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Abstract

We are concerned with existence of positive solutions of semi-positone second order

problems  −u
′′(t) + u(t) = λ(f(u(t)) + w(t)), t ∈ [0, 1],

u′(0) = u′(1) = 0,
(P)

where λ is a positive parameter, w ∈ C([0, 1],R), and |w(t)| ≤ c, t ∈ [0, 1], c is a positive

constant, f ∈ C([0,∞), [0,∞)), and f is superlinear, i.e, f0 := lim
x→0

f(x)
x

= 0, f∞ := lim
x→∞

f(x)
x

=

∞. By using fixed point theorem in cones, we show that there exists a constant λ0 > 0

such that (P) has a positive solution for 0 < λ < λ0.
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1. Úó

���©�§ Neumann>�¯K�)��35´�a­��¯K,Úå
NõÆö�2�'

5,¿®²¼�
�
�)��35(J [1–7].AO/, 2000c, JiangÚ Liu [8]$^Iþ�ØÄ:

½nïÄ
 Neumann>�¯K u′′(t) +Mu(t) = f(t, u(t)), t ∈ (0, 1),

u′(0) = u′(1) = 0
(1.1)

�)��35,��Xe(J

½n A ([ [8],½n 1])b� f ∈ C([0, 1]× [0,∞), [0,∞)), 0 < M < π2

4
.ee¡^���¤á,

(A1) lim
u→0+

max
t∈[0,1]

f(t,u)
u

= 0, lim
u→+∞

max
t∈[0,1]

f(t,u)
u

= +∞;

(A2) lim
u→0+

max
t∈[0,1]

f(t,u)
u

= +∞, lim
u→+∞

max
t∈[0,1]

f(t,u)
u

= 0.

K¯K (1.1)��k���).
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2006c��8 [9]$^ÿÀÝnØïÄ
 Neumann>�¯K −u
′′(t) + η2u(t) = h(t)f(t, u(t)), t ∈ (0, 1),

u′(0) = u′(1) = 0
(1.2)

�)��35,Ù¥ η > 0,� 0 ≤ δ < 1
2
,�b½e�^�:

(H1) f ∈ C([0, 1]× [0,+∞), [0,+∞))´ëY¼ê,

(H2) h(t) ≥ 0, t ∈ [0, 1]¿� 0 <
∫ 1−δ
δ

h(t)dt ≤
∫ 1

0
h(t)dt < +∞.

¼�
Xe(J:

½n B ([ [9],½n 2])b½ (H1)–(H2)¤á.e�3�ê aÚ b¦� 0 ≤ ϕ(a) ≤ aA, ψ(b) ≥ B,
K¯K (1.2)��k���) u∗÷v min{a, b} ≤ ||u∗|| ≤ max{a, b},Ù¥,

A = [ max
0≤t≤1

∫ 1

0

G(t, s)h(s)ds]−1, B = [ min
δ≤t≤1−δ

∫ 1−δ

δ

G(t, s)h(s)ds]−1,

ϕ(r) = max{f(t, u) : (t, u) ∈ [0, 1]× [0, r]}, ψ(r) = min{f(t, u)

u
: (t, u) ∈ [δ, 1− δ]× [σr, r]},

G(t, s)� (1.2)éA��5¯K� Green¼ê, r��~ê.

��5¿�´,©z [8, 9]ïÄ
� Neumann>.^����5� f �K�¯K�)��3

5.��g,�¯K´,e��5�����/,UÄ���)��35(J?(�/`,·��Ä�

� Neumann¯K  −u
′′(t) + u(t) = λ(f(u(t)) + w(t)), t ∈ [0, 1],

u′(0) = u′(1) = 0
(1.3)

�)��35, λ��ëê.

�©�¡ob½:

(H1) f ∈ C([0,∞), [0,∞));

(H2) f0 := lim
x→0

f(x)
x

= 0, f∞ := lim
x→∞

f(x)
x

=∞;

(H3) w ∈ C([0, 1],R),� |w(t)| ≤ c, c�?¿�~ê.

�©�Ì�(JXe:

½n 1.1 b� (H1)–(H3)¤á,K�3~ê λ0 > 0,¦�� 0 < λ < λ0�,¯K (1.3)���3

���).

5 � w(t) = 0 �,¯K (1.3)�òz�¯K (1.1) M = 1���/.�©b½ |w(t)| ≤ c,-

h = f + w,Ï� f ≥ 0,¤± h(t) ≥ −cáu����/.ØJwÑ,� w = 0�,òz� JiangÚ

Liu [8]�ó�.Ïd,�©í2
 JiangÚ Liu [8]�ó�.
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2. ý��£

-�m X := C[0, 1],Ù3�ê ‖u‖∞ = max
t∈[0,1]

|u(t)|e�¤ Banach�m, L1[0, 1]3�ê ‖y‖1 =∫ 1

0
|y(t)|dte�¤ Banach�m.

Ún 2.1 [10, 11]� X ´�� Banach�m,� K ´ X ¥���I,= K ⊂ X.b� Ω1, Ω2 ´

X �k.mf8,�k 0 ∈ Ω1, Ω1 ⊂ Ω2.-

F : K ∩ (Ω2 \ Ω1)→ K

´�ëY�f�÷v

(i) ‖Au‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω1,� ‖Au‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω2;

½

(ii) ‖Au‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω1,� ‖Au‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω2.

K A3K ∩ (Ω1 \ Ω2)¥k��ØÄ:.

Ún 2.2 - z÷v  −z
′′(t) + z(t) = λg(t), t ∈ [0, 1],

z′(0) = z′(1) = 0,

Ù¥ g ∈ L1[0, 1],�
∫ 1

0
g(t)dt > 0,K

z(t) ≥ λσ||z||∞,

Ù¥ σ = m
M

= 1
cosh 12

, M = max
0≤t≤1

G(t, s) = cosh 12

sinh 1
, m = min

0≤t≤1
G(t, s) = 1

sinh 1
.

y² �â©z [12]��,

z(t) = λ

∫ 1

0

G(t, s)g(s)ds.

Ù¥

G(t, s) =


cosh(1−t) cosh s

sinh 1
, 0 ≤ s ≤ t ≤ 1,

cosh(1−s) cosh t
sinh 1

, 0 ≤ t ≤ s ≤ 1,

cosh t = e−t+et

2
, sinh t = et−e−t

2
,w, G(t, s) ≥ 0, t ∈ [0, 1],�±��

z(t) = λ

∫ 1

0

G(t, s)g(s)ds ≥ λm
∫ 1

0

g(s)ds

= λσ

∫ 1

0

Mg(s)ds = λσmax

∫ 1

0

G(t, s)g(s)ds

= λσ||z||∞.
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Ún 2.3 - u ∈ C[0, 1],÷v −u
′′(t) + u(t) ≥ −λc, t ∈ [0, 1],

u′(0) ≥ 0, u′(1) ≥ 0,

K u ≥ 0,b½ ||u||∞ ≥ Mc+λσMc
σ

,K

u(t) ≥ λσ||u||∞ − λMc− λ2σMc.

y² � v0(t)´�©�§

 −u
′′(t) + u(t) = −λc, t ∈ [0, 1],

u′(0) = u′(1) = 0

���),K

−v0(t) = λ

∫ 1

0

G(t, s)c ds ≤ λM
∫ 1

0

c ds ≤ λMc.

Ïd,

−v0(t) ≤ λMc.

- y(t) = u(t)− v0(t),K y(t)÷v

 −y
′′(t) + y(t) ≥ 0, t ∈ [0, 1],

y′(0) ≥ 0, y′(1) ≥ 0.

dÚn 2.2��§

y(t) ≥ λσ||y||∞, t ∈ [0, 1].

é?¿� t ∈ [0, 1],k

u(t) = y(t) + v0(t)

≥ λσ||y||∞ − λMc

= λσ||u− v0||∞ − λMc

≥ λσ(||u||∞ − ||v0||∞)− λMc

≥ λσ(||u||∞ − λMc)− λMc

≥ λσ||u||∞ − λMc− λ2σMc, t ∈ [0, 1].
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3. Ì�(J�y²

½n1.1�y² b� f0 = 0, f∞ =∞,�¯K −u
′′(t) + u(t) = λ(f(u(t)) + w(t)), t ∈ [0, 1],

u′(0) = u′(1) = 0

�du

u(t) = λ

∫ 1

0

G(t, s)(f(u(s)) + w(s))ds, t ∈ [0, 1].

½Â

K = {u ∈ X | u(t) ≥ λσ||u||∞ − λMc− λ2σMc, t ∈ [0, 1]}

du ||u||∞ ≥ Mc+λσMc
σ

,¤± u(t) ≥ 0,KK � X ¥�I.e u ∈ K,(ÜÚn 2.3��,

Lu(t) = λ

∫ 1

0

G(t, s)((f(u(s)) + w(s)))ds

= λ

∫ 1

0

G(t, s)(f(u(s) + w(s) + c)ds− λ
∫ 1

0

G(t, s)c ds

≥ λm
∫ 1

0

(f(u(s)) + w(s) + c) ds− λMc

= λσ

∫ 1

0

M(f(u(s) + w(s) + c) ds− λMc

≥ λσ||Lu||∞ + λσMc− λMc

≥ λσ||Lu||∞ − λMc− λ2σMc.

� L(K) ⊂ K,´� L´ëY�,ey L´;�f.

� S ⊂ C[0, 1]�k.8,d f + w�ëY5�,�3 D > 0,k

f(u) + w ≤ D, u ∈ S.

éu u ∈ S k

||Lu||∞ = max
t∈[01]

∣∣λ∫ 1

0

G(t, s)((f(u(s)) + w(s)))ds
∣∣

≤ λ
∫ 1

0

MDds

≤ λMD.
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Ïd, L(S)3 C[0, 1]þ��k..é?¿ t1, t2 ∈ [0, 1] (t1 < t2)k

∣∣Lu(t1)− Lu(t2)
∣∣ =

∣∣λ∫ 1

0

G(t1, s)(f(u(s)) + w(s))ds− λ
∫ 1

0

G(t2, s)(f(u(s)) + w(s))ds
∣∣

≤ λD
∫ 1

0

∣∣G(t1, s)−G(t2, s)
∣∣ds.

d G(t, s)ëY5��,é?¿� ε > 0,�3 δ(ε) > 0,¦�e |t1 − t2| < δ,K |Lu(t1)− Lu(t2)| < ε.

�,L(S)3 C[0, 1]þ�ÝëY.d Arzèla-Ascoli½n�, L(S)3 C[0, 1]þ´�é;�,Ïd, L´�

ëY�.

(a)e f0 = 0,Ké?¿ η > 0,�3 H1 > 1,� 1 < u ≤ H1�,k f(u) ≤ ηu,÷v

λM(η + c) ≤ 1.

Ïd,e u ∈ K � ||u||∞ = H1,K

∣∣Lu(t)
∣∣ =

∣∣λ∫ 1

0

G(t, s)((f(u(s)) + w(s)))ds
∣∣

≤ λ
∫ 1

0

G(t, s)
∣∣((f(u(s)) + w(s))

∣∣ds
≤ λM

∫ 1

0

(
∣∣ηu(s)

∣∣+ c)ds

≤ λM
∫ 1

0

(η||u||∞ + c||u||∞)ds

≤ ||u||∞. (3.1)

= λ ≤ 1
M(η+c)

:= λ0.

-

Ω1 := {u ∈ X : ||u||∞ < H1}.

d (3.1)�

||Lu||∞ ≤ ||u||∞, u ∈ K ∩ ∂Ω1. (3.2)

(b)e f∞ =∞,Ké?¿ µ > 0,�3 Ĥ2 > 0,� u ≥ Ĥ2�,k f(u) ≥ µu,�÷v

λ2mµσ − λ2µmMc− λ3µm2c− λmc ≥ 1.

- H2 = max{2H1,
Ĥ2+λMc+λ2σMc

λσ
}� Ω2 := {u ∈ X : ||u||∞ < H2},K u ∈ K, ||u||∞ = H2,

u(t) ≥ λσ||u||∞ − λMc− λ2σMc ≥ Ĥ2.
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Ïd

∣∣Lu(t)
∣∣ =

∣∣λ∫ 1

0

G(t, s)(f(u(s)) + w(s))ds
∣∣

≥ λ
∣∣ ∫ 1

0

G(t, s)(µu(s)− c)ds
∣∣

≥ λm
∫ 1

0

[µ(λσ||u||∞ − λMc− λ2σMc)− c]ds

= λ2µmσ||u||∞ − λ2µmMc− λ3µm2c− λmc

≥ λ2mµσ||u||∞ − (µλ2mMc+ λ3µm2c+ λmc)||u||∞

≥ (λ2mµσ − λ2µmMc− λ3µm2c− λmc)||u||∞

≥ ||u||∞.

Ïd

||Lu||∞ ≥ ||u||∞, u ∈ K ∩ ∂Ω2. (3.3)

l
,d (3.2), (3.3)ÚÚn 2.1��,L3K∩(Ω2\Ω1)¥k��ØÄ:,¦�H1 ≤ ||u||∞ ≤ H2.

Ïd,� 0 ≤ λ ≤ λ0�k���).

4. A^

~ �Ä¯K  −u
′′(t) + u(t) = λ(2u2 + sin 2t), t ∈ [0, 1],

u′(0) = u′(1) = 0
(4.1)

�)��35,Ù¥ λ > 0�ëê.

) ùp� f(u) = 2u2, w(t) = sin 2t,w, f(u) ≥ 0,� f ÷v f0 = 0, f∞ =∞,^� (H1)-(H2)

¤á,¿� | sin 2t| ≤ 1, t ∈ [0, 1],^� (H3)¤á.

�â½n 1.1�3~ê λ0 > 0,¦�� 0 < λ < λ0�,¯K (4.1)�3���).

Ä7�8

I[g,�ÆÄ7(1OÒ: 12061064).
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