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Abstract

The semi-uninorm ordered weighted averaging (SOWA) operators is generalize of weighted means

and OWA operators. In this paper, the Choquet Integral of semi-uninorm based on Sugeno
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measures are discussed and combine the characteristics of the the semi-uninorm ordered weighted

averaging operators.
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1. có

àÜ$�Î´àÜõ��Æ+���r�óä. 3yk��þ�f¥, ChoquetÈ©ÏÙÏ^5
�üX­�

��Ú [1]. ���J�´ChoquetÈ©í2
ü�Í¶��f, \�þ��fÚkS\�²þ(OWA)�f [2]§§

�3©z¥�ª�¦^. ¯¢þ, 3&E8¤�, \�²þ(WA) �fÚkS\�²þ(OWA) �f´ØÓ�. \�²

þ�f�âz�&E
�­�5(á5�­)5\�3XÚ¥�­�5, 
kS\�²þ(OWA)�fK�â§���

é ��­�5( ��­) 5\�Ù3XÚ¥�­�5. \�²þ(WA) �fÚkS\�²þ(OWA) �f3�


Ü6��ì!÷¿Ý¯K!õOKà8¯K��¡ [3–5]?1
2��ïÄ. 
�, éõÆö3ØÓ�µeòWA�

fÚ OWA �f?�ÚÿÐ!?ØÚïÄ [6]. 2015 c, Llamazares JÑ
Äu����kS\�²þ (SUOWA)

�f. XÚïÄ
Q�Äá5�­q�Ä ��­�8¤�{, ¿A^uØ(½õá5ûü¥, ÙA:´3&E8¤

�f¥�)ü|�­�þ [7]. 1974 c, F�ÆöSugeno í2
²;�VÇÿÝ����\5, ±�å^��f�

üN5��
²;VÇ¥��\5^�, JÑ
�
ÿÝ�Vg, ù�·�Jø
��U
k�£ãy¢¯K¥�

3��p�6, �p'éy��óä [8–11]. 8¤�fnØ�,��­�SN´8(&E��­(½¯K&E, �­

Ny
ûüö�Ñ�ûü&E�­�5§Ý, Ù����'X��ª�ûü�JÚ8((J.XÛòü|ÿÝ(Üå

5, éõ�êâ?1�Ð/8¤(XQ�Äá5�­q�Ä ��­�8¤�{�), ��n��í2����½��

��´²~�Ä�. 2019 c, ý!o/Ïu Sugeno ÿÝÚn��í2����Ú�����½Â [12], JÑ
Ä

uSugeno ÿÝ�����Choquet È©±9���'é�orness ÿÝ�½Â9Ù5� [13], ¿éÙ?1
Þ~`

². �©1�Ü©Â8
�
ÿÝ!�����½Â; 1�Ü©�âÄu Sugeno ÿÝ�����Choquet È©�

½Â9Ù¦5�, éÄu Sugeno ÿÝ�����Choquet È©�Ù¦5�?�Ú!ØÚïÄ.

2. ½Â9`²

� X ���8Ü, A ´d X �f8�¤� σ− �ê, ¡8¼ê µ : A → [0,∞) ��5��
ÿÝ(Sugenoÿ

Ý), ´� [8–11]:

(1) µ(∅) = 0;

(2) µ(X) = 1;

(3) éuA,B ∈ A, e A ⊆ B, K µ(A) ≤ µ(B).
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½½½ÂÂÂ 1.1 � X �k�8, µ ´ A þ� Sugeno ÿÝ. ½Â x = (x1, x2, · · · , xn) 3 X þÄu�
ÿÝ µ �

Choquet È©�

(C)

∫
A

xdµ =

n∑
i=1

xi(µ(Ai)− µ(Ai+1)).

ØJO�

(C)

∫
A

xdµ =
n∑
i=1

(xi − xi+1)µ(Ai).

Ù¥, X = (1, 2, · · · , n), A ⊆ X,Ai = {i, i+ 1, · · · , n}, i = 1, 2, · · · , n, An+1 = ∅, x1 ≥ x2 ≥ · · · ≥ xn.

½½½ÂÂÂ 1.2 [12]���¼ê U : [0, 1]2 → [0, 1]. ¡ U ´������, ´� U éz�CþäküN5��3ü

 � e ∈ [0, 1], =é?¿� x ∈ [0, 1], �3 e ∈ [0, 1], k U(e, x) = U(x, e) = x.

±e�ü�ëY�����µ

~1.1.

UP̄ (x, y) =

max(x, y) if (x, y) ∈ [1/n, 1]2,

nxy otherwise.

UTL(x, y) =

max(x, y) if (x, y) ∈ (1/n, 1]2,

max(x+ y − 1/n, 0) otherwise,

du UP̄ Ú UTLÑ´ëY�,Kþ¡�ü������±�¤µ

UTL(x, y) =

max(x, y) if (x, y) ∈ (1/n, 1]2,

max(x+ y − 1/n, 0) otherwise,

Up̄(x, y) =

max(x, y) if (x, y) ∈ (1/n, 1]2,

nxy otherwise.

½½½ÂÂÂ 1.3 [13] � X �k�8, µ(1), µ(2) ´ X þ�ü� Sugeno ÿÝ, ���� U ∈ Ũ
1
n . éu A ⊆ X, ½Â

υU
µ(1),µ(2) : 2X → R �

υUµ(1),µ(2)(A) = |A|U
(µ(1)(A)

|A| ,
µ(2)(A)

|A|
)
.

e A = ∅, P υU
µ(1),µ(2)(∅) = 0. |A| L«8Ü A �Äê. Ù¥, Ũ

1
n = {U ∈ U

1
n | U( 1

k
, 1
k

) ≤ 1
k
,∀k ∈ X}. w,/,

U
1
n
i ⊆ Ũ

1
n .

N´O�:

(1) υU
µ(1),µ(2)(∅) = 0;

(2) υU
µ(1),µ(2)(X) = |X|U(µ

(1)(X)
|X| , µ

(2)(X)
|X| ) = 1;

(3) υU
µ(1),µ(2) �üNCX υ̂U

µ(1),µ(2)(A) = max
B⊆A

υU
µ(1),µ(2)(B) ÷vüN5.

3. ÄuSugenoÿÝ�����Choquet È©9A5

½½½ÂÂÂ 2.1 [13] � X �k�8, µ(1), µ(2) ´ X þ�ü� Sugeno ÿÝ, U ∈ Ũ
1
n . x = (x1, x2, · · ·xn) Äu

Sugeno ÿÝ����� Choquet È© CU
µ(1),µ(2) : Rn → R ½Â�

CUµ(1),µ(2)(x) =

n∑
i=1

(υ̂Uµ(1),µ(2)(A[i])− υ̂Uµ(1),µ(2)(A[i−1]))x[i], (1)
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Ù¥ A[i] = {[1], [2], · · · , [i]}, A[0] = ∅, x[i](i = 1, 2, · · · , n) L« x ¥1 i ���ê, = x[1] ≥ x[2] ≥ · · · ≥ x[n].

ØJO�

CUµ(1),µ(2)(x) =
n∑
i=1

υ̂Uµ(1),µ(2)(A[i])(x[i] − x[i+1]).

Rnþ���\��þ q ´� q = (q1, q2, · · · , qn) ∈ [0, 1]n �
n∑
i=1

qi = 1. W L« Rn þ¤k\��þ�8Ü.

5 2.1 d (1) ª��, � p = (p1, p2, · · · , pn),ω = (ω1, ω2, · · · , ωn) ´ü��­�þ, � µ(1)(A) =∑
i∈A

pi, µ
(2)(A) =

|A|∑
i=1

ωi �, CU
µ(1),µ(2)(x) òz�Äu�­�þ p,ω �����kS\�²þ(SUOWA)�f

SUp,ω :

SUp,ω(x) =
n∑
i=1

(υ̂Up,ω(A[i])− υ̂Up,ω(A[i−1]))x[i].

5 2.2d (1)ª��,�p = (p1, p2, · · · , pn),η = ( 1
n
, 1
n
, · · · , 1

n
)´ü��­�þ,�µ(1)(A) =

∑
i∈A

pi, µ
(2)(A) =

|A|/n �, CU
µ(1),µ(2)(x) òz�Äu�­�þ p �\�²þ�fMp :

Mp(x) =
n∑
i=1

pixi.

5 2.3d (1)ª��,�η = ( 1
n
, 1
n
, · · · , 1

n
),ω = (ω1, ω2, · · · , ωn)´ü��­�þ,�µ(1)(A) = |A|/n, µ(2)(A) =

|A|∑
i=1

ωi �, CU
µ(1),µ(2)(x) òz�Äu ω �kS\�²þ�f(OWA �f) Oω :

Oω(x) =
n∑
i=1

ωix[i].

½½½ÂÂÂ 2.2 [13]� X �k�8, µ(1), µ(2) ´ X þ�ü� Sugeno ÿÝ, U ∈ Ũ
1
n . Äu���� Sugeno ÿÝ�

Choquet È©� orness ÿÝ orness(CU
µ(1),µ(2)) ½Â�

orness(CUµ(1),µ(2)) =
1

n− 1

n−1∑
t=1

1(
n
t

) ∑
T⊆X|T |=t

υUµ(1),µ(2)(T ). (2)

555 2.4 d(2)ª��,�p = (p1, p2, · · · , pn), ω = (ω1, ω2, · · · , ωn)´ü��­�þ,�µ(1)(A) =
∑
i∈A

pi, µ
(2)(A) =∑|A|

i=1 ωi �, orness(CU
µ(1),µ(2))òzÄu�­�þ p,ω ������kS\�²þ�f(SUOWA�f)� ornessÿ

Ý orness(SUp,ω) :

orness(SUp,ω) =
1

n− 1

n−1∑
t=1

1(
n
t

) ∑
T⊆X|T |=t

υUp,ω(T ).

555 2.5 d(2)ª��,� η = ( 1
n
, 1
n
, · · · , 1

n
),ω = (ω1, ω2, · · · , ωn)´ü��­�þ,� µ(1)(A) = |A|

n
, µ(2)(A) =∑|A|

i=1 ωi �, orness(CU
µ(1),µ(2)) òz�Äu ω �kS\�²þ�f(OWA �f)� orness ÿÝ orness(Oω) :

orness(Oω) =
1

n− 1

n−1∑
i=1

(n− i)ωi.

½½½nnn 2.1� X �k�8, µ(1), µ(2) ´ X þ�ü� Sugeno ÿÝ, éu¤k� j ∈ X,e
∑j
i=1 µ

(2) ≤ j/n�

mini∈X µ
(1) + mini∈X µ

(2) ≥ 1/n, Kéu?¿� T ⊆ X, ¦�|T | = t ≥ 1, k
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v
UTL

µ(1),µ(2)(T ) =
∑
i∈T

µ(1)(i) +

t∑
i=1

µ(2)(i)− t

n

½½½nnn 2.2� X �k�8, µ(1) ´ X þ��� Sugeno ÿÝ, e t ≥ 1, K

∑
T⊆X
|T |=t

∑
i∈T

µ(1)(i) =

(
n− 1

t− 1

)
n∑
i=1

µ(1)(i) =

(
n− 1

t− 1

)
=

(
n

t

)
t

n

?�Ú,éu j ∈ X,

∑
T⊆X\{j}
|T |=t

∑
i∈T

µ(1)(i) =

(
n− 2

t− 1

)
n∑
i=1
i6=j

µ(1)(i) =

(
n− 2

t− 1

)(
1− µ(1)(j)

)

=

(
n− 1

t

)
t
(

1− µ(1)(j)
)

n− 1
.

½½½nnn 2.3� X �k�8, µ(1), µ(2) ´ X þ�ü� Sugeno ÿÝ, éu¤k� j ∈ X,e
∑j
i=1 µ

(2) ≤ j/n�

mini∈X µ
(1) + mini∈X µ

(2) ≥ 1/n, Kéut ≥ 1, k

∑
T⊆X
|T |=t

v
UTL

µ(1),µ(2)(T ) =

(
n

t

)
t∑
i=1

µ(2)(i)

?�Ú, éuj ∈ X, k

∑
T⊆X\{j}
|T |=t

v
UTL

µ(1),µ(2)(T ) =

(
n− 1

t

)((
1− µ(1)(j)

n− 1
− 1

n

)
t+

t∑
i=1

µ(2)(i)

)
.

y² �â½n2.1Ú½n2.2§��

∑
T⊆X
|T |=t

v
UTL

µ(1),µ(2)(T ) =
∑
T⊆X
|T |=t

∑
i∈T

µ(1)(i) +
∑
T⊆X
|T |=t

t∑
i=1

µ(2)(i)−
∑
T⊆X
|T ||=t

t

n

=

(
n

t

)
t

n
+

(
n

t

)
t∑
i=1

µ(2)(i)−

(
n

t

)
t

n

=

(
n

t

)
t∑
i=1

µ(2)(i),

?�Ú,�� ∑
T⊆X\{j}
|T |=t

v
UTL

µ(1),µ(2)(T ) =
∑

T⊆X\{j}
T |=t

∑
i∈T

µ(1)(i) +
∑

T⊆X\{j}
|T |=t

t∑
i=1

µ(2)(i)−
∑

T⊆X\{j}
T |=t

t

n

=

(
n− 1

t

)((
1− µ(1)(j)

n− 1
− 1

n

)
t+

t∑
i=1

µ(2)(i)

)
.
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½½½nnn 2.4 � X �k�8, µ(1), µ(2) ´ X þ�ü� Sugeno ÿÝ, éu¤k� j ∈ X,e
∑j
i=1 µ

(2) ≤ j/n�

mini∈X µ
(1) + mini∈X µ

(2) ≥ 1/n, Kéut ≥ 1, k

orness(S
UTL

µ(1),µ(2)) = orness(Ow) ≤ 0.5

y²�â½Â 2.2 �5 2.5, ��

orness
(
S
UTL

µ(1),µ(2)

)
=

1

n− 1

n−1∑
t=1

1(
n

t

) ∑
T∈N
|T |=t

v
UI1

µ(1),µ(2)(T )

=
1

n− 1

n−1∑
t=1

t∑
i=1

wi

= orness (Ow) ≤ 0.5,

½½½nnn 2.5 � X �k�8, µ(1), µ(2) ´ X þ�ü� Sugeno ÿÝ,éu¤k� j ∈ X,k
∑j
i=1 µ

(2) ≤
j/n�

∑j
i=1 µ

(2)/j ≤ j/n, e T ⊆ X � |T | = t ≥ 1,K

v
Up̄

µ(1),µ(2)(T ) = tUP̄

(∑
i∈T µ

(1)(i)

t
,

∑t
i=1 µ

(2)(i)

t

)

=
n

t

(∑
i∈T

µ(1)(i)

)(
t∑
i=1

µ(2)(i)

)
.

½½½nnn 2.6� X �k�8, µ(1) ´ X þ��� Sugeno ÿÝ, éu¤k� j ∈ X,
∑j
i=1 µ

(2) ≤ j/n. e t ≥ 1,K

∑
T⊆X
|T |=t

v
U

P̃

µ(1),µ(2)(T ) =

(
n

t

)
t∑
i=1

µ(2)(i),

?�Ú§éu j ∈ X,k

∑
T⊆X\{j}
|T |=t

v
U

P̃

µ(1),µ(2)(T ) =
n

n− 1

(
1− µ(1)(j)

)( n− 1

t

)
t∑
i=1

µ(2)(i).

y²�â½n 2.2 �½n 2.5, ��

∑
T⊆X
|T |=t

v
U

P̃

µ(1),µ(2)(T ) =
n

t

(
t∑
i=1

µ(2)(i)

) ∑
T⊆X
|T |=t

∑
i∈T

µ(1)(i)

=

(
n

t

)
t∑
i=1

µ(2)(i).

l
 ∑
T⊆X\{j}
|T |=t

v
U~P

µ(1),µ(2)(T ) =
n

t

(
t∑
i=1

µ(2)(i)

) ∑
T⊆X\{j}
|T |=t

∑
i∈T

µ(1)(i)

=
n

n− 1

(
1− µ(1)(j)

)( n− 1

t

)
t∑
i=1

µ(2)(i).
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