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— AWM Schrodinger F 2 1IE RV FFE T

F &
R TR, i

Weks H I 202342 H22H ;s HHEM: 20234FE3H23H; KA HM: 20234E3H30H

=
ASCIHE I T — 2% M Schrédinger /572
—Au+ V() + %A(zﬁ)u = f(u), z € RV,
HeV(z) : RN - RAMGBEY, v > 0, BN > 3. By € (0,40)8, HA1EE T LS HEHIE
7. HEANEARIB RV (2) = Vo > 0, FBAVEH2(RY) N C?(RY) _EIERR T & 812 [6) IE fifu, O TR TE M,

Hy = 0TBY, R uy, — uo, HuoR A T DR R EISHE:

~Au+ Vyu= f(u), v € RY.
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Abstract

This paper focuses on a class of quasilinear Schrédinger equations:
—Au+V(z)u+ %A(uQ)u = f(u), z € RY,

where V(z) : RY — R is a given potential, v > 0 and N > 3. Firstly, we obtain a positive
solution for the above problem in v € (0,7,). The potential function V() is considered
in V(z) =V, > 0. We prove the existence of a positive classical radial solution u., and
up to a subsequence, u, — ug in H?*(RY) N C?*(RY) as v — 0", where v, is the ground

state of the following semilinear problem:

Au+Vou = f(u), z € RV,
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1. 5|8
A AT 300 P S chrdinger 7 (T HE I 8 1 1770 1
10z = =Dz + W(@)z = =)z + 2 [Ap(|=2))e ([27)2, @ € RY (1)

Hrfz RV xR = C, W:RY = R & MEEMLE, v & DEHEL, 1, pySLR. APrA A,
JIRE (1) ISR B 2 T B L Schrodinger /5 /%

—Au+V(x)u+ %[Ap(IUIz)}p’(IUF)u = f(u), = €RY, (2)
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HrhV(z) = W(z) — E, f(t) := 1(|t]*)t IHHHELMEDL T2 (2) B4 E % Schrodinger 77 1 £ V2 3
T WF &L AR [1]). FlinZp(t) = 1 B, J5REEA T T 2 vk i o

~Au+V(z)u=I(u), € RY.
FE R I304E B, RIRTFRRAG R T T IZ RS, S 0OCHR [2,3]. Mp(t) =t B, AP
—Au+ V(z)u+ %A(uQ)u = f(u), z € RY, (3)

ER TS A T AR P BRI TR Hp(t) = (14 6)Y2 B, _RIRTTRRESL T ) AR A
BOCAAEYR P BB TR, 2 OCHR [4,5].

EREERLHER, G2 EEMMLRSINE, BB T RERT IR (2) BIAAETENZ H
PESE R, By < O, — 7l i 29 R e MR 1 (3) [0 IR AR B A7 AEE. 3K D T s 2R AT A2 LS
Wk [6-8]. 53— J7 T, W EyARA R ROV BN, A UERIE FE 2]y | — R, SRS (A7 6k e FL AT
T EE. TESCHR (1), Adachifff 7T T LA 5 f%:

—Au+ A+ %A(uz)u = |u|P"2u, = € R, (4)

SRR, FEMH2(R3) N C*H(R?) b, 72 (4) B MR 2 My — 0B, Hu, — uo, HHugk
W R 5 AR B ME— RS A
—Au+ \u = [uP"u, z € R®.

TESCHR [0, FERFELM T fEp € (2,4)f01 5L 77 F2(4) IE AR 93547 A, 583 T Adachi® A
TE [1]rheh 4 5L 7ESCHR [10-13] P AdachiZs AL F BRI 0 HT RIS 29 773, 1850 7 24 4Rk 1
1 HUIG SRR E R S, 77 5 (4) (3R S AR T AT .

KT 10 L (3) (O 9 L BAE ARy < 0. 0 Fy > 0, MRINFEIERES BB LD, 1R H], 4y > 0,
FMIASBE BB (6] 7 A8 B AR S 9 0 . A T SR — DRI, AR ) D vk 18 IE 1 1,
Alves?E3CHk [7) FRIERR T R 877 REAR 917 421

—Au+V(x)u+ %A(UQ)U = |u|P"?u, z € RY, (5)

Hr2 <p <2ty > 0B/ NS TESCHER [14)9, £ A I S K AR M T P28
PESchrodinger /7 FR MR IIAELEVE. X Ty > Oy — 0YHUIBELR, 7 FE(5) 10 IE MR B HETEAT N R 4 %
AR FZTAE RNy > 0 BFFE(3) S M LENE.
ASCRERITELLN BAT — A AR LA 1 52 S50 [543 R 10 1 A

—Au+V(z)u+ %A(uz)u = f(u), v € RN (6)

AELERE, N > 3,4 > 0, V(2) € C(RY,R), Hifik:
(Vo) Hz € RN I, V(z) > V4, > 0;
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(V1) | llim V(z) =Ve HV(2) < V.
MTARRATUf, ¥ f € CLRY) , IR
(fi) XFt <0, Hf(t) =0, HIFE1Ep € (2,2%), 13

[fO)] < CA+ [P,

Horror = 28Nl FHEEL
(f2)
f(®)

lim —= =0;
t—0t 1

(fB) Z?EH > 2, ’fﬁ?%]ﬂ‘ﬂ: t> 07 EETL
0 <OF(t) <tf(t),

HF(t) = f(f f(s)ds.
J7RE(6) X0 B HARIZ BT N

I(u) =

Do | —

/ (l'yu2)|Vu|2dac+l/ V(m)qux/ F(u)dz,
RN 2 Jr~ RN

HAETRHY (RY) ol e A2 B LW, rOAR SO FER AL 1%, HTI(w)EH (RY)H
AIREAN 2 R S, B RE B2 BT (u) A2 J6 T I, B0 R 1 1n) A2 ] £ E 2 3 4 1 OE
BI1 — qu? > 0; Hk, EEATEERY d ) EECE— AT

SR SCER 780 (148008 K&, FATXZ B/ T 347 BL R B IE

—div(g*(w)Vu) + g(u)g' (w)|Vul* + V(2)u = f(u), = € R, (7)

Hrhgt) = /1 —712, #y >0, Bt < \/%”T'y H(7) XA — A IEffu.,, S8 )58 Morseik 445 21 55 %
(B —F LAl TH (S R). AT, 2y /N, wsd R 17 B (6) [f#. & ZeF] FHMorseik A, 45
thu, H-JEEH)—B0H 71, 25N Hu, B— 3T RIEV AR 2 B HY(RY) B sricsitt. —H
AR BIHAE S M H Y Wsesiort, FRATTH0RT LUSLFHAEIE 1 R A3 B, £ H2(RY)NC?H(RY) |
iollveigis
AL FEER T

EE 1.1 EEFMEO0V), (Vi) R (f1)—(f3) oL, WAEEyy > 0, [ 45 F#8(6) X T HrA Ky € [0,v0)#B
AL B, HAFE S5y BRI EC > 0, 1§15

[ty |oo < C.

2. Fn&EIR
SECHR (1] 2, oA BA T Ik PES chrodinger /7 7

—div(g2(w) V) + g, (w)g, (w)|Vul’ + V(@)u = f(u), « € RY (®)
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Hrhg, () : [0,400) = R, & XWF

VI=qt2, if0<t< A=,
g«,(t)_{ V3

L ift>

#4_7
3v2yt T V6 —\ﬁ’

3Tt <0, ﬁgm <t>,gy ) € C(R, (v/1/6, 1)), HLLE[, +o0) EHik.

WG,(t) = [ g,(s)ds. HIE X, G, (t) Eékﬁaﬁ%@%z, FLAFAE R B BGS (1), 2 5 I,
G5 ()ﬁﬁﬁu?ﬁ)ﬁ
5IEE 2.1 1
(1) fim, &2 =1

2) lim &9 — /6,
t—+oo

(
(3) ¥t >0, Ht < G*(t) < V6t;
(4) X Ft >0, A Sm% () <0.

%%ﬂﬁﬁ(éﬁ)ﬁ"] ERIZ BN

I(u) = 1 92 (u)|Vul*dz + L V(z)|ul*dz — F(u)dx. (9)
2 Jpn 2 Jen BN

AT 722 UE B T F2 (9) AR UG Tt miu H | u(2) | oo < ﬁﬁ"]ﬁﬁﬁ, BRAEO)BEHEE L. &
W ()]s < ﬁ, u IR (6) I — AN EF FLIIfE.
ZJ&, W N AR

JiRE(9) I REEIZ o8 ] LSS RN R

T (v) = ;/RN Vol2de + ;/RN V(@)|G; (v) Pda — /RN F(G (v))da.

51 2 1R AF(V)), (Vi) B(f1) — (fs), TRATATRIT AR, (v) AR AHY (RY) b2 R E XU, T, €
CHHN(RY), R)HXf Tv € HY(RY)H

G-
J(v)p = VoV dx—i—/ Vig)—2—~2—
(W) . @ . ( )gy(G

SIE 2.2 #7v € HY(RV) &, KI5 A8, Wu = G (v) € HHRY) HufRJ7 72 (8) RIS f%.

IERR Rt € HY(RN)REJ, Ml o5, B 51 202, 17] DLE A RAS Bl = G (v) € HY(RY). Xt
fpec HY(RN), &

—-1 -1
G Sv) F(GZH(v)) oz = 0,

VoViede+ / V@ T @T ) Y ™ fow 9@ )

RN
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Mo = g, (w)y Kty € C5°(RY), WA

VoVug!, (u)pde + VoVig, (u)dz + V(z)uypde — f(u)ypdx =0,

RN

/RN (*diV(gs(u)Vu) + gw(u)g;(u)|Vu|2 + V(zx)u — f(u)) Wdx = 0.
gi b, RTFER) AP LA EvE, AR Eu i~ 7 246 LA e v

G;'(v) F(GFH(v)

—Av+V(z v = x e RN, 10
@) s - (10)

3. EIE1.1893ERR

5E SCH (RN )2 [R] Y250

Jull = ([ (19 + o2 >dw)1/2,

L v U7 e

= (11)

FLX B RE RV B AR

T () = ;/RN (IVo? + Vil G (@) ) d — /RN F(G7 (v))da.

X
d>® =inf{J> ()| v € H*(R™)\ {0}, J>'(v) = 0}.

N TR Bk ), AT E S F i Berestycki-Lions [2] Colin-Jeanjean [6]%f 41~ 77 #2114
g gt

—Av = k(v), z € RV, (12)

JIRE(12) 5% B [ REBZ RN

1
J(v) = 3 /RN |Vo|*dz — . K(v)duz,

= [, k(t)dt
k()T 2 LA T S5 A I
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(ko) k(s) € C(R,R);

(k1) —oo < liminf k(s) <limsup ™ = —C' <0;
(

(

s—0t s—0+

k2) lim 9 =0;
S—+0o0

ks) AF1Eso > 0, 1K (s9) > 0,
ARSI LA T e (L [2,15,16]).

WER 3.1 Wb = inf{J(w) | w AFFEA2)MAEF LI}, # (ko) — (ks)r, Wb > 0 HIF &
Bow e H'(RY). X THERz € RN, f£{E8 12y € C((0,1], H'(RY)) , #43n(t)(z) > 0 H.

max J(n(t)) = J(w).

te[0,1]

BRI T2 (11) e — Av = k(v) 115

f(GF(5))
9+(G51(s))

513k (s)T 2 (ko) — (ks). L, FfEw> € H' (RY)f#E1Fd> > 0. Bhah, IATAT LR B % 420 <
C([0,1], HYRM)), X FArfiz € RN, t € (0,1] Hn(0) =0, HJ>(n(1)) < 0, w> € n([0,1]) &

k(s) =

max J>(n(t)) = J<(w™).

te[0,1]
NBEFET,, X
d, = inf max J,(n(t)),

nel t€(0,1]
HAT = {n € C([0,1], H'(RY)) | n(0) =0, J,(n(1)) < 0}.
T RBEISAET, 1L 2 B LT 64, FHIERIPS P8I A A4k
SIE 3.1 X (f1) — (f3), (Vo) K(Vi)RROL. WAFHEp > 0 Jee € H'(RY), 45351 F[lol| = p, H

Jy(v) >0,
HJ,(e) <0
HERA H512E2.1, (Vo), (f1), (f2) M Soboleviik N,
J,(v) = = |Vv|?dz + 1/ V(2)|G; (v)[*dx —/ F(G; ! (v))dz
2 RN 2 RN RN
> ! |Vo|?dz + 1/ V(z)v|*dz — / (e|GS ()] + C|GSH(v)[P) =
2 RN 2 RN RN v v
> min{1, Vo}l/ (IVo|* + |v]?) dz — C/ |v|Pdz
4 RN RN
1
> min{1, Vo} 7 [[v]l* = Cllo[]*.

Kk, Mp > 20, J, (v)fEo = OALF J& 3 i/ MA.
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7, HAFAE(f3) TR, Tt > 0
F(t) > Ct’,
Hrw e C°(RY), supp(w) = B; Hw(z) >0,

V(:E)|G;1(tw)|2dx — /RN F(G;l(tw))dx

2.
2 RN 2 RN

1 —1 2
3 [ V@Ie ) dx—/

B

F(G;l(tw))dx

2 1
<E |Vw|2dm+/ V($)|G1(tw)|2dx—/
2 2 RN v

By

(Cl(G,;l(tw»e — Cg)de

t2
<= |Vw|2dx+3t2/ voo|w|2dxot0/ lw|’dz + C.
2 RN RN RN

B0 > 2, 4t — oo}, HJ, (tw) — —o0
SIFR 3.2 W(f1) — (f3), (Vo) (Vh) BRAL. JULT, FIPSFPAIZAH .
HERR ¥ {v,} € HY(RN) NI, BIPSF41, B

1 1
Jy(vn) = = |V, [2de + = V(x)\G;l(vn)Fdx
2 RN 2 /]RN (13)
_ /RN F(GZ (v,))dz = d + 0, (1).
Wt FAER e € H'(RY), (T2 (va), 0) = 0n(1)|l¢]], BN
GJI(%) o f(Gil(Un)) =0
[ (Tuve s vie mtye) an- [ SEntet = 0lel. (9
B =GN (vn)g, (G (vn)), HIGIF2.1-(4) [ 15
L = CGw) L aeg, , .
V(G5 00)an G )] < (14 ol (G5 wn)) ) 9 < ¥l (19
S —J7 T, H151#2.1-(3), TA1H
G5 (00)95(G5 (0n)] < V6. (16)

454 (15)M(16) A 15
1G5 (va) gy (G5 ()| < V6][vn]l.

AT BLEF o = G (0,)g, (G5 (va)). B (7] (02), G5 (0)9,(G (0))) = on(Dlv]| BATH

Y
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_ G’;l(vn) / —1 v v 2 x
ol = [ (14 g ne n>>) Vo 2
+ [ V@I wPde = [ F6 w0)6 () (17)
/ [V, dx—l—/ V(2)|GS (vn) 2d:z:—/RN F(GH (0) G (vy)d.
R, B1(fs), (13), (14), (17) %51 3E2.1, FAI1A 15

0d + 0, (1) + 0n(D)|vnll = 0 (vn) = (I (00), G (00) g4 (G (vn)))
> “/ |an|2d:r+92/ V(@) G (vn)Pdz
2 RN 2 ]RN
> 72 min{1, Vo) o

B || v, || — 0 5.
EEISCER (17 B, IRAB RN T, PSIT YA B LL T R R.
W 3.2 %(f) — (fz), (Vo) K(V)EOL, {v,} ¢ HYRN) KNI, HIPSFH]. WAFLE{v, } I F P
I {v, }FoR). ST 8EHm e NU {0}, FEoI{y:} c RY, w' € H'(RN)A
(1) X # j, Fn — ooltf, £y, | — oo Hly;, — i | — oo,
(2) AEZEH(RY) E, v, = vg KJ,(v9) =0,
(3) XF0 <i<m, Hw' # 0 H(J®) (w’) =0,
(4) [lon —vo = 322 w' (- =yl = 0,
(5) Jy(vn) = Jy(v0) + 32724 T (w').
J9 1 R H A 3. 2453 2 T, PSFe #1  SE, JRA 175 ZEUE I DU T 51 2.
SIE 3.3 W(f1) — (f3), (Vo) S(Vh). Wld, < d>
MERA ARG AT 3.1, FEw™® € HY (RV)EF T (w®) = d>® > 0. AT UK BB Zy € C([0, 1], HY(RY)),
TG e € RY Kt € (0,1], (0) =0, J®(n(1)) < 0, w>® € n([0,1]), An(t)(z) > 0H

5

max J*(n(t)) = J<(w™).

te[0,1]

Hor il 52 s Hu, X FEEL € (0,1], &

Jy(n(t)) < J>(n(t)),

Efl AT EGS
d < max J,(n(t)) < max J=(n(t)) = d*,
=SS ARTELER

PR REE A I B3 3R Ay 3.2, UE AT, A 1L B I A5

SIE 3.4 BBRIE(f1) — (fs), (Vo) Le(Vi) WOOL. UIJJJﬁEIIﬁ?M
MERR /151 #3.1M3.2, fAE— DA ABPSFINH{v,} € H'(RY). Han@3.2/7Em € NU {0} v, €
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HY(RN), 342 0 H (RY) LA

vp — vy J(vy) =0

J"/(Un) - Jw(”w) + Z Joo(wi)a

=1
Fodp {wtym 2 T AR LI 5 A5
i, (vy) < 0, AAEAFHUER T . ﬁJw(vy) >0,

dy = lim J,(v,) = v7+ZJ°° ) > md™.

n—oo

B 51 #E3.3, A/ f3m = 0. Kb ami3.2-(4), FAT0 15
v, — v, in H(RY).

SI3B 3.5 W (f1) — (fs), (Vo) K(Va) BT, v, 9, 2T, (v,) = d f— M. MAEFEC > 0
(55 Ahar), f8

HU7||2 < Cd,. (18)
MERR MRAE AT (f3), BATAT LA B LA N it
Ody = 0.J,(vy) — (J(vy), Ggl(vv)gw(Gil(vv)»
0 2 0 -1 2 -1
= / |V, | d:r—i—/ V(2)|GS (vy)|*dx — 0 F(G (vy))de

RN

/ Vo,V (G5 (000 (G5 ) do = [ V@6 ()P

RN

Qb
[\D

> —— min{1, Vo} v, [|*.

XYL o, || < Od,,.
BeAh, SUE v, || H-EER)— Bt FpE T N RE Rz K

P (v) :3/ (Vo> + Var?)dz — C [ |v|°dz+C
RN RN

Horbo € (2,2%), FATH e FRIRBERIZ BRI Poo T LLLER K- 54 M52, T, (v) < Poo(v), FREWTT 4
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Tp = {n e C([0,1], H'(RY)| n(0) = 0, P (n(1)) < 0}.

/ﬂ\:qup C F, .LH:%‘

d, = inf max J,(n(t)) < inf max J,(n(t))

nel tel0,1] nelp t€(0,1]

< inf Py = ™.
A R Pt = e

BRI, Ao, 00 22 A it

20c™>
(60— 2)min{1, Vo)

HUVHQ <

FATERE R, Loo-?iiizﬁﬁi‘iﬁﬁﬁ I 250 (8) P 55 it 2 0] R (6) BRI S5 . B LA — B3R AT T 7 7, i
S LAl 1, XANMIE I & MorseiE AR — NN H.

513 3.6 WHv, € HY(RN)Z M (3)MIESME, W, € L°(RYN) HAFE— ML TR 8 C > 0,
i3 |0, oo < C*.

HEBR 3X A )@ &5 ST LAS 25 S0k [7 ]E’Jiﬁfﬁ NI, FAIHg&Rg,, G ERRGTT HMlv &

oy Bo € H(RY) R—Av+V(z) 5 fg’g)) =L 1<” VSR, B FAER M € HY(RY),

G '(v) f(G™(v))
VoV dﬂc—i—/ V() ———pdr = dz, 19
AL ST 5) Ml S (R ) (19)
HH 5 #E3.4, Al ffv > 0. WT > 0, 3 X
v, 0<v<T,
Vr =
T, v>T.
FEHFFR9)H, S =02 Dy (n > 1), W15
_ 1y G~ 1(v)
Vol? - 2 Vg 12 —1/ p2~D 1UV’I}2dx+/ V(z) L 207Dy
/RN Vol ’ r ) {z|v(z)<T} ’ [Vl RN ( )Q(Gfl(v)) ’
1
_ [ LG ) e g,

ry 9(G~1(v))

H1 51 22.1-(3) 45 & Bk TR 22 M A0 5 — TR AR SR, X TR In > ORI 15

Vo202 Vg < AC (v))vz(" Doyda
[ v e (G 1(0) T

GT )P oy
e e I 2

<C [ v Yz
RN
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—7J51HI, K| Sobolev A&, FATH

(/RN(WT )’ dx);gcf Voo P

<C’/ Vo202 Vda + C(n — )2/ (Vo202 Vg
RN
<o / Vo dg,

EEBATHEIT (a+b)% < 2(a® +b%) Kn®>>(n—1)2+1.
7 (20), Holder A5 3K K Sobolevitk A & B

2
3

(/ (vv?l)?dx> SC’nz/ oP 222 g
RN RN

p—2 2% —p42
< Cn? (/ v2*dx> < (vvg_l)"‘*zzwd@)
RN RN
2*;f+2
<opfup ([ o#ma) T
RN
BERAE T0 < op < 0. BTk, i8¢ = 32 14
(Agwﬁvhﬂ < ool
i Fatous| ¥ n] 15
[v]n2e < (C?[|0][P~2)27 [v],c- (21)
[v]gy2e < (CHIP=2) T 0|20y, < (C|l]P~ 2)2’1““’77"“ 77{” Vla-.
H Morsei&EAL
_ _1 n L* n - i 2 n
wmwswmw%%2@<<mwzw“Wng”b o
ESJlEeE]

vl < Cllo]| 75 < C.

EIE 1.189ERR 51 #3.6 K% 51 #2.1-(3)

[y oo = 1G5 (0) o0 < V60,
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1y > 0, SHEEO < v < v f

|Ury oo = |G«71(Uv)|oo < \/6|v7|oo <V6C* <

3
‘2.

Bk, 3Ry € (0,70), 1y = G (v, ) i 1 (6) 0 TE A

S 3CHR
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