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Abstract

This paper is concerned with the time-periodic solutions of the Dirichlet boundary value problem
for nonlinear wave equations in the presence of a time-periodic external forcing with frequency w
and amplitude &. Combining the Lyapunov-Schmidt reduction, the implicit function theorem and
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the contraction mapping principle, we prove the existence of time-periodic solutions. The result
holds for w belongs to a Diophantine type parameter set. Moreover, we prove the regularity of the
solutions in both Sobolev and classical cases. Finally, we prove the local uniqueness near a static
equilibrium.
Keywords

Nonlinear Wave Equation, Time-Periodic Solution, Lyapunov-Schmidt Reduction

Copyright © 2023 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 518
B AR L Ik ipe 50 J7 18 Dirichlet 1118 ] &t
U, —u, =&f(x,ot,u), xe(0,n), teR,
u(0t)=u(mt)=0, teR.

(1.1)

T FR(L.1) 84 T 19 g ] o ()54 AE AN 0 R 323883, X B 0 > 0 RRINIHER, 0<e <12
THR S RIS RN S B ASCRIERSM ) (%, u) BN 2n b, TR SAAENEN o (B
N 21/ @ ) TR [) JE] 1 o

AELe M s J7 A% 1 8 gt 7846 T Rabinowitz [1], SCH KA B A B8 1 77 4 e B AR Ltk i 5 77
FEb, IR SR AR in) R R N — AN A, W o =1 B TR @S T (L) WA IR e 4510 . 400
)y 11, Dirichlet 31 514 {1 T 4 B2 ) D’ Alembert 5174 {17 - j,1 € Z, j > 1} 5% 055 B 19 THHAER, B
Se 4 LRI . Rabinowitz 383 o HE LR MR T £t SR v S50, 345 TR L 1A TG 95 48 43 S i) R AT i, T
fil ek T e AL IR B S AT R B Ok . AZ IS R, Tanaka [2], Fokam [3]F F S MR s pE D7 45 8 7 9E
2Rk B RE A F WIf# . Brézis, Bahri, Nirenberg 25, A& 7 Rabinowitz fI48 5 kit — b gt —4
AL ki S 7 R R AR (O A 95 4518, IL[4] [5] [6]. Cheng-Zhang [7], Wei [8]4%5 4 Rabinowitz 487y J5 %
R s ARSI T 4R s T R R M. FEAR AR, RIRSCE AP R R R
BRI A M 250, $F52 ¥ Rabinowitz (1787 1AM 2 0 e Q FEALIB B AR IR, SRR
FRATUNE,  FRAT IS 2 A A 250 5 58 A SR IR TR ANAH A o IR PR A AR 1) B 5 728 49 7 v —
S RE R AT B . 2 0 e R\QH, D’ Alembert 51T 0’0, -0, M1 {01* - j*,| € Z, je 27} ih
WA FRHEE, (HRHEES, MR E AT S /NREE, R LS SO LRI R AR
ERZ VNGRS R -BREL SRR, WAMAS T ZEE, g nEREre g
2B HUE T BRI BN H T R 7 1A SR A DUl . I eax —HE s, 9151
T KAM 2, 3C[10] [11]5] A\ T Nash-Moser i£AQH A H LR A2 A Hamilton S5 #4 1 J LR 5 77 2,
JCH AT, 2 A W[12] [13] [14] [15] [16].

WAZBUE B PR /N R BBOT R P A AN S A B TR B A e 1 A B %, McKenna [17])8 I ANB) s e 3
ER 724 f(x,tu)=g(u)+h(xt), g kT uid—B Lipschitz 260, T (L) RISIMAAENE. ERT ST
IR McKenna A3 4 AT I T S A b ) — AN 0 BE AR I AN PR AN BR B, BR T Ao EA LA
HMX — AR AL A OB SC[18]ME B T RS FL G H T HERR IR, BDRIET T o

DOI: 10.12677/pm.2023.134119 1143 IR


https://doi.org/10.12677/pm.2023.134119
http://creativecommons.org/licenses/by/4.0/

JSEIESBEITA S, UL Mawhin F1 Ben-Naoum [19]. J&K, Bambusi [20] [21]5% T Diophantine 1A
MELEIR T — /MR T AR o MRIEILIRFAE, PR — S AT id th— N IE R AR AR, A
(ST VG SE G (0 2 B, AT e Vet A 2 e IO Fy v B3 40 IO FH 22 ML P P 4 1 S 3 . dpeif, Wi [22]
FIHFE AL AR Leray-Schauder #ifr, 7EARZRIETUR EHTITAILIRFAT T, #3] 7 AR IE B 2
JEL SRR AR AE 1

52 Bambusi [20] [21] (5K, I HEE T4 5 BRAE B AS S5 m BRI B0 0 54T LSS, 04T S8 A8 3]
K AR BN AN Iy /N IR I 1) Z 135 TR 5 SR AL B o SR RAE J7 125 b, (82 SR FH 42 3111 Lyapunov-Schmidt 2544,
W SR T RE RS ST FRAE T FE . o, 6 f IRB 2 SO R IE M AR 1, T8I 2 )
Ko bR BIOE BER AR 7 SCOT R SRR TEAIR o i R ARILIRG AR, Tl 4l B SR AR BT F8 . A3
R IR AR . IR 5 R e — 1k

ARG : 55 1 WA AT SRR L 3 7 R A AR — e g R 58 2 WAL
IR, FE R e #A Banach ANzh e B, 28 3.1 F5iE I Lyapunov-Schmidt 946K METEAL 5 1 75 FE 43 1
G335 FEAME IO FE 45 AR SO B e B 3.1; 3 3.2 WWIRAIAE i R AR 1F TR & LB
BRECE BER ARy ST RE s 56 3.3 WIRMITESR o R AEILIRFAF TR A R4 SR BR AR E T 78 &
JG, S5 3.2 A1 3.3 WA R e e BE 3.1 FRHIE B
2. FEHENR

ARG LA TR 1 E EL

SEFE 2.1, [23] (BeeR&oEH)® X,Y,Z & Banach /A, Ec XxY ZR(X, Y, ) B—DIF4RHEL. 1%
feC(E,Z) KT yHFMIHET f,(xy)="1/(xy)Hf eC(EL(Y.Z)), Bk #HLLT 2:

(i) f(%.Y,)=0:

(i) (% ¥)eL(Z,Y)-

W 7R £ (x,y) =0 4£4E v, > 0 FiE—1 y =u(x) € C(B, (%,),B, (o)) {73

() B (%)xB, (Yo)<E:

(i) u(x)="Yo:

(ii)) f(xu(x))=0, VxeB (%)-

#—%, # feC(E,Z), MueC(B (x).Y)H

(%)==t (xu(x))e £, (xu(x), vxeB (x)

HAB, (%) ={xe X :|x=x| <r}, B (¥o)={yeY:|y-yo|<n}-

SEFE 2.2. [24] (Banach ANZh &g H) ¥ X /& Banach 45[f], A: X — X & —AEtEmtsf, JFHA

[A()-A@)<rfu-d] (uaex),

XEEH y <1, RAOTFRA DA EARW, A FE X b e AAEmE— A S .
3. FELGR R HIERA
3.1. XEHR

@t - ot (L) MTE b

{a)zuﬂ—uXX =¢f(xtu), xe(0,m), teR,

u(0,t)=u(mt)=0, 3.1)

DOI: 10.12677/pm.2023.134119 1144 S H


https://doi.org/10.12677/pm.2023.134119

IE
P
E
&
=

Hrp f Tt B 2n M), (BUE £ 5T (tu) 2 iddrag, H
f(xtu)= > f,(x)ue™

leZ keN
b, (x) e Ha((0,m)), HETF 1 3EHER0RR, 8D Fy, =, .
5 X Banach %]

U, = {u(x,t):Zu, (x)e" :u, € H ((0,m);C),u, =T,

leZ
ol = El s (117 ) < oo},
€.

Hero20, s20. Ho>00, bRZMAPRRE, 758 b5 X
W, HMs>1/28F, U R ADRBEL:
Jwi, . <cful, V], o uveu,.,

Imt|< o T 71E A AR 2

Hrp

C, = 23(2 L jm.

nez 1+ nzs

BEA, FATTEESK £ 3 2 LA R
(FfifEo>0, r>01fifE

DC(f)rf <o,

keN

He

ck(f)=\/§|| f,‘k(x)||2Hl(1+I2)e4f’"‘ <o, VkeN.

Helo>0 W, HTEREHKIME TIEDEHEM v(x) . B TIMUL, JATH R E 2N
Lyapunov-Schmidt Z14t..
W F AR 2y U, =V ew ., Hrp

Vi=Hg((0,m)), W, = {WEUG’S Tw=>w, (x)e”‘}.

10

gt —k, FAVHAHCueU, (BRlu=v(x)+w(xt), HhveV, weW, . KRG HBLEIVW_
ERies

Vo =[], f(v+w), 23305,

Lw=e[],, f(v+w), {HETE,
Hor T, Iy WA ueU, BtV W ERESESE T, Nemitski 57

f(u)(xt)=f(xtu(xt))
PR
LU= o’U, —U,,.

MEAEIR SR FI M e/ > OB, w— 0. TEXAMRIR TX RIS RN

DOI: 10.12677/pm.2023.134119 1145 S H


https://doi.org/10.12677/pm.2023.134119

v, =& fo (%,v(x)), (3.2)
Hp
fo(x,u)=Y fo, (X)uk.

keN
BB T TTRER.2) A B 3 S T AR, FRATDO et i BA R AR 14«
WX HE—g>0, HFE
(3.3)

v, =& £y (x,v(x)),
v(0)=v(n)=0,

£ Hy ((0,7)) TAFAEARIRILAR V. BIN3.3)E V Ak I 2k M AL 5 72
{—hxx =z fJ(V)h,

h(0)=h(r)=0,

7E H3 ((0,)) hfR A h=0 .
FEUHIRERV)IF L], R S M, (V)RTRBALN, A% MR 5

A0 145 7«

HIE—, He=00, v=0R812@3)MAEBILAiE, TRHEREBuEHE M, XEB Mg, (3.3)FF
FERGE IS EYAA N

B =, # f,(x0)=08,f,(x,0)=0, WXHMEREK & >0, v>O0H#ZEIFE(3.3)MARBILA;F -

% S LA 7 R RRAE 7]

¢;(0)=¢;(n)=0,
184y, J =12, AP MRS ORE A, i o, = 2 SRESZIORAESER, o,
R o W AR A4
(QF o il RAIHREAE, HHTFy>0, HoeW, cR, KR

=1j=12,-. &

Hl

w, ::{w:|w|—wj|z%, Vil eN,|l 21}.

NI, FRAVG H A EEE .
B3 A FHEEKEE) SV), WX Vy>0, f#/EC,6>0(5 f,8,V Hx), 154

(&wk@%@yWJﬂ@@ygs@}

B, RS L)AL R R — i
u(g,a)):v(g,w(s,a)))+w(8,a)),
HrveV, weW,_ 75l iS5 EEIE, JFA

£ _

"W(fs,a))"ms Scy_a)’ "v(g,w(g,a)))—v "
e Mo,s R IE A&, B 3.1 P ARA S DL PR IE PSS 8
1HIE—, ¥o=0I, ueU_.H% Sobolev IF Mk,

os”

<cZ+cle-gl.
@

DOI: 10.12677/pm.2023.134119 1146 S H


https://doi.org/10.12677/pm.2023.134119

B, Ho>0, s>12, ueU,  RMEITH.
BT ueU, B&AEIEMMELSE, 2 o,s W22 14 i s SO E Pt 2R & Forb e R0t
vteR, Hu(t)eH*((0,n)), 1iH*((0,n)) AHAEIC?((0,7)) e

32. XFE
ZRIRAME A f S Nemitski 50T, DU S MRHTIER, BORE i F I 1 5] B2 7] S0,
FLf7 £ 72 U RSB — Bt SR
5IH 3.2. & AL (F), o>0, s>1/2, NI Nemitski 57
f(u)(xt)=f(xtu(xt))
tEuel, i ul,, <r} b R U AR .
ﬁ% )é‘%’ X¢S>]/2, EB

TN RN AT R

A, e, - MTie|, <. o0, HETE|F(xtu(xt)) <o, Hik, Nemitski 5.7 f %TF

ML, A RsE
WAl ||, e X, 17/EC=C(0,5)>0, #EXVo20, keN, A
Zfl,k(x)em <C thk(X)em =CCk(f)<oo.
leZ ) leZ 26
Moz, <rwt, hiF)E
W@%Ms§[éﬂﬂnﬁqw <czc (W”)<CZC f)rk <eo.

£, Nemitski 5L £ 6 ||, (ORI T bR 758 B8 50k R A (U L [25] OB S A o

MIRLERS, i 1T A B B S2 AR AR T 020, s>1/2. 15 3.2 AT, % kMR, 17—
AASEMFBR, >0, (L ueU, ou],, <R} & f AR H £, £, HAIKER.

FISIHE 3.2 FI, £ 7E u BOREANAR A RLARRT 0, BRIt AT T LI FE 20 St AR o i AR 1 03 3 O 7
WRIIAFLEYE, DIV R P — PR 36

B 3.3, W(F)S(V)RSL, 7E Re(0,R)) LA & HIARIR [, 2,], W Vo0, s>1/2, {745 C” W

v(g,w):(gl,gz)x{WeWC,,S w, < R} -V,
13 v(e,w) 2. WA, o 5o vEES 0,5 LRI L.

UEB FLH N 28 3t (0 15 bR HOE BE B[ AT IEAS 8 (A7 E A
H1o,v 5 o,v A Sk R LAg 2

"v(g,w)—v(g 0 ||H1 < C||W|| ||V(<9,0)—v||Hl _C|g g|
3.3. {EHARE
W F(e,w)=f(v(e,w)+w), TRAEIRITFE LIS B
Lw=¢[], F(ew). (3.4)

DOI: 10.12677/pm.2023.134119 1147 S H


https://doi.org/10.12677/pm.2023.134119

WA, Sk

MBI 3.2 T F 7 (2,8, < {weW, W], <R} LAEHT, ELAEH S48 5.
B Rk, TN R PR SRR (3.4, FH AL AT 75 (R R AR A1, P R e —
SIE 3.4, W(QMIL, ¥ ee(e,6,) WVoel0,0,], s>1Y2, FFEEK,K',6>0, 132 &/yw< 5 I,
L, FEW, | vRTis, B
K

|ﬂjg$s;; (3.5)
JEEAEAE WeW, i/ (3.4), HA
K/
o, <= (36)

B QML s (a6, L, FAHERE
|a)2|2 —a)jz|:‘(a)| - ; )(a)l +w; )‘>|1-a)l = yo.
Itk L, T3, ELR5)Rr. L Ari, afE]
w=cL, ], Few)=T,(w).

Fvwy e Hy ((0,7)) > 32 Lw () =L, > wye; = (-1 + o )wyp; » T
=1 i

j=1
(L)

2 2 2
2 B le IWIJ [ij 2
P B R R L

LR YW eW, . i L;}IW=Z[(LL>)_1WI}em =2 - 22 e,

1>1 > W) —@

-1
L,w

1
o Sl
Y@

M

=&

o,S

T,W

LT, F(ew) siﬂHWF@w)

i By = {weW, c|w| <R} Mee(ae). weBy B, F(ew) iRl Hap s, N
K">0, fif

%%F@ng

o,S o,S

LK
<
Uk, 2% e/yw RN, A4 elyo<s, T,/ By FHI—ANEGELS, MRS E 4 % 7 E, 1745
ME—H weW i 3.4), HAFEK >0, %5 weW, i (3.6).
34, B4

£ 3.2 5 3.3 WA B T 0 X AR SEE T AR ENES R —rsiie, ik,
EFE 3.1 4RSS CAE I e e
HE&mHE

RETH: BHEAREEIESTH (12101130); #8244 H AR AH 410 H (2021J05130); MEHHE
TN ZE B I H (JAT190024)

[Tl o <=[wl,-

DOI: 10.12677/pm.2023.134119 1148 S H


https://doi.org/10.12677/pm.2023.134119

ii2S
B
B
s
=

SEEk
[1] Rabinowitz, P.H. (1967) Periodic Solutions of Nonlinear Hyperbolic Partial Differential Equations. Communications
on Pure and Applied Mathematics, 20, 145-205. https://doi.org/10.1002/cpa.3160200105
[2] Tanaka, M. (2006) Existence of Multiple Weak Solutions for Asymptotically Linear Wave Equations. Nonlinear Anal-
ysis: Theory, Methods & Applications, 65, 475-499. https://doi.org/10.1016/j.na.2005.09.022
[3] Fokam, J.-M. (2017) Multiplicity and Regularity of Large Periodic Solutions with Rational Frequency for a Class of
Semilinear Monotone Wave Equations. Proceedings of the American Mathematical Society, 145, 4283-4297.
https://doi.org/10.1090/proc/12760
[4] Brezis, H. and Nirenberg, L. (1978) Forced Vibrations for a Nonlinear Wave Equation. Communications in Pure Ap-
plied Mathematics, 31, 1-30. https://doi.org/10.1002/cpa.3160310102
[5] Bahri, A. and Brézis, H. (1980) Periodic Solutions of a Nonlinear Wave Equation. Proceedings of the Royal Society of
Edinburgh Section A: Mathematics, 85, 313-320. https://doi.org/10.1017/S0308210500011896
[6] Berti, M. and Biasco, L. (2006) Forced Vibrations of Wave Equations with Non-Monotone Nonlinearities. Annales de
I’Institut Henri Poincaré C, 23, 439-474. https://doi.org/10.1016/j.anihpc.2005.05.004
[7] Chen, J. and Zhang, Z. (2016) Existence of Infinitely Many Periodic Solutions for the Radially Symmetric Wave Equa-
tion with Resonance. Journal of Differential Equations, 260, 6017-6037. https://doi.org/10.1016/j.jde.2015.12.026
[8] Wei, H. and Ji, S. (2019) Existence of Multiple Periodic Solutions for a Semilinear Wave Equation in an
n-Dimensional Ball. Advanced Nonlinear Studies, 19, 529-544. https://doi.org/10.1515/ans-2018-2036
[91 Wayne, C.E. (1990) Periodic and Quasi-Periodic Solutions of Nonlinear Wave Equations via KAM Theory. Commu-
nications in Mathematical Physics, 127, 479-528. https://doi.org/10.1007/BF02104499
[10] Craig, W. and Wayne, C.E. (1993) Newton’s Method and Periodic Solutions of Nonlinear Wave Equations. Commu-
nications on Pure and Applied Mathematics, 46, 1409-1498. https://doi.org/10.1002/cpa.3160461102
[11] Bourgain, J. (1998) Quasi-Periodic Solutions of Hamiltonian Perturbations of 2D Linear Schrddinger Equations. An-
nals of Mathematics, 148, 363-439. https://doi.org/10.2307/121001
[12] Berti, M., Bolle, P. and Procesi, M. (2010) An Abstract Nash-Moser Theorem with Parameters and Applications to
PDEs. Annales de I’Institut Henri Poincaré C, 27, 377-399. https://doi.org/10.1016/j.anihpc.2009.11.010
[13] Ma, M. and Ji, S. (2018) Time Periodic Solutions of One-Dimensional Forced Kirchhoff Equations with x-Dependent
Coefficients. Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences, 474, Article ID:
20170620. https://doi.org/10.1098/rspa.2017.0620
[14] Ma, M. and Ji, S. (2019) Time Periodic Solutions of One-Dimensional Forced Kirchhoff Equations with x-Dependent
Coefficients under Spatial Periodic Conditions. Analysis and Mathematical Physics, 9, 2345-2366.
https://doi.org/10.1007/s13324-019-00339-1
[15] Ma, M. and Ji, S. (2020) Time Periodic Solutions of One-Dimensional Forced Kirchhoff Equation with
Sturm-Liouville Boundary Conditions. Journal of Dynamics and Differential Equations, 32, 1065-1084.
https://doi.org/10.1007/s10884-019-09761-2
[16] Chen, B., Li, Y. and Yang, X. (2019) Periodic Solutions to Nonlinear Wave Equation with x-Dependent Coefficients
Under the General Boundary Conditions. Journal of Dynamics and Differential Equations, 31, 321-368.
https://doi.org/10.1007/s10884-018-9658-y
[17] McKenna, P.J. (1985) On Solutions of a Nonlinear Wave Question When the Ratio of the Period to the Length of the
Interval is Irrational. Proceedings of the American Mathematical Society, 93, 59-64.
https://doi.org/10.1090/S0002-9939-1985-0766527-X
[18] Berkovits, J. and Mawhin, J. (2001) Diophantine Approximation, Bessel Functions and Radially Symmetric Periodic
Solutions of Semilinear Wave Equations in a Ball. Transactions of the American Mathematical Society, 353,
5041-5055. https://doi.org/10.1090/S0002-9947-01-02875-6
[19] Ben-Naoum, K. and Mawhin, J. (1992) The Periodic-Dirichlet Problem for Some Semilinear Wave Equations. Journal
of Differential Equations, 96, 340-354. https://doi.org/10.1016/0022-0396(92)90158-J
[20] Bambusi, D. (2000) Lyapunov Center Theorem for Some Nonlinear PDE’s: A Simple Proof. Annali della Scuola
Normale Superiore di Pisa-Classe di Scienze, 29, 823-837.
[21] Bambusi, D. and Paleari, S. (2001) Families of Periodic Solutions of Resonant PDEs. Journal of Nonlinear Science, 11,
69-87. https://doi.org/10.1007/s003320010010
[22] Wei, H. and Ji, S. (2023) Periodic Solutions of a Semilinear Variable Coefficient Wave Equation Under Asymptotic

Nonresonance Conditions. Science China Mathematics, 66, 79-90. https://doi.org/10.1007/s11425-020-1900-5

DOI: 10.12677/pm.2023.134119 1149 ELIR7ORA

&


https://doi.org/10.12677/pm.2023.134119
https://doi.org/10.1002/cpa.3160200105
https://doi.org/10.1016/j.na.2005.09.022
https://doi.org/10.1090/proc/12760
https://doi.org/10.1002/cpa.3160310102
https://doi.org/10.1017/S0308210500011896
https://doi.org/10.1016/j.anihpc.2005.05.004
https://doi.org/10.1016/j.jde.2015.12.026
https://doi.org/10.1515/ans-2018-2036
https://doi.org/10.1007/BF02104499
https://doi.org/10.1002/cpa.3160461102
https://doi.org/10.2307/121001
https://doi.org/10.1016/j.anihpc.2009.11.010
https://doi.org/10.1098/rspa.2017.0620
https://doi.org/10.1007/s13324-019-00339-1
https://doi.org/10.1007/s10884-019-09761-2
https://doi.org/10.1007/s10884-018-9658-y
https://doi.org/10.1090/S0002-9939-1985-0766527-X
https://doi.org/10.1090/S0002-9947-01-02875-6
https://doi.org/10.1016/0022-0396(92)90158-J
https://doi.org/10.1007/s003320010010
https://doi.org/10.1007/s11425-020-1900-5

S
=

MW, DI

[23]
[24]
[25]

WA, skEF RIS TTE R M]. bR B2 R, 2021: 28-29.
Evans, L.C. (1998) Partial Differential Equation. American Mathematical Society, Providence, RI, 502.
Pdschel, J. and Trubowitz, E. (1987) Inverse Spectral Theory. Academic Press, Inc., Boston, MA, 132.

DOI: 10.12677/pm.2023.134119 1150

LN


https://doi.org/10.12677/pm.2023.134119

	具有Dirichlet边界条件的非线性波动方程的时间周期解
	摘  要
	关键词
	Time Periodic Solutions of Nonlinear Waveequation with Dirichletboundary Conditions
	Abstract
	Keywords
	1. 引言
	2. 预备知识
	3. 主要结果及其证明
	3.1. 主要结论
	3.2. 分支方程
	3.3. 值域方程
	3.4. 总结

	基金项目
	参考文献

