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Abstract

In this paper, by using the method of contradiction, the method of constructing con-
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crete coloring and the method of distributing the color sets in advance, we discuss

the IE-total colorings of complete t-partite graph which are vertex-distinguished by

multisets. The methods of the corresponding optimal coloring are given and the chro-

matic numbers of the corresponding colorings are obtained. The question of vertex

distinguishing IE-total coloring of complete multipartite graphs by multisets has be

completely settled.
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1. Úó

:�«O��>/Ú´dHarary F�<u1985 c3©z [1]¥JÑ�.©z [2]¥Ú\
:�«

O���/Ú,¿�ïÄ
´,�,((=K1,n ),V(, n(, Ó,÷,��ã���:�«O�/Ú,(½


§����:�«O�Úê. :�«O(��õ­8)IE-�/Ú3©z [3–6]¥þkïÄ,��é�

�nÜãÐmïÄ.3©z [7]¥ÄgJÑ
:�õ­8�«O�IE-�/Ú,��é���ÜãÐm

ïÄ.3�©¥·�ïÄ��õÜã�:�õ­8�«O�IE-�/Ú, (½��t Üã�:�õ­

8�«O�IE-�Úê.�©3/Ú�Yþ�c<�',k�A�UCÚ�õ.¤±ù�ó�ò�:�

õ­8�«O����/Ú��YïÄJø/Ú�{Ú/Úg´,?�Ú´Lk'���/Ú�n

Ø¤J.

2. O�ó�

ãG�IE-�/Ú´�¦���º:/±ØÓÚ������/Ú. Ï~�¹e,·�?1/Ú

�,¤^�k«ôÚ^1,2,,,k5L«,�êi�L�ôÚ�mk��'X.ãG¦^
k«ôÚ�IE-�

/Ú��ãG�k-IE-�/Ú.

�f�ãG�IE-�/Ú.éu?¿�x ∈ V (G),^C̃f (x)½öC̃(x)L«:x�Ú±9�x�'é

�>�Ú�¤�õ­8.¡C̃f (x)�x �õ­Ú8Ü½öÚ8Ü.w,k|C̃f (x)| = dG(x) + 1,Ù

¥dG(x)L«ãG¥:x �Ý.eé?¿�u, v ∈ V, u 6= v, okC̃f (u) 6= C̃f (v) K¡f´:�õ­8�
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«O�.

-χie
vt(G) = min { k | G�3:�õ­8�«O�k-IE-�/Ú},òχie

vt(G)¡�:�õ­8�«

O�IE-�Úê.

�©¥,^Kn1,n2,··· ,nt
L«t�Üº:ê©O�n1, n2, · · · , nt���tÜã,1i�Ü�

Xi = {x(i)1 , x
(i)
2 , · · ·x(i)ni }, |Xi| = ni, ni < nj , 1 ≤ i < j ≤ t.

3Kn1,n2,··· ,nt
���k-IE-�/Úe,Xt´¹º:�õ�Ü,Xt¥:�Ú8Ü�

{ aj,1, aj,2, · · · , aj,n1+n2+...+nt−1+1},Ú8Ü¥�¹n1 + n2 + . . . + nt−1 + 1«��.(­E�U­EÑ

y�gêO�)

Ún2.1 [8]ln�pÉ��¥�­E�Ñr�|Ü��ê�

(
n+ r − 1

r

)
.

ln�pØ�Ó��¥�Ñr��¤�­E|Ü���r-|Ü. r-|Ü�´cãn�pØ�Ó��

�¤�8Ü�¹kr����õ­f8Ü,¤±r- |Ü���r-õ­f8½r-f8.

·��½, 3�©¥Ö���r-f8�, p¡���UìØ~�^Sü�.

3. ��tÜã�:�õ­8�«O�IE-�/Ú

½n3.1 (i) �nt−1 ≤ nt ≤
(
n1 + n2 + · · ·+ nt−1 + t

t− 1

)
−

(
n1 + n2 + · · ·+ nt−1 + t− 1

t− 2

)
�,χ̃ie

vt(Kn1,n2,··· ,nt
) = t.

(ii)�

(
n1 + n2 + · · ·+ nt−1 + k − 1

k − 2

)
−

(
n1 + n2 + · · ·+ nt−1 + t− 1

t− 2

)
+ 1 ≤ nt

≤
(
n1 + n2 + · · ·+ nt−1 + k

k − 1

)
−

(
n1 + n2 + · · ·+ nt−1 + t− 1

t− 2

)
, k > t �,χ̃ie

vt(Kn1,n2,··· ,nt
) = k.

y² kyKn1,n2,··· ,nt
Ø�3:�õ­8�«O�(k − 1)−IE-�/Ú,|^�y{, b���tÜã�

3:�õ­8�«O�(k − 1)-IE-�/Ú.

duX1¥:¤/�Ú,X2¥:¤/�Ú,· · · ,Xt¥:¤/�ÚpØ�Ó,Ø�b�ôÚ1/
X1¥

�:,ôÚ2/
X2 ¥�:,· · · ,ôÚt− 1/
Xt−1¥�:.

éuk − 1«pÉôÚ�(n1 + n2 + · · · + nt−1 + 1)-f8,Xf8¥�¹��1, 2, · · · , t − 1,@

où
f8ØU��Xt¥:�Ú8Ü.�¹ôÚ1, 2, · · · , t − 1 �(n1 + n2 + · · · + nt−1 + 1)-f8

k

(
n1 + n2 + · · ·+ nt−1 + t− 1

t− 2

)
�.

qÏ�

(
n1 + n2 + · · ·+ nt−1 + k − 1

k − 2

)
−

(
n1 + n2 + · · ·+ nt−1 + t− 1

t− 2

)
≤

(
n1 + n2 + · · ·+ nt−1 + k − 1

k − 2

)
−

(
n1 + n2 + · · ·+ nt−1 + t− 1

t− 2

)
+ 1.

���tÜãØ¹kk − 1«Ú�:�õ­8�«O�IE-�/Ú.

e¡�Ñ·�é����tÜã�:�õ­8�«O�k-IE-�/Ú�/Ú�Y.
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Äk,�XiÜ¥�:/±Úi, i = 1, 2, · · · , t− 1.

Ùg,[X1, X2]¥�>/±ôÚ2.

[X1 ∪X2, X3]¥�>/±ôÚ3

[X1 ∪X2 ∪X3, X4]¥�>/±ôÚ4
...

[X1 ∪X2 ∪ · · ·Xt−2, Xt−1]¥�>/±ôÚt− 1

�Aj´��nj��
,gé��9þ�����j,gé��e���Ñ�j + 1,Jj´��(nt−1 −
nj)× nj�����j�Ý
,j = 1, 2, · · · , t− 1. 5:Jt−1´��,ent−2 = nt−1,KJt−2�´��,��.

�E��nt−1 × (n1 + n2 + · · · + nt−1 + 1)��Ý
M .¦�cn1��¤�Ý
�

(
A1

J1

)
,

1(n1 + 1)��(n1 + n2)��¤�Ý
�

(
A2

J2

)
, 1(n1 + n2 + 1)��(n1 + n2 + n3)��¤�Ý


�

(
A3

J3

)
, · · · 1(n1 + n2 + · · · + nt−3 + 1)��(n1 + n2 + · · · + nt−2)��¤�Ý
�

(
At−2

Jt−2

)
,

1(n1 + n2 + · · ·+ nt−2 + 1)��(n1 + n2 + · · ·+ nt−1)��¤�Ý
�

(
At−1

Jt−1

)
, �����Ý
�

���t.Ý
M�z�1��l��m´Ø~�,�Ù?¿ü1ØÓ.

òk«pØ�ÓÚ���¹t, t + 1, · · · , k���(n1 + n2 + · · · + nt−1 + 1)−f8(õ­8,�

ê≥ nt)��Ú8ÜéA�Xt���º:þ,¦�Xt¥ØÓº:�éAØÓf8.

�x
(t)
j éA�f8�{aj,1, aj,2, · · · , aj,n1+n2+···+nt−1+1}, �,,

aj,1 ≤ aj,2 ≤ · · · ≤ aj,n1+n2+···+nt−1+1.ùp�
�B,-aj,1, aj,2, · · · , aj,n1+n2+···+nt−1+1fÐ´M¥

1j1���.

e¡éXt¥:9'é>?1Xe/Ú.

aj,1/>x
(1)
1 x

(t)
j , aj,2/>x

(1)
2 x

(t)
j , · · · , aj,n1

/>x
(1)
n1 x

(t)
j aj,n1+1 />x

(2)
1 x

(t)
j , aj,n1+2/>x

(2)
2 x

(t)
j ,

· · · , aj,n1+n2
/>x

(2)
n2 x

(t)
j · · · , aj,n1+n2+··· ,+nt−2+1/>x

(t−1)
1 x

(t)
j , aj,n1+n2+···+nt−2+2/>x

(t−1)
2 x

(t)
j · · ·

aj,n1+n2+···+nt−1
/>x

(t−1)
nt−1 x

(t)
j , aj,n1+n2+···+nt−1+1/:x

(t)
j , j = 1, 2, · · · , nt.

e`²��tÜã3ù«/Ú�Ye:�Ú8Ü�Ø�Ó.

1.�nt−1 = nt�,dÝ
��,Xt¥cnt−1�:�Ú8Ü®²�Ñ.

(1)éuØÓÜ:�Ú8Ü
ó,X1, X2, Xt�Üº:�Ú8Ü¥¤¹��«aØÓ.

X1¥:�õ­Ú8Üp�Ø�Ó�Ú�1,2,· · · , t− 1.

X2¥:�õ­Ú8Üp�Ø�Ó�Ú�2,3,· · · , t− 1.
...

Xt−1¥:�õ­Ú8Üp�Ø�Ó�Ú�t− 1, t.

Xt¥:�õ­Ú8Üp�Ø�Ó�Ú�1,2,· · · , t.
��Ü:�õ­Ú8Ü�Ø�Ó.

(2)éuÓ�Ü�:�Ú8Ü
ó,¤¹,�����êo´ØÓ.

C̃(x
(l)
i )¥ôÚl��êðõuC̃(x

(l)
j ), l ∈ [1, t− 1], i < j, i, j ∈ [1, nl].

C̃(x
(t)
i )¥ôÚt��êð�uC̃(x

(t)
j ), i < j, i, j ∈ [1, nt]

2.�nt−1 < nt�.

Äk`²XtÜz�:�Ú8Ü�Ù¦Üº:�Ú8Ü�Ø�Ó.�nt−1 < nt�,´3Xt¥®�
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½cnt−1�:��¹eUY\:,d�XtÜ:�Ú8Ü¤¹���ê�uÙ¦Ü:�Ú8Ü¤¹�

��ê,�XtÜz�:�Ú8Ü�Ù¦Ü�º:�Ú8ÜØ�Ó,Ùg,Ï�,Xt:�Ú8Ü´k«p

Ø�ÓÚ���¹t, t+1, · · · , k ���(n1 + n2 + · · ·+ nt−1 +1)−f8¤éA�,�Xt SÜº:õ

­Ú8ÜpØ�Ó.e�ÄX1, X2, · · · , Xt−1Ü�m:�Ú8Ü�'X.

(1)ØÓÜ�m�Ú8Ü�Ø�Ó.

±X4Ü��:�X7Ü��:�~.

3XtÜ®(½nt−1�:��¹e,C̃(x
(4)
i ) 6= C̃(x

(7)
j ), C̃(x

(4)
i )¥¤¹ôÚ4��ê��uC̃(x

(7)
j )¥

¤¹��4��ê,�¦�C̃(x
(4)
i ) = C̃(x

(7)
j ),���3Xt¥�®(½�nt−1�:	��:xp,k

ap,n1+n2+···+n6+j = 4, i ∈ [1, n4], j ∈ [1, n7].

d�,eap,n1+n2+n3+i = 4,KéC̃(x
(4)
i )�C̃(x

(7)
j )�'�ÃK�.

�
ÑyC̃(x
(4)
i ) = C̃(x

(7)
j ),Iap,n1+n2+n3+i < 4.

b�ap,n1+n2+n3+i = 3,@oI�Xt¥�®(½�nt−1+1�:	��:xl,¦�al,n1+n2+···+n6+j =

3. @oal,n1+n2+n3+i < 3.

b�al,n1+n2+n3+i = 1,@oI�Xt¥�®(½�nt−1+2�:	��:xq,¦�al,n1+n2+···+n6+j =

1. d�,aq,n1+n2+n3+i�U�1.

¤±C̃(x
(4)
i ) 6= C̃(x

(7)
j )ð¤á,Ù¦ØÓÜ:�Ú8ÜØÓ�y²aq.

(2)Ó�Ü�m:�Ú8Ü�Ø�Ó.

±X2Ü�ü�:�~.3XtÜ®(½�nt−1�:��¹e,C̃(x
(2)
i ) 6= C̃(x

(2)
j ), i < j, i, j ∈

[1, n2].

C̃(x
(2)
i )¥ôÚ2��êõuC̃(x

(2)
j )¥ôÚ2��ê.

�¦�C̃(x
(2)
i ) = C̃(x

(2)
j ),���3Xt¥�®(½�nt−1�:	��:xp,Ù¥,ap,n1+j=2.

d�,eap,n1+i=2,KéC̃(x
(2)
i )�C̃(x

(2)
j )�'�ÃK�.

�
ÑyC̃(x
(2)
i ) = C̃(x

(2)
j ),Iap,n1+i=1.

d�,���3Xt¥�®(½�nt−1 + 1�:	��:xq,Ù¥,aq,n1+j=1,
d�aq,n1+17�1.

¤±,C̃(x
(2)
i ) 6= C̃(x

(2)
j )7¤á.Ù¦SÜ:�Ú8ÜØÓ�y²aq.

ù�,·��Ñ
��tÜã:�õ­8�«O�IE-�/Ú.
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