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Abstract

Let x : Mn → Sn+1 be isometri immersion of Riemannian manifold into unit sphere

space, and g and B be Mobius metric and Mobius second fundamental form of x
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respectively R is a curvature tensor induced by g. In this paper, we study the hyper-

surface operator satisfying the condition RB = 0, and obtain some preliminary results.
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1. Úó9Ì�(J

MöbiusAÛ´¥¡þ3MöbiusC�+ef6/��5AÛ, éMöbiusØCþ\þØÓ��

�^�, Ò¬��ØÓ�k¿Â�ïÄ��. �C, �L�ÇkJÑ¿ïÄ
[²1f6/¿¼

�
k��(J, ~XBα
ij,kl = Bα

ij,lk;C
α
i,j = Cαj,i. ÉÙéu, �©´3Möbius 1�Ä�/ªB

[²1�Ä:þ�ïÄ. k{ü0��e[²1: �∇ ´dMöbius Ýþg ¤p��éä, ­Ç

�f´R. �X,Y,Z �f6/þ�1w�þ|. KkR (X,Y ) = −∇X∇Y + ∇Y∇X + ∇[X,Y ], X

JR (X,Y )B = 0, K¡Möbius1�Ä�/ªB´[²1�. �©?�ÚïÄ
[²1�­¡��


AÛ5�, ¼�
e�A�ÐÚ�(J.

½n1.1 ¥Sn+1 ¥�[²1�­¡Mn, XJMöbius/ªΦ²1, K�­¡MnÛÜMöbius �

due��­¡��:

(i)�¡Sk (a)× Sn−k
(√

1− a2
)
, Ù¥1 ≤ k ≤ n− 1;

(ii) Rn+1¥�IOÎ¡Sk (a)×Rn−k3N�σ e��,Ù¥1 ≤ k ≤ n− 1;

(iii) Hn+1 ¥�IOÎ¡Sk (a)×Hn−k (√1 + a2
)
3N�τ e��,Ù¥1 ≤ k ≤ n− 2;

(iv)�­¡CSS(p, q, a).

Ù¥�m!N�!CSS�½Â��ý��£.

½n1.2 Sn+1¥�;�­¡Mn, eMöbius1�Ä�/ªB´[²1�, Kkeª¤á:

n (n− 1)

∫
M

|Φ|2 dM =

∫
M

|∇B|2 dM.

½n1.3 Sn+1¥�;�­¡Mn, eA = λg, λ ∈ C∞ (M), �Möbius1�Ä�/ªB[²1, K
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k±eØ�ª¤á.

1

n

∫
M

(4λ)
2
dM ≥

∫
M

2

(
λ− 1

2n

)
|∇λ|2 dM.

�©�(�Sü

�©©�o�Ü©§1�Ü©�ÚóÚÌ�½n§ùÜ©Ì�0�
8cMöbiusAÛïÄ9

:§Ó��Ñ
�©�ïÄ8�Ú(J;1�Ü©�ý��£§ùÜ©½Â
Möbius1�Ä�/ª

[²1§¿����'�·K.1nÜ©Ì�0�
[²1�VgÚÚ^�½n. 1oÜ©�Ì�

½n�y²§ùÜ©ÏLé®k�ü�(J(Bα
ij,kl = Bα

ij,lk;C
α
i,j = Cαj,i) \±|^§¿��?�Ú�

(J.

2. ý��£

��²31998cïá
¥�m¥f6/�1I�.Ú#'¿d��ØCþXÚ, �©÷^Ù¥

�úª�PÒ, [!��©z [1].

·�Äk½ÂSm+p¥MöbiusØCþ¿��Ñ(��§.

�Rm+p+2
1 ´Lorentz�m, KÙLorentzSÈ½Â�µ

〈x, ξ〉 = −x0ξ0 + x1ξ1 + x2ξ2 + · · ·+ xm+p+1ξm+p+1

Ù¥x = (x0, x1, x2, . . . , xm+p+1) ; ξ = (ξ0, ξ1, ξ2, . . . , ξm+p+1),

�x : Mm → Sm+p ⊂ Rm+p+1´Sm+p¥�ÃßE\f6/. òx�Möbius ��þX : Mm →
Rm+2

1 Xeµ

X = ρ (1, x) : Mm → Rm+2
1 , ρ2 =

m

m− 1

(
‖II‖ −mH2

)
> 0.

½n2.1eü�f6/x, x̃ : Mm → Sm+p´Möbius�d�,��=��3Rm+p+1
1 ¥�LorentzC

�T ∈ O (m+ p+ 1, 1), ¦�X = X̃T .

Ù¥O (m+ p+ 1, 1)´Rm+p+2
1 ¥�±SÈ〈·, ·〉ØC�Lorentz +, Ï�Sm+p ¥�Möbius

+�åuO (m+ p+ 1, 1) ��±�1I�f+O+ (m+ p+ 1, 1), ��

g = 〈dX, dX〉 = ρ2dx · dx, (2.1)

´MöbiusØCþ, ·�òg¡�MöbiusÝþ½öMöbius1�Ä�/ª. �4 �(M, g)�

Laplace�f, �k

〈4X,4X〉 = 1 +m2k,

Ù¥k�Ýþg�Xþ­Ç.

DOI: 10.12677/pm.2023.134112 1064 nØêÆ

https://doi.org/10.12677/pm.2023.134112


�¸

�{E1, E2, . . . , Em}´(M, g)���ÛÜIO��Ä, {ω1, ω2, . . . , ωm}�ÙéóÄ.¿�Ei (X) =

Xi, @okµ

〈Xi, Xj〉 = δij , 1 ≤ i, j ≤ m,

½Â

N = − 1

m
4X − 1

2m2
〈4X,4X〉X, (2.2)

@ok

〈X,X〉 = 〈N,N〉 = 0, 〈X,N〉 = 1, 〈Xi, X〉 = 0, (1 ≤ i, j ≤ m) . (2.3)

�

〈X, dX〉 = 0, 〈4X,X〉 = −m, 〈4X,Xk〉 = 0, 1 ≤ k ≤ m. (2.4)

Ïd

span {N,X} ⊥ span {X1, X2, . . . , Xm} ,

½Â

V = {span {N,X} ⊕ span {X1, X2, . . . , Xm}}⊥ , (2.5)

-V´f�mspan {X,N,X1, X2, . . . , Xm}3Rm+p+2
1 ¥���Ö�m, �±��e¡��©).

Rm+p+2
1 = span {X,N} ⊕ span {X1, X2, . . . , Xm} ⊕ V, (2.6)

·�é�©�IkXe5½: 1 ≤ i, j, k, · · · ≤ m;m + 1 ≤ α ≤ m + p, ·��UìOÏd"�½%

@­E�IL«3�g��S¦Ú. ¡V´x : Mm → Sm+p�Möbius{m. �{mV÷Mm���

ÛÜIO��Ä�{Em+1, . . . , Em+p}.

@o{X,N,X1, . . . , Xm, Em+1, . . . , Em+p} �¤Rm+p+2÷Mm �¹ÄIe. Ù(��§Xe:

dX =
∑
i

ωiXi, (2.7)

dN =
∑
i,j

AijωjXi +
∑
i,α

Cαi ωiEα, (2.8)

dXi = −
∑
j

AijωjX − ωiN +
∑
j

ωijXj +
∑
i,α

Bα
ijωjEα, (2.9)
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dEα = −
∑
i

Cαi ωiX −
∑
i,j

Bα
ijωjXi +

∑
β

ωαβEβ, (2.10)

Ù¥{ωij}´MöbiusÝþg�éä/ª, {ωαβ} ´Mmþ�{éä, �kAij = Aji, B
α
ij = Bα

ji. ?
�

A =
∑
i,j

Aijωi ⊗ ωj , (2.11)

B =
∑
i,j,α

Bα
ijωi ⊗ ωjEα, (2.12)

Φ =
∑
i,α

Cαi ωiEα, (2.13)

Ñ´MöbiusØCþ¶©O¡A�x�BlaschkeÜþ, B�x�Möbius1�Ä�/ª, Φ�x �Möbius

/ª.

©O½ÂCαi , Aij , B
α
ij����C�êXe∑

j

Cαi,jωj = dCαi +
∑
j

Cαj ωji +
∑
β

Cβi ωβα, (2.14)

∑
k

Aij,k = dAij +
∑

Aikωkj +
∑
k

Akjωki, (2.15)

∑
Bα
ij,kωk = dBij +

∑
k

Bα
ikωkj +

∑
k

Bα
kjωki +

∑
β

Bβ
ijωβα, (2.16)


�

dωij −
∑
k

ωik ∧ ωkj = −1

2
Rijklωk ∧ ωl, Rijkl = −Rijlk, (2.17)

@o��(��§��È^��

Aij,k −Aik,j = Bα
ikC

α
j −Bα

ijC
α
k , (2.18)

Cαi,j − Cαj,i = Bα
ikAkj −Bα

kjAki, (2.19)

Bα
ij,k −Bα

ik,j = δijC
α
k − δikCαj , (2.20)

Rijkl =
∑
α

(
Bα
ikB

α
jl −Bα

ilB
α
jk

)
+ (δikAjl + δjlAik − δilAjk − δjkAil) , (2.21)

tr (A) =
1

2m

(
1 +

m

m− 1
R

)
,
∑
i

Bα
ii = 0. (2.22)
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Ù¥´{Aij,k} ,
{
Bα
ij,k

}
Ú
{
Cαi,j

}
´A,B ÚΦ'ug p��éä��C�ê2IOÄe�©þ.

i = j¦Ú�

−
∑

Bα
ij,i = (m− 1)Cαj , (2.23)

i = k¦Ú� ∑
ij

(
Bα
ij

)2
=
m− 1

m
, (2.24)

½ÂAijÚBij����C�ê∑
l

Aij,klωl = dAij,k +
∑
l

Alj,kωli +
∑
l

Ail,kωlj +
∑

Aij,lωlk, (2.25)

∑
l

Bα
ij,klωl = dBα

ij,k +
∑
l

Bα
lj,kωli +

∑
l

Bα
il,kωlj +

∑
l

Bα
ij,lωlk +

∑
β

Bβ
ij,kωβα, (2.26)

3. [²1�Vg

½Â3.1 �(Mn, g)´��iù6/, ∇ÚR©O�Ýþg¤p��éäÚ­ÇÜþ. XJ��Ü

þT ÷vRT = 0, @oK¡ÜþT´[²1�.

�X, Y , Z´Mnþ�1w�þ|, Ù¥

R (X,Y )Z = −
(
∇X∇Y −∇Y∇X −∇[X,Y ]

)
Z, (3.1)

T����CÜþ|, KòRT½Â�

(R (X,Y )T ) (Z,W ) := R (X,Y ) (T (Z,W ))− T (R (X,Y )Z,W )− T (Z,R (X,Y )W ) . (3.2)

·K3.2 ���CÜþT[²1��=�

T (R (X,Y )Z,W ) + T (Z,R (X,Y )W ) = 0.

y é∀f ∈ C∞ (M), k∇Xf = X (f). K

(∇X∇Y ) f = ∇X (∇Y f) = ∇X (Y (f)) = X (Y (f)) , (3.3)

Ó�d(3.1), k

R (X,Y ) (f) = −
(
∇X∇Y −∇Y∇X −∇[X,Y ]

)
(f)

= − (X ◦ Y − Y ◦X − [X,Y ]) (f)

= 0. (3.4)
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ddy²
�T����CÜþ�, duT (Z,W )�1w¼ê, k

R (X,Y ) (T (Z,W )) = 0, (3.5)

¤±d½Â3.1�, ���CÜþT[²1��=�

0 = (R (X,Y )T ) (Z,W ) = −T (R (X,Y )Z,W )− T (Z,R (X,Y )W ) . (3.6)

=T (R (X,Y )Z,W ) + T (Z,R (X,Y )W ) = 0, ·K¤á.

�{e1, e2, . . . , en}´(Mn, g) ���ÛÜIO��Ä, {ω1, ω2, . . . , ωn}�ÙéóÄ. K

R (ei, ej) ek = Rijklel, (3.7)

�·K3.2��¤���CÜþT[²1��=�

RijkmTml +RijlmTmk = 0. (3.8)

½Â3.3 �x : Mn → Sn+1��åE\, gÚB©O�x�MöbiusÝþÚMöbius 1�Ä�/ª.

XJB'ugp��éä´[²1�, K¡x�Möbius[²1�­¡, ½M-[²1�­¡.

32004c, �L�Úo°¥3©z [3]¥kXe©a½nµ

½n3.4 �x : Mn → Sn+1 (n ≥ 2)´äk²1Möbius1�Ä�/ª�ÃßE\�­¡. @

oMnÛÜMöbius�de��­¡��µ

(i)�¡Sk (a)× Sn−k
(√

1− a2
)
, Ù¥1 ≤ k ≤ n− 1;

(ii) Rn+1¥�IOÎ¡Sk (a)×Rn−k3N�σ e��,Ù¥1 ≤ k ≤ n− 1;

(iii) Hn+1 ¥�IOÎ¡Sk (a)×Hn−k (√1 + a2
)
3N�τ e��,Ù¥1 ≤ k ≤ n− 2;

(iv)d~1�Ñ��­¡CSS(p, q, a).

Ù¥Hn+1´n+ 1�V­�m,½Â�

Hn+1 =
{

(y0, y1) ∈ R+ ×Rn+1 | −y20 + y1 · y1 = −1
}
,

σ : Rn+1 → Sn+1´¥4ÝK�_, ½Â�

σ (u) =

(
1− |u|2

1 + |u|2
,

2u

1 + |u|2

)
, u ∈ Rn+1,

τ : Hn+1 → Sn+1´�5N�,½Â�

τ (y0, y1) =

(
1

y0
,
y1
y0

)
, (y0, y1) ∈ Hn+1.

~1 CSS(p, q, a)
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é�½�g,êp, q, p + q < n, 9¢êa ∈ (0, 1)Úb =
√

1− a2, �ÄÛ­¦Èi\�­
¡u : Sp (a)× Sq (b)×Rn−p−q−1 → Rn+1 :

u = (tu′, tu′′, u′′′) , u′ ∈ Sp (a) , u′′ ∈ Sq (b) , t ∈ R+, u′′′ ∈ Rn−p−q−1,

-

x = σ ◦ u : Sp (a)× Sq (b)×R+ ×Rn−p−q−1 → Sn+1,

½Â

CSS (p, q, a) = x
(
u : Sp (a)× Sq (b)×R+ ×Rn−p−q−1

)
.

§´Sn+1¥��­¡.

4. Ì�½n�y²

½n1.1y d©z [1]�

|B|2 =
n− 1

n
,

?
�Ä4|B|2�

0 =
1

2
4 |B|2

=
1

2
4
∑
i,j

(Bij)
2

=
∑
k

(∑
i,j

BijBij

)
k

=
∑
i,j,k

(Bij,k)
2

+
∑
i,j,k

BijBij,kk. (4.1)

òBij,kk��

Bij,kk = (Bij,kk −Bik,jk) + (Bki,jk −Bki,kj) + (Bki,kj −Bkk,ij) +Bkk,ij . (4.2)

é�È^�Bij,k −Bik,j = δijCk − δikCj¦���

Bij,kk −Bik,jk = δijCk,k − δikCj,k, (4.3)

DOI: 10.12677/pm.2023.134112 1069 nØêÆ

https://doi.org/10.12677/pm.2023.134112


�¸

d�­¡Mn[²1, �L�y²
Bij,kl = Bij,lk, 2ò��(3.3)�Ó�\(3.2) ��

Bij,kk = (δijCk,k − δikCj,k) + 0 + (δkiCk,j − δkkCi,j) +Bkk,ij , (4.4)

2ò(3.4)ék¦Ú� ∑
k

Bij,kk = δij
∑
k

Ck,k − Cj,i + Ci,j − nCi,j (4.5)

d�­¡Mn[²1, �L�y²
Ci,j = Cj,i, (3.5)�z�∑
k

Bij,kk = δij
∑
k

Ck,k − nCi,j . (4.6)

�O� ∑
i,j,k

BijBij,kk =
∑
i,j,k

Bij (δijCk,k − nCi,j)

= −
∑
i,j

nBijCi,j . (4.7)

��ò|∇B|2 =
∑

i,j,k (Bij,k)
2
9(3.7)�\(3.1)k

|∇B|2 = −
∑
i,j,k

BijBij,kk

=
∑
i,j

nBijCi,j . (4.8)

duf6/Mn�Möbius/ªΦ²1(∇Φ = 0), =Cαi,j = 0, ¤±d(3.8) �ª�±y�∇B = 0, =B

²1. K�â½n2.4��, ½n1.1¤á.

½n1.2�y²

y ?�Ú, e�­¡Mn´;�, K�é(3.8)3�­¡MnþÈ©, k∫
M

|∇B|2 dM = n

∫
M

∑
i,j

BijCi,jdM, (4.9)

|^©ÜÈ©, �� ∫
M

|∇B|2 dM = n

∫
M

∑
i,j

[
(Bij · Ci)j −Bij,jCi

]
dM, (4.10)

dÑÝ½n�� ∫
M

|∇B|2 dM = −n
∫
M

∑
i,j

Bij,jCidM, (4.11)
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ò(2.1.23)ª�\(3.0.30)�� ∫
M

|∇B|2 dM = n (n− 1)

∫
M

C2
i dM

= n (n− 1)

∫
M

|Φ|2 dM. (4.12)

ddy²
½n1.2¤á.

½n1.3�y²

y BlaschkeÜþ����'Vg�ë�©z [2].ùp·��ÄO� 1
2
4 |∇λ|2

1

2
4 |∇λ|2 =

∑
i,j

(
λ2
i,j + λiλi,jj

)
=
∑
i,j

(
λ2
i,j + λiλj,ij

)
(4.13)

dRiccið�ª��

1

2
4 |∇λ|2 =

∑
i,j

λ2
i,j +

∑
i,j,m

λi (λj,ji + λmRmjij)

=
∑
i,j

λ2
i,j +

∑
i

λi (4λ)i +
∑
i,m

λiλmRim, (4.14)

d©z [1]�, Rij = −
∑

k BikBkj + tr (A) δij + (n− 2)Aij , ò��\(3.14) �

1

2
4 |∇λ|2 =

∑
i,j

λ2
i,j +

∑
i

λi (4λ)i +
∑
i,m

λiλm

(
−
∑
k

BikBkm + tr (A) δim + (n− 2)Aim

)

=
∑
i,j

λ2
i,j +

∑
i

λi (4λ)i +
∑
i,m

λiλm

(
−
∑
k

BikBkm + nλδim + (n− 2)λδim

)

=
∑
i,j

λ2
i,j +

∑
i

λi (4λ)i −
∑
i,m

λiλmBikBkm + 2 (n− 1) |∇λ|2 λ, (4.15)

d
∑

i,j λ
2
i,j ≥

∑
i λ

2
i,i, 2d�Ü)��]Ø�ªk

∑
i λ

2
i,i ≥ 1

n
(
∑

i λi,i)
2
, �(3.15)�� �

1

2
4 |∇λ|2 ≥ 1

n

(∑
i

λi,i

)2

+
∑
i

λi (4λ)i −
∑
i,m

λiλmBikBkm + 2 (n− 1) |∇λ|2 λ

=
1

n
(4λ)

2
+
∑
i

λi (4λ)i −
∑
k

(∑
i

Bikλi

)2

+ 2 (n− 1) |∇λ|2 λ, (4.16)
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du
∑

k

[∑
i (Bik)

2 ·
∑

i (λi)
2
]
≥
∑

k (
∑

iBikλi)
2
, K�UY� 

1

2
4 |∇λ|2 ≥ 1

n
(4λ)

2
+
∑
i

λi (4λ)i + 2 (n− 1)λ |∇λ|2 −
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