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−∆u+ V (x)u+
γ

2
∆(u2)u = f(u), x ∈ RN ,

Ù¥V (x) : RN → R� ³¼ê, γ > 0, �N ≥ 3. �γ ∈ (0, γ0)�, ·���
þã¯K��

). d	� ³¼êV (x) ≡ V∞ > 0, ·�3H2(RN ) ∩ C2(RN )þy²
²;»��)uγ��35,

�γ → 0+�, ÷vuγ → u0, Ù¥u0´±e��5¯K�Ä�):

−∆u+ V∞u = f(u), x ∈ RN .
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Abstract

This paper focuses on a class of quasilinear Schrödinger equations:

−∆u+ V (x)u+
γ

2
∆(u2)u = f(u), x ∈ RN ,

where V (x) : RN → R is a given potential, γ > 0 and N ≥ 3. Firstly, we obtain a positive

solution for the above problem in γ ∈ (0, γ0). The potential function V (x) is considered

in V (x) ≡ V∞ > 0. We prove the existence of a positive classical radial solution uγ and

up to a subsequence, uγ → u0 in H2(RN ) ∩ C2(RN ) as γ → 0+, where u0 is the ground

state of the following semilinear problem:

∆u+ V∞u = f(u), x ∈ RN .
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1. Úó

�©ïÄXe[�5Schrödinger�§�7Å)��35:

i∂tz = −∆z +W (x)z − l(|z|2)z +
γ

2
[∆ρ(|z|2)]ρ′(|z|2)z, x ∈ RN (1)

Ù¥z : RN × R → C, W : RN → R ´���½� ³, γ ´��¢~ê, l, ρ�¢¼ê. ¯¤±�,

�§(1)�7Å)÷ve�[�5Schrödinger�§

−∆u+ V (x)u+
γ

2
[∆ρ(|u|2)]ρ′(|u|2)u = f(u), x ∈ RN , (2)
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Ù¥V (x) = W (x)−E, f(t) := l(|t|2)t �#���5�. /X(2)�[�5Schrödinger�§®2�A

^uÔn�õ�+�(� [1]). ~X�ρ(t) = 1 �, �§òz�Xe���5�¹:

−∆u+ V (x)u = l(u), x ∈ RN .

3L��30cp, þã�§��
2��ïÄ, ë�©z [2, 3]. �ρ(t) = t �, =

−∆u+ V (x)u+
γ

2
∆(u2)u = f(u), x ∈ RN , (3)

§�[
�lfNÔnÆ¥��6N���§; �ρ(t) = (1 + t)1/2 �, þã�§ïá
põÇ�á

-1ì3Ô�¥�gÏ��§, ë�©z [4, 5].

3L��A�cp, kNõÆö|^C©�{, ��
�þ'u�§ (2) )��35Úõ­

5(J. �γ < 0�, ��¡ÏL�å��zy²
(3)��)��35. ù�¡¤J�±ë�©

z [6–8]. ,��¡, ~êγ�LØÓ�Ôn�A, ÏdïÄ�|γ| → 0�, Ä�)��359ÙìC1

�´�©­��. 3©z [1]¥, AdachiïÄ
±e�§:

−∆u+ λu+
γ

2
∆(u2)u = |u|p−2u, x ∈ R3, (4)

(JL², 3�mH2(R3) ∩ C2(R3)þ, �§(4)�Ä�)uγ÷v�γ → 0−�, kuγ → u0, Ù¥u0´

Xe�§���Ä�):

−∆u+ λu = |u|p−2u, x ∈ R3.

3©z [9]¥§�l�y²
3p ∈ (2, 4)��¹e�§(4)�)�ìC1�, �õ
Adachi�<

3 [1]¥�Ñ�(J. 3©z [10–13] ¥Adachi�<A^�»©ÛÚC©�{, ��
���5�ä

kH1�.O�ÚH1 ��.O��, �§(4)�Ä�)�ìC1�.

'u¯K(3)�ïÄÌ�8¥3γ < 0. éuγ > 0, )��35(J�'��. 5¿�, �γ > 0,

·�ØU��^ [6]¥�CþC�{ïÄ¯K. �
�Ñù�(J§ÏLC©�{(Ü?�E|,

Alves3©z [7] ¥y²
e��§)��35

−∆u+ V (x)u+
γ

2
∆(u2)u = |u|p−2u, x ∈ RN , (5)

Ù¥2 < p < 2∗, γ > 0�v
��¢ê. 3©z [14]¥, �l�ïá�´k�.O���5��[�

5Schrödinger�§)��35. éuγ > 0Úγ → 0+��¹e, �§(5)��)�ìC1�ÿ���

Ä.

�©�Ì�ó�´éγ > 0 ïÄ(3)Ä�)��35.

�©òïÄ±eäk����5�üëêý��§��)

−∆u+ V (x)u+
γ

2
∆(u2)u = f(u), x ∈ RN (6)

��35, Ù¥N ≥ 3, γ > 0, V (x) ∈ C(RN ,R), �÷v:

(V0) �x ∈ RN �, V (x) ≥ V0 > 0;
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(V1) lim
|x|→∞

V (x) = V∞ �V (x) ≤ V∞.

éu��5�f , �f ∈ C1(RN ) , ¿÷v

(f1) éut ≤ 0, kf(t) = 0, ��3p ∈ (2, 2∗), ¦�

|f(t)| ≤ C(1 + |t|p−1),

Ù¥2∗ = 2N
N−2
��.�ê;

(f2)

lim
t→0+

f(t)

t
= 0;

(f3) �3θ > 2, ¦�éu t > 0, ¤á

0 < θF (t) ≤ tf(t),

Ù¥F (t) =
∫ t

0
f(s)ds.

�§(6)éA�g,�¼I �

I(u) =
1

2

∫
RN

(1− γu2)|∇u|2dx+
1

2

∫
RN

V (x)u2dx−
∫
RN

F (u)dx,

Ù3�mH1(RN ) ¥�UØ´û½Â�, ¤±�©�Ì�(J´: Äk, duI(u)3H1(RN )¥

�UØ´û½Â�, ÏdUþ�¼I(u)Ø´1w�, �5Ã�¯K´XÛ�yÌÜ©��5§

=1− γu2 > 0; Ùg, 3���mRN ¥, ;�5��Ø¤á.

É�©z [7]Ú [14]�éu, ·�é�¼I ?1±e?�

−div(g2(u)∇u) + g(u)g′(u)|∇u|2 + V (x)u = f(u), x ∈ RN , (7)

Ù¥g(t) =
√

1− γt2, �γ > 0, k|t| < 1√
3γ

. d(7)ªk���)uγ , ,�ÏLMorseS���f)

���L∞-�O(�γÃ'). ·�òy², �γv
��, u´�¯K(6) �). Äk|^MorseS�, �

Ñuγ H
1-�ê���k.5, ��A^uγ ����O5y²Ù3�mH

1(RN )þ�rÂñ5. ��

·�U��Ù3�mH1þ�Âñ5,·�Ò�±A^ý��O5��uγ 3�mH
2(RN )∩C2(RN )þ

�Âñ5.

�©Ì�(JXe

½½½nnn 1.1b�^�(V0), (V1)9(f1)−(f3)¤á,K�3γ0 > 0 ,¦�¯K(6)éu¤k�γ ∈ [0, γ0)Ñ

�3�)uγ , ��3�γÃ'�~êC > 0, ¦�

|uγ |∞ ≤ C.

2. ý��£

É©z [14]�éu, ·�ïÄ±e[�5Schrödinger�§

−div(g2
γ(u)∇u) + gγ(u)g′γ(u)|∇u|2 + V (x)u = f(u), x ∈ RN (8)
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Ù¥gγ(t) : [0,+∞)→ R, ½ÂXe

gγ(t) =

{ √
1− γt2, if 0 ≤ t < 1√

3γ
,

1
3
√

2γt
+ 1√

6
, if t ≥ 1√

3γ
,

éut < 0, kgγ(t) = gγ(−t), gγ(t) ∈ C1(R, (
√

1/6, 1]), �3[0,+∞)þü~.

�Gγ(t) =
∫ t

0
gγ(s)ds. d½Â, Gγ(t) ´�½�Û¼ê, ��3�¼êG−1

γ (t). N´y²,

G−1
γ (t)äkXe5�.

ÚÚÚnnn 2.1

(1) lim
t→0+

G−1
γ (t)

t
= 1;

(2) lim
t→+∞

G−1
γ (t)

t
=
√

6;

(3) éut ≥ 0, kt ≤ G−1
γ (t) ≤

√
6t;

(4) éut ≥ 0, k− 1
2
≤ t

gγ(t)
g′γ(t) ≤ 0.

´��§(8)�Uþ�¼�

Ĩ(u) =
1

2

∫
RN

g2
γ(u)|∇u|2dx+

1

2

∫
RN

V (x)|u|2dx−
∫
RN

F (u)dx. (9)

·���{´y²�§(9)��²��.:u�|u(x)|∞ < 1√
3γ
��35, §´�§(9)��²�). e

÷v|u(x)|∞ < 1√
3γ

, u B��§(6)����²��).

��, �XeCþ

v = Gγ(u) =

∫ u

0

gγ(s)ds,

�§(9)�Uþ�¼�±U�¤Xe

Jγ(v) =
1

2

∫
RN
|∇v|2dx+

1

2

∫
RN

V (x)|G−1
γ (v)|2dx−

∫
RN

F (G−1
γ (v))dx.

dÚn2.1Ú^�(V0), (V1) 9(f1) − (f3), ·����§Jγ(v) 3�mH1(RN )þ´û½Â�, Jγ ∈
C1(H1(RN ),R)�éuv ∈ H1(RN )k

J ′γ(v)ϕ =

∫
RN
∇v∇ϕdx+

∫
RN

V (x)
G−1
γ (v)

gγ(G−1
γ (v))

ϕdx−
∫
RN

f(G−1
γ (v))

gγ(G−1
γ (v))

ϕdx.

ÚÚÚnnn 2.2 ev ∈ H1(RN )´Jγ��.:, Ku = G−1
γ (v) ∈ H1(RN ) �u´�§(8)�f).

yyy²²² b�v ∈ H1(RN )´Jγ��.:, dÚn2.1�±��O���u = G−1
γ (v) ∈ H1(RN ). éu¤

kϕ ∈ H1(RN ), k∫
RN
∇v∇ϕdx+

∫
RN

V (x)
G−1
γ (v)

gγ(G−1
γ (v))

ϕdx−
∫
RN

f(G−1
γ (v))

gγ(G−1
γ (v))

ϕdx = 0,
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�ϕ = gγ(u)ψ Ù¥ψ ∈ C∞0 (RN ), Kk∫
RN
∇v∇ug′γ(u)ψdx+

∫
RN
∇v∇ψgγ(u)dx+

∫
RN

V (x)uψdx−
∫
RN

f(u)ψdx = 0,

½ ∫
RN

(
−div(g2

γ(u)∇u) + gγ(u)g′γ(u)|∇u|2 + V (x)u− f(u)
)
ψdx = 0.

nþ, ¦�§(8)�²�)��35, �I�ïÄXe�§�²�)��35

−∆v + V (x)
G−1
γ (v)

gγ(G−1
γ (v))

=
f(G−1

γ (v))

gγ(G−1
γ (v))

, x ∈ RN . (10)

3. ½n1.1�y²

½ÂH1(RN )�m��ê�

‖u‖ =

(∫
RN

(|∇u|2 + u2)dx

)1/2

,

9Xe�§

−∆v + V∞
G−1
γ (v)

gγ(G−1
γ (v))

=
f(G−1

γ (v))

gγ(G−1
γ (v))

(11)

ÙéA�Uþ�¼Xe

J∞(v) =
1

2

∫
RN

(
|∇v|2 + V∞|G−1

γ (v)|2
)

dx−
∫
RN

F (G−1
γ (v))dx.

½Â

d∞ = inf{J∞(v)| v ∈ H1(RN ) \ {0}, J∞′(v) = 0}.

�
y²þã¯K, ·�Äk£�Berestycki-Lions [2] ÚColin-Jeanjean [6]éXe�§�A�

²;(Ø

−∆v = k(v), x ∈ RN . (12)

�§(12)éA�Uþ�¼�

J(v) =
1

2

∫
RN
|∇v|2dx−

∫
RN

K(v)dx,

Ù¥K(s) =
∫ s

0
k(t)dt.

�k(s)÷v±e^��
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(k0) k(s) ∈ C(R,R);

(k1) −∞ < lim inf
s→0+

k(s)
s
≤ lim sup

s→0+

k(s)
s

= −C < 0 ;

(k2) lim
s→+∞

|k(s)|
s2∗−1 = 0;

(k3) �3s0 > 0, ¦�K(s0) > 0,

�±��±e·K(� [2, 15,16]).

···KKK 3.1 �b = inf{J(w) | w ��§(12)��²�f)}. e(k0) − (k3)¤á, Kb > 0 ��¼

êw ∈ H1(RN ). éu?¿x ∈ RN , �3´»η ∈ C([0, 1], H1(RN )) , ¦�η(t)(x) > 0 �

max
t∈[0,1]

J(η(t)) = J(w).

Ïdd�§(11)9−∆v = k(v)��

k(s) =
f(G−1

γ (s))

gγ(G−1
γ (s))

− V∞
G−1
γ (s)

g(G−1
γ (s))

.

´�k(s)÷v(k0) − (k3). Ïd, �3w∞ ∈ H1(RN )¦�d∞ > 0. d	, ·��±é�´»η ∈
C([0, 1], H1(RN )), éu¤kx ∈ RN , t ∈ (0, 1] �η(0) = 0, kJ∞(η(1)) < 0, w∞ ∈ η([0, 1])9

max
t∈[0,1]

J∞(η(t)) = J∞(w∞).

�ïÄJγ , ½Â

dγ = inf
η∈Γ

max
t∈[0,1]

Jγ(η(t)),

Ù¥Γ = {η ∈ C([0, 1], H1(RN )) | η(0) = 0, Jγ(η(1)) < 0}.

�e5ò�yJγ�ì´½nAÛ^�, ¿y²PSS��k.5.

ÚÚÚnnn 3.1 b�(f1)− (f3), (V0) 9(V1)¤á. K�3ρ > 0 9e ∈ H1(RN ), ¦�éu‖v‖ = ρ, k

Jγ(v) > 0,

�Jγ(e) < 0

yyy²²² dÚn2.1, (V0), (f1), (f2) 9Sobolevi\, k

Jγ(v) =
1

2

∫
RN
|∇v|2dx+

1

2

∫
RN

V (x)|G−1
γ (v)|2dx−

∫
RN

F (G−1
γ (v))dx

≥ 1

2

∫
RN
|∇v|2dx+

1

2

∫
RN

V (x)|v|2dx−
∫
RN

(
ε|G−1

γ (v)|2 + Cε|G−1
γ (v)|p

)
dx

≥ min{1, V0}
1

4

∫
RN

(
|∇v|2 + |v|2

)
dx− C

∫
RN
|v|pdx

≥ min{1, V0}
1

4
‖v‖2 − C‖v‖p.

Ïd, �p > 2�, Jγ(v)3v = 0?kÛÜ���.
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,��¡, d^�(f3)��, éut > 0k

F (t) ≥ Ctθ,

Ù¥w ∈ C∞0 (RN ), supp(w) = B1 �w(x) ≥ 0,

Jγ(tw) =
t2

2

∫
RN
|∇w|2dx+

1

2

∫
RN

V (x)|G−1
γ (tw)|2dx−

∫
RN

F (G−1
γ (tw))dx

=
t2

2

∫
RN
|∇w|2dx+

1

2

∫
RN

V (x)|G−1
γ (tw)|2dx−

∫
B1

F (G−1
γ (tw))dx

≤ t2

2

∫
RN
|∇w|2dx+

1

2

∫
RN

V (x)|G−1
γ (tw)|2dx−

∫
B1

(C1(G−1
γ (tw))θ − C2)dx

≤ t2

2

∫
RN
|∇w|2dx+ 3t2

∫
RN

V∞|w|2dx− Ctθ
∫
RN
|w|θdx+ C.

duθ > 2, �t→∞�, kJγ(tw)→ −∞

ÚÚÚnnn 3.2 �(f1)− (f3), (V0) 9(V1) ¤á. KJγ �PSS�´k.�.

yyy²²² �{vn} ⊂ H1(RN )�Jγ�PSS�, =

Jγ(vn) =
1

2

∫
RN
|∇vn|2dx+

1

2

∫
RN

V (x)|G−1
γ (vn)|2dx

−
∫
RN

F (G−1
γ (vn))dx = d+ on(1).

(13)

Kéu?¿ϕ ∈ H1(RN ), 〈J ′γ(vn), ϕ〉 = on(1)‖ϕ‖, =∫
RN

(
∇vn∇ϕ+ V (x)

G−1
γ (vn)

gγ(G−1
γ (vn))

ϕ

)
dx−

∫
RN

f(G−1
γ (vn))

gγ(G−1
γ (vn))

ϕdx = on(1)‖ϕ‖. (14)

�ϕ = G−1
γ (vn)gγ(G−1

γ (vn)), dÚn2.1-(4)��

|∇(G−1
γ (vn)gγ(G−1

γ (vn)))| ≤
(

1 +
G−1
γ (vn)

gγ(G−1
γ (vn))

g′γ(G−1
γ (vn))

)
|∇vn| ≤ |∇vn|. (15)

,��¡, dÚn2.1-(3), ·�k

|G−1
γ (vn)gγ(G−1

γ (vn))| ≤
√

6|vn|. (16)

(Ü(15)Ú(16)��

‖G−1
γ (vn)gγ(G−1

γ (vn))‖ ≤
√

6‖vn‖.

·��±ÀJϕ = G−1
γ (vn)gγ(G−1

γ (vn)). Òk〈J ′γ(vn), G−1
γ (vn)gγ(G−1

γ (vn))〉 = on(1)‖vn‖ ·�k
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on(1)‖vn‖ =

∫
RN

(
1 +

G−1
γ (vn)

gγ(G−1
γ (vn))

g′γ(G−1
γ (vn))

)
|∇vn|2dx

+

∫
RN

V (x)|G−1
γ (vn)|2dx−

∫
RN

f(G−1
γ (vn))G−1

γ (vn)dx

≤
∫
RN
|∇vn|2dx+

∫
RN

V (x)|G−1
γ (vn)|2dx−

∫
RN

f(G−1
γ (vn))G−1

γ (vn)dx.

(17)

Ïd, d(f3), (13), (14), (17)9Ún2.1, ·���

θd+ on(1) + on(1)‖vn‖ = θJγ(vn)− 〈J ′γ(vn), G−1
γ (vn)gγ(G−1

γ (vn))〉

≥ θ − 2

2

∫
RN
|∇vn|2dx+

θ − 2

2

∫
RN

V (x)|G−1
γ (vn)|2dx

≥ θ − 2

2
min{1, V0}‖vn‖2,

=‖vn‖��k.�.

/Ï©z [17]¥�(Ø, ·���Jγ�PSS�k.�±eL«.

···KKK 3.2 �(f1) − (f3), (V0) 9(V1)¤á, �{vn} ⊂ H1(RN ) �Jγ�PSS�. K�3{vn}�fS
�(�^{vn}L«). éu�êm ∈ N ∪ {0}, S�{yin} ⊂ RN , wi ∈ H1(RN )k

(1) éui 6= j, �n→∞�, k|yin| → ∞ �|yin − yjn| → ∞,

(2) 3�mH1(RN )þ, kvn ⇀ v0 9J
′
γ(v0) = 0,

(3) éu0 ≤ i ≤ m, kwi 6= 0 �(J∞)
′
(wi) = 0,

(4) ‖vn − v0 −
∑m

i=0w
i(· − yin)‖ → 0,

(5) Jγ(vn)→ Jγ(v0) +
∑m

i=0 J
∞(wi).

�
|^·K3.2��Jγ�PSS��;5, ·�I�y²±eÚn.

ÚÚÚnnn 3.3 �(f1)− (f3), (V0) 9(V1). Kdγ < d∞

yyy²²²�â·K3.1,�3w∞ ∈ H1(RN )¦�J∞(w∞) = d∞ > 0. ·��±é�´»η ∈ C([0, 1], H1(RN ))§

¦�éu¤k�x ∈ RN9t ∈ (0, 1], η(0) = 0, J∞(η(1)) < 0, w∞ ∈ η([0, 1]), kη(t)(x) > 0�

max
t∈[0,1]

J∞(η(t)) = J∞(w∞).

Ù¥�½:w∞ �η, éu?¿t ∈ (0, 1], k

Jγ(η(t)) < J∞(η(t)),

dd��

d ≤ max
t∈[0,1]

Jγ(η(t)) < max
t∈[0,1]

J∞(η(t)) = d∞,

ùÒ�¤
y².

�e5(ÜÚn3.3Ú·K3.2, y²Jγkì´�.:.

ÚÚÚnnn 3.4 b�^�(f1)− (f3), (V0) 9(V1) ¤á. KJγk��.:.

yyy²²² dÚn3.1Ú3.2§�3��k.�PSS�{vn} ⊂ H1(RN ). d·K3.2�3m ∈ N ∪ {0}Úvγ ∈
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H1(RN ), ¦�3�mH1(RN )þk

vn ⇀ vγ J
′
γ(vγ) = 0

�

Jγ(vn)→ Jγ(vγ) +
m∑
i=1

J∞(wi),

Ù¥{wi}mi=1´J
∞��²��.:.

eJγ(vγ) < 0, @BØ^y²
. eJγ(vγ) ≥ 0, K

dγ = lim
n→∞

Jγ(vn) = Jγ(vγ) +
m∑
i=1

J∞(wi) ≥ md∞.

dÚn3.3, ��m = 0. Ïdd·K3.2-(4), ·���

vn → vγ in H(RN ).

ÚÚÚnnn 3.5 �(f1) − (f3), (V0) 9(V1) ¤á, vγ �Jγ ÷vJγ(vγ) = dγ ����.:. K�3C > 0

(�γÕá), ¦�

‖vγ‖2 ≤ Cdγ . (18)

yyy²²² �â^�(f3), ·��±��±e�O

θdγ = θJγ(vγ)− 〈J ′γ(vγ), G−1
γ (vγ)gγ(G−1

γ (vγ))〉

=
θ

2

∫
RN
|∇vγ |2dx+

θ

2

∫
RN

V (x)|G−1
γ (vγ)|2dx− θ

∫
RN

F (G−1
γ (vγ))dx

−
∫
RN
∇vγ∇

(
G−1
γ (vγ)gγ(G−1

γ (vγ))
)

dx−
∫
RN

V (x)|G−1
γ (vγ)|2dx

+

∫
RN

f(G−1
γ (vγ))G−1

γ (vγ)dx

≥ θ − 2

2

∫
RN
|∇vγ |2dx+

θ − 2

2

∫
RN

V (x)|G−1
γ (vγ)|2dx

≥ θ − 2

2
min{1, V0}‖vγ‖2.

ù`²‖vγ‖2 ≤ Cdγ .

d	, �y²‖vγ‖ H1-�ê����O. �ÄXeUþ�¼

P∞(v) = 3

∫
RN

(
|∇v|2 + V∞v

2
)

dx− C
∫
RN
|v|θdx+ C

Ù¥θ ∈ (2, 2∗), ·�^c∞L«Uþ�¼P∞�ì´Y²�γÕá. duJγ(v) ≤ P∞(v), �ÄXe8
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Ü

ΓP = {η ∈ C([0, 1], H1(RN )| η(0) = 0, P∞(η(1)) < 0}.

Ù¥ΓP ⊂ Γ, Ïdk

dγ = inf
η∈Γ

max
t∈[0,1]

Jγ(η(t)) ≤ inf
η∈ΓP

max
t∈[0,1]

Jγ(η(t))

≤ inf
η∈ΓP

max
t∈[0,1]

P∞(η(t)) := c∞.

Ïd, )vγ7L÷vXe�O

‖vγ‖2 ≤
2θc∞

(θ − 2) min{1, V0}
.

·�5¿�, L∞-�êØ�L 1√
3γ
�¯K(8)�f)�´¯K(6)�f). ¤±e�Ú·�òïÄJγ�

.:�L∞�O, ù�y²�´MorseS����A^.

ÚÚÚnnn 3.6 XJvγ ∈ H1(RN )´¯K(8)��f), Kvγ ∈ L∞(RN )��3��Õáuγ�~êC∗ > 0,

¦�|vγ |∞ ≤ C∗.

yyy²²² ù�¯K�(J�±ë�©z [7]�y². �{üå�, ·�^gL«gγ , G−1L«G−1
γ �^v L

«vγ . �v ∈ H1(RN ) ´−∆v + V (x) G−1(v)
g(G−1(v))

= f(G−1(v))
g(G−1(v))

�f), =éu?¿�ϕ ∈ H1(RN ), k∫
RN
∇v∇ϕdx+

∫
RN

V (x)
G−1(v)

g(G−1(v))
ϕdx =

∫
RN

f(G−1(v))

g(G−1(v))
ϕdx, (19)

dÚn3.4, ��v > 0. �T > 0, ¿½Â

vT =

{
v, 0 < v ≤ T,
T, v ≥ T.

3�§(19)¥, -ϕ = v
2(η−1)
T v (η > 1), ��∫

RN
|∇v|2 · v2(η−1)

T dx+ 2(η − 1)

∫
{x|v(x)<T}

v
2(η−1)−1
T v|∇v|2dx+

∫
RN

V (x)
G−1(v)

g(G−1(v))
v

2(η−1)
T vdx

=

∫
RN

f(G−1(v))

g(G−1(v))
v

2(η−1)
T vdx.

dÚn2.1-(3)(Üþã�§�ý�1��´�K�, éu?¿�η > 0��∫
RN
|∇v|2v2(η−1)

T dx ≤
∫
RN

f(G−1(v))

g(G−1(v))
v

2(η−1)
T vdx

≤ C
∫
RN

|G−1(v)|p−1

g(G−1(v))
v

2(η−1)
T vdx

≤ C
∫
RN

vpv
2(η−1)
T dx.

(20)
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,��¡, |^SobolevØ�ª, ·�k

(∫
RN

(vvη−1
T )2∗

dx

) 2
2∗

≤ C
∫
RN
|∇(vvη−1

T )|2dx

≤ C
∫
RN
|∇v|2v2(η−1)

T dx+ C(η − 1)2

∫
RN
|∇v|2v2(η−1)

T dx

≤ Cη2

∫
RN
|∇v|2v2(η−1)

T dx,

ùp·�^�
(a+ b)2 ≤ 2(a2 + b2) 9η2 ≥ (η − 1)2 + 1.

dªf(20), HölderØ�ª9Sobolevi\½n

(∫
RN

(vvη−1
T )2∗

dx

) 2
2∗

≤ Cη2

∫
RN

vp−2v2v
2(η−1)
T dx

≤ Cη2

(∫
RN

v2∗
dx

) p−2
2∗
(∫

RN
(vvη−1

T )
22∗

2∗−p+2 dx

) 2∗−p+2
2∗

≤ Cη2‖v‖p−2

(∫
RN

v
η22∗

2∗−p+2 dx

) 2∗−p+2
2∗

,

ùp·�¦^
0 ≤ vT ≤ v. �e5, Pζ = 22∗

2∗−p+2
, �

(∫
RN

(vvη−1
T )2∗

dx

) 2
2∗

≤ Cη2‖v‖p−2|v|2ηηζ .

dFatouÚn��

|v|η2∗ ≤ (Cη2‖v‖p−2)
1
2η |v|ηζ . (21)

·�½Âηn+1ζ = 2∗ηn, Ù¥n = 0, 1, 2, ...Úη0 = 2∗+2−p
2

. d(21) k

|v|η12∗ ≤ (Cη2
1‖v‖p−2)

1
2η1 |v|2∗η0 ≤ (C‖v‖p−2)

1
2η1

+ 1
2η0 η

1
η0
0 η

1
η1
1 |v|2∗ .

dMorseS�

|v|ηn2∗ ≤ (C‖v‖p−2)
1

2η0

∑n
i=0( ζ

2∗ )i(η0)
1
η0

∑n
i=0( ζ

2∗ )i(
2∗

ζ
)

1
η0

∑n
i=0 i(

ζ
2∗ )i |v|2∗ .

Ïdk

|v|∞ ≤ C‖v‖
2∗−2
2∗−p ≤ C∗.

½½½nnn 1.1���yyy²²² dÚn3.69Ún2.1-(3)k

|uγ |∞ = |G−1
γ (vγ)|∞ ≤

√
6|vγ |∞,
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�3γ0 > 0, é?¿0 < γ < γ0k

|uγ |∞ = |G−1
γ (vγ)|∞ ≤

√
6|vγ |∞ ≤

√
6C∗ ≤ 1√

3γ
.

Ïd, é?¿�γ ∈ (0, γ0), uγ = G−1(vγ)´¯K(6)��).
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