAq
β+q

�
∫
D

|f(ϕ(z))|q|(g ◦ ϕ)′(z)|qdAβ+q

=

∫
D

|f(z)|qdµβg,ϕ(z).

·�k Tϕg : Apα → Aqβ ´k.(;)�f��=�i\�fI : Apα → Lq(dµ) ´k.(;)�f. Ï

d,dÚn 2.3,½n�y.

½n3.2 b� 0 < p, q < ∞, −1 < α, β < ∞. b� g, ϕ ∈ H(), ϕ(D) ⊂ D, ½Âü �� Dþ�

BorelÿÝ µ�

µ(E) =

∫
ϕ−1(E)

|g′(z)|qdAβ+q(z),

ùp E � D þ�?� Borel8. K Tg,ϕ : Apα → Aqβ ´k.(;)�f��=� µ´(�«) (p
q
, α)-

Bergman Carleson ÿÝ.

y²: Tg,ϕ : Apα → Aqβ´k.�f�du

‖Tg,ϕf‖Aq
β
≤ C‖f‖Apα .

K

‖Tg,ϕf‖qAq
β

=

∥∥∥∥∫ z

0

f(ϕ(ζ))g′(ζ)dζ

∥∥∥∥q
Aq
β

� ‖(f ◦ ϕ))g′‖qAq
β+q

�
∫
D

|f(ϕ(z))|q|g′(z)|qdAβ+q

=

∫
D

|f(z)|qdµ(z).
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·�k Tg,ϕ : Apα → Aqβ ´k.(;)�f��=�i\�fI : Apα → Lq(dµ) ´k.(;)�f.

Ïd,dÚn 2.3,½n�y.

½n3.3 b� 0 < p, q < ∞, −1 < α, β < ∞. b� g, ϕ ∈ H(), ϕ(D) ⊂ D, ½Âü �� Dþ�

BorelÿÝ µ�

µ(E) =

∫
ϕ−1(E)

|g(ϕ(z))ϕ′(z)|qdAβ+q(z),

ùp E � Dþ�?� Borel8. K Sϕg : Apα → Aqβ ´k.(;)�f��=� µ´(�«) (p
q
, α + p)-

Bergman Carleson ÿÝ.

y²: Sϕg : Apα → Aqβ´k.�f�du

‖Sϕg f‖Aqβ ≤ C‖f‖Apα .

Ø�� ϕ(0) = 0,K

‖Sϕg f‖
q
Aq
β

=

∥∥∥∥∥
∫ ϕ(z)

0

f ′(ζ)g(ζ)dζ

∥∥∥∥∥
q

Aq
β

� ‖(f ◦ ϕ)′(g ◦ ϕ)‖qAq
β+q

�
∫
D

|(f ◦ ϕ)′(z))|q|g(ϕ(z))|qdAβ+q

=

∫
D

|f ′(z)|qdµ(z).

·�k Sϕg : Apα → Aqβ ´k.(;)�f��=��©�fD : Apα → Lq(dµ) ´k.(;)�f. Ï

d,dÚn2.39Ù5,½n�y.

½n3.4 b� 0 < p, q < ∞, −1 < α, β < ∞. b� g, ϕ ∈ H(), ϕ(D) ⊂ D, ½Âü �� Dþ�

BorelÿÝ µ�

µ(E) =

∫
ϕ−1(E)

|g(z)ϕ′(z)|qdAβ+q(z),

ùp E �Dþ�?� Borel8. K Sg,ϕ : Apα → Aqβ ´k.(;)�f��=� µ´(�«) (p
q
, α+ p)-

Bergman Carleson ÿÝ.

y²: Sg,ϕ : Apα → Aqβ´k.�f�du

‖Sg,ϕf‖Aq
β
≤ C‖f‖Apα .

Ø�� ϕ(0) = 0,K

‖Sg,ϕf‖qAq
β

=

∥∥∥∥∫ z

0

(f ◦ ϕ)′(ζ)g(ζ)dζ

∥∥∥∥q
Aq
β

� ‖(f ◦ ϕ)′g‖qAq
β+q

�
∫
D

|(f ◦ ϕ)′(z)|q|g(z)|qdAβ+q(z)

=

∫
D

|f ′(z)|qdµ(z).
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¤±, ·�k Sg,ϕ : Apα → Aqβ ´k.(;)�f��=��©�fD : Apα → Lq(dµ) ´k.(;)�f.

Ïd,dÚn2.39Ù5,½n�y.

£� Bloch �m�½Â.d¤k÷v

sup
z∈D
|f ′(z)|(1− |z|2) <∞

�¤k)Û¼ê�¤��m, ¡� Bloch�m, P�B. d [12]·���µTg : Apα → Apα k.��=

� g ∈ B. � g ∈ B �,·�¦^©z [13]��{,|^ Nevanlinna.Oê¼ê�x2ÂVolterra .

È©�f Tϕg Ú Tg,ϕ�k.5Ú;5�x. �u�Ì,·���Ñ Tϕg �;5�x.

½n3.5 b� 0 < p <∞, −1 < α <∞. b� ϕ ∈ H(), ϕ(D) ⊂ D, g ∈ B. K Tϕg : Apα → Apα ´;

�f��=�

|g′(z)|2Nϕ,α(z)dA(z)

´�«(1, α)-Bergman CarlesonÿÝ.

y²: ¿©5: Äk�Ä p = 2��¹. b� {fn} ⊂ A2
α, ÷v ‖fn‖A2

α
≤ 1 � fn 3 D�;f

8þ��Âñu0. @o, � n→∞�,

Tgfn(ϕ(0)) =

∫ ϕ(0)

0

fn(w)g′(w)dw → 0.

Ïd,e |g′|2Nϕ,αdA´�« (1, α)− Bergman CarlesonÿÝ,Ki\N�A2
α → L2(D, |g′|2Nϕ,αdA)

´;�. u´, dÚn2.4, ‖Tϕg fn‖A2
α
→ 0, � n→∞. ¤±, Tϕg : A2

α → A2
α ´;�f.

du g ∈ B, ��µé?¿ 0 < p < ∞, Tϕg : Apα → Apα ´k.�f, l
d Krasnoselskii ��

½n [14]µTϕg : Apα → Apα ´;�f.

7�5µb�é,� p ∈ (0,∞), kCϕTg : Apα → Apα ´;�f, @od��nØ, Tϕg ´ A2
α

þ�;�f. dÚn2.4, ��i\N�A2
α → L2(D, |g′|2Nϕ,αdA) ´;�. �|g′|2Nϕ,α+2dA ´�

«(1, α)-Bergman Carleson ÿÝ.

5µ � g ∈ H∞�,�f Sϕg , Sg,ϕ : Apα → Apα�k�AÓa.�(Ø.

Ä7�8

�Ø©É*H��Æ��ï�8(1170919634) ]Ï.
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