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Abstract

In this paper, the authors mainly discuss the boundedness of bilinear C' — Z operator T
and its commutator [b;, b2, T] on generalized Morrey spaces associated with ball Banach
function spaces M,(X). The authors prove bilinear C' — Z operator T is bounded from
product spaces M,, (X;) x M,,(X>) into spaces M,(Y). Further, they also prove that the
commutator [b;,by,T] generated by b;,b, € BMO(X) and T are bounded from product
spaces M, (X) x M,,(X>) into spaces M,(Y), where u = ujus.
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1. 5|8

PR AT VE N E ) — AN BB 3, i VA E U K Fourier A A = M PR W 78 #hfg
T RERT BN, PN B 3 B AT e A (R AN TG, IE AR R, OO IR 2 B A% O 5 A3k
Zz—.

AT B F1, Hardy-Littlewood % K& 7 M & i 2E AR FF 2 H T, 0] Az H7F 2 LA o &
T f &R B —ANRE A AR AL, W Hardy-Littlewood B K&+ M f 0] 5E XON:

.wwﬁggbmm,wmm (1)

reB
Hp Bz,r)=yeR": |z —y| <r@&—H0zeR", FEHr>0 KB

WAk, C — Z iy J 2 Wt h — ML EE R, 1975 47, Cofiman Fl Meyer &
RN TZENM C — Z B HETHENR([1). l)a, 240 C — Z g H £ &M ECsE B f
FIZ BN, Bl Hu f1 Meng #0577 2261 C — Z FFEIRM He 2518 L iE A ( [2]); Lu f1

DOI: 10.12677/pm.2023.135121 1158 HibHF


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/pm.2023.135121

FE

Zhu 133 | 241k C — Z {78485 Herz-Morrey 7¥[A] MK;*;())A (R™) LA F([3]) LK Wang Al
Liu W58 7 24t © — Z HPLERF L Morrey 2518 (LP(w), L9)* A Sk ( [4)).

— 771, Bk Banach PR A [0 PR £ 52 5<7F. 2017 4F, Sawano 25 A 55— kX152 T Bk Banach B
Bea e L [5]). B &M e A 6], 0 Lebesgue 73], Morrey 7518, Orlize 7% 6] BA R NAL
BFEbR Lebesgue 7 (M55, 4 1 78 — M ik [ w1 23 77 R g 9 = 3 1 U 1, 1938 4F, Morrey T K5I A
Morrey 75 [AI) € X X TAEREN f € L (R™), N

loc

I fllare = sup0|B<x,r>|%*%||f||%<B<x,r>>, l1<g<p<co. (2)
xTE

X, r>

FEIX L FRATTAT AR — e ROk B e |B(,v)| 7~ 5 1 LU(B(x, ), 150 AR ) 08 502 180 40 )
X Orlicz-Morrey 72 [0, | X & 45hx Morrey 2 [ LA Morrey 7] [6-10]).

1K, HoK-P HF 5t 1 #F 57 #1143 8 1 7 Morrey-Banach 75 8] 1 17 55 B4 1H( [11]) o 1 7EER
Banach #6 % 7% 8] | Erdélyi-Kober 43 8RR 40 H 1 7Y R( [12]), DL EBEIA 43845 1 2 T Bk
Banach PREC ] BT X Morrey 23 [0] B2t C — Z S5 10A % [13]).

5% ERRR, AL EEZEIE [T ER Banach P H LK) 3 Morrey Z5[8] BN C — Z
oy REA T 147 FHE.

FEAUR T2 25 I 2, FRAT SR [ml it — e AR SC i 5 1) v 3L
ENX1.1 [5] —4* Banach %¥[[] X ¢ M(R™) #8 R™ EER Banach BECA ], %5 X 2 LA T

A
Dflx=0=f=0 ae,
2) gl < [f] a.e. = lgllx <l fllx,

(
(
B0t f ae. = [fullx TIflx,
(4) BEB = xp € X,

(

5)VB € B,3C(B) > 0, fif3 [, f(x)dz < C(B)||f|Ix,Vf € X,

ZHE M(R™) FZARPTAE R LW Lebesgue AWM K# 28], B = {B(z,r) : x € R", r > 0} IR
TFEREETR.

FEN1.2 [14) # FAERAER Banach B¥CRA X, X MO0 BAI X7 52 UA:

X'i= {f e MR |Iflx =  swp [fglle < oo} (3)

geX,llgllx<1

JEI21.3 # X /&R Banach B8], W X7 923K Banach K% 7S [A].

EX1.4 [13] % X & — Bk Banach R E = [A], & u(z,r) : R" x (0,00) — (0,00) & —1
Lebesgue 1] Wl 4L, M| 5Bk Banach &£ A1 AH B L Morrey #4310 M, (X) & A

1
up

|fllar.x) = s
oo = S0 S Taemn]

Ixpanflx <oo. f€MX). (4)
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FEX1.5 [15] X TAEEHIER Banach BREE A X,
(1) # Hardy — Littlewood # K&H 7 M EZA X EA S, ME RN X € M,
(2) #7 Hardy — Littlewood H K& T M fE=S[H] X' AR, MFRIRN X € M.

EN1.6 [16] % K(,--) € LL (R* x R x R"\ {(z,2,2) : = € R"}) BeRR AWM C — Z 4,
1 K 5 2 AT 2 A

(1) XPATE R (2,91,92) € R* x R® x R™ H oo #y;, (5 = 1,2), fAEE—HE C, 15

C .
o =]+ o = ya)*

|K(‘Tay17y2)| S ( (5>
(2) FFEETHS > 01 C > 0, WRXHTH 2,2, 41,90 € R H |z —2'| < 5 max{e — g}, W

|z — ']
(|90 — |+ [ — a2

|K(£B,y1,y2) _K(xlvyl)y2)| = (6)

(3) FFAEHHLO > 0 R C > 0, KB 2, 91,91, 92 € R™ H [y — wi] < g max{la —yy[}, W
J=4

ly1 — y;|° ,
(&=l + 1z — a7

|K(.’I;’,y1,y2)*K(.’L‘,y£,y2)‘ SC (7)

(4) AAHEHBO > 0 C > 0, AT 2,91, 50,95 € R" H |yo — yh| < 5 max{|o —y,[}, W
=4

Y2 —yé|5 .
(e =yl + e — el

|K(3:,y1,y2) - K(xvyhyé)\ <C (8)

W f1, f2 € L (R™), WEMEF T F k% K 2 %0 (5), (6), (7) F1 (8) KM C — Z H¥,
5E A
T(fr, f2)(@ /n . K(z,y1,52) i) fo(v2)dindya, @ & (f1)[)(f2), 9)
Horr Lgy (R™) /2 B 5S8R/ Lo (R™) eR %)
TEX1.7 [16] 455E by, by € Li, (R™), WIE by, by, T A BIAE 3T [by, ba, T 78 SUN:

(b1(2) = bi(y1)) (ba(2) — ba(y2)) f1(y1) o (y2)
(|2 =yl + o = 92)™"

bt TV f)) = [ dpdys. (10

2. TREFIR
51EE2.1 [17] & X 213k Banach 0], 4R f e X, g€ X/, W fg RFTHK, H

. |f(@)g(z)ldz < || fllxlgllx- (11)

DOI: 10.12677/pm.2023.135121 1160 HibHF


https://doi.org/10.12677/pm.2023.135121

0
i

31382.2 [18] ¥ X s&— Bk Banach %510, WU

1B| < Ixslxllxsllx < C|B|, BEeB, (12)

W w2t R L — AN EEFR AT £, WA Hardy 55 H, AU Hardy % K5 T
H: 530 € A N
H,g(t) := / g(s)w(s)ds, 0<t<oo,g¢Li.(R"), (13)

= /00(1 +1In ;)g(s)w(s)ds, 0<t<oogc€ L. (R"), (14)

51382.3 [19] A — N EFRIBIE KL g € (0, 00), MAER

esssup vy (t)H,g(t) < Cesssup vy (t)g(t)
t>0 t>0

oL, M HANY A= supU2 ) [ ;ps)i‘: 7 <0, A~C.
s<T <00

51382.4 [20] 45 — M ESILIE KA g € (0, 00), MIAZEL

esssupva(t)H g(t) < Cesssup vy (t)g(t)
t>0 t>0

sup wv1(7)
s<T<o00

FOT, B EYS A = sups(t) [77(1+1n$) 2% — <00, A~ C.
t>0

3. 28] M, (X) LR MEEF T

MUM, (i = 1,2). B T & H(9)Fr e LWL C — Z 5T, #5 | T(f1, f2)lly < Cllfillx, || fallx,
FROT. BRIy, ug : R™ X (0, 00) — (0, 00) Hii 2 261

EHE3.1 W Xy, X, MY ZER Banach B0, 2 ||xsllv Ixslx|xzlx, <O, HF X, €

/oo esst<1nf u (7, 8)|Ixs(7, s)llx dt

o Dl n < Cug(x,r), u=ujus, (15)

NWAEFE C > 0, 15068 T Y f1 € Xy ﬂMul(Xl) Al fo € Xo ﬂMU2(X2), H

1T (fr, f2) I vy < Cllfal

My (X1) ||f2||Mu2(X2)'

FEUEML 0T, Sega th— A R HER.

HiIR3.2 W2 T HE 2.3 B, H va(t) = us(z,t) " HLoi(t) = wi(zt) Hixsenlxs9l) =
IXBo fllx,w(t) =t IxBeylx s A

_ o 1 dt
sup  ug(z,7) 1/ I xBeslIxIXBEIx — ;
zeX,r>0 r

< C sup ul('z’r)ilHXB(zw)H;( ”fXB(Z,t)HX
zeX,r>0

[ PYANES)
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&

EIE3.A8NER W 2 € B(z,r) € B, X f; #ATWIR - fi#:
fi=fr+f° = fixes + fixx\es, i=1,2 (16)
)

IT(fr f)llarery < INTA F2)lanuery + ITCR 59 o)
+ T )l + 1T £39) I

= :D;y+ D2+ D3+ Dy

%ﬂ%/fai;l‘ Dl’ EE ||T<f1,f2)||Y S C”leXleQ”Xz’ U = UiUz, ”XB(Z,T)”Y = ||XB(Z7’I‘)||X1HXB(Z,’I‘)HXQ u
Je(11),(12) FidER 3.2, 52

1 1
”XB z,r T<f17 f1>||Y
U(Z’T) HXB(Z,T)HY (=r) 12
< o fiseanll fexnean|
= 1XB(z,2r) || X1 ||J2XB(z,2r) || X
u(z,r) [Xpgeplly P2 IR AR T
1 1 < dt < dt
= C B ) z,2r 1 —|B ) z,2r Tl
U(Z,T) ||XB(z,r)||Y| (Z T)'”.leB( ,2 )HX /2T t1+”| (Z 7")|||f2XB( 2 )”Xz /2T ti+n
1 1 e dt > dt
< C B(z, . —|B 2 -
= u(z,r) ||XB(z,r)||Y| (Z 7‘)|/2r ||f1XB( ,t)||X1 t1+"| (Z,T)|/2r ||f2XB( ,t)HthHn
1 1 o0 dt
<

||XB(Z,7~)||X1||XB(z,r)||X;/

2r

||f1XB , Hxli
u(z,7) [[XBem |y (z:t) tn

° dt

X ”XB(Z’T)”XzHXB(z,T)HXé . Hf?XB(z,t)HXQm
1 1 > dt
< C XB(zr / fixs(, XB(0 X 7,
o) ey e f, e et s

o dt
X IXBem |l xs | fox B0 | [1XB (=) |X5W
2

T

! 1 ~ dt
< © el [ Ifixaeolnlxecol s S
u(z,7) [[XBem Iy (=) o (2:) =0llx
= L dt
% ||XB(Z’T)||X2 ||f2XB(Z7t)||X2||XB(z,t) |X2?
2r
- C XB(z,r / fX z XB(z, 1z
ui(z,7) HXB(z,r)Hxl [ B(z, )||X1 . I.f1 B( ,t)HXIH B( t)HX1 ;
1 1 /oo _1dt
8 ZT Z, z, —_
uy(z,7) ||XB(Z,7-)HX2HXB( )l o [faxBenlx X0k, ;

< Clfillan, xollfallar, xa)

of EAPTIAFIN IR L85, 193] Dy < Cl fillan, x|l fallan, (xa)- T AT Dy, B 2567% 18
|T(f117f§o)(x)| E..’E € B(Z,?"),y € BC(272T)7 ﬁ %|ny| < |.Z'7y| < g|27y|7 E}Eﬁﬁ (5)7(9)7 (11)7(12)
1 Fubini’s ¥, &
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0
i

IT(f1, £3°) ()]

< C/ / ‘fl yl)f2(92)| 2ndy1dy2
x\2s (|7 =] + |7z — yal)
e / o) / vl g
2B X\2B |z — ya
| f2(y2)|
< C|f1XB(z,2T)||X1|XB(z,2r)|X{/ T an 42
X\2B |z — ya|
dt _ > dt
= OBl fixstean x / B s IR / Bl [ 2ay,
o T X\2B lz—ya|
> dt _ & dt
< OBG) [ Ixseols g BEDleeanls [ f o)l ot
or 2r  J2r<|z—yq|<t
o0 dt »
< Clxsenlxlxsenlx B lIxs ez,

2r

e dt
X | f2(y2)ldya—=
/27” /B(z,t) trtt

e _,dt _
CIXB@,T)le/ 1fixseollx xsenllx 7 1BE nlxse.m

2r

IN

> L dt
<[ Mxseolsxacol G

2r

e di Ldt
CT/2 ”f1XB(zt||X1||XB(Zt)||X1t/ HfQXBzt)HXQHXB(Zt)”Xzt

IN

=, B (4), #3280 X Iy = IXBEn X lIXBEN X0 T

1 1
D = sup T fl,foo XB(. v
2 2 X150 U(Z 7') ||XB(Z r)HY” ( 1 2 ) (z 7‘)”
||XB(ZT)||X ||XB(Z’F)||X 1 o0 dt
< C sup prostE R mn R / Fixsenlx xse
“€Xir>0 Dosenly e Jy, Mxseolxxecolx
’LLQ(Z77") o 2XB(z,t) I X2 [IXB(z,t) X2t

< Cllfilla, ol f2llag, (x)-
FAULT Dy BT, IRE S 15F
D3 < O| filla, ol fallar,, (x2)-

B RAETH Dy, i8HR (5),(9),(11),(12) A Fubini’s 5E 3, 153

=
&
8k
4
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@

TG £59)
/ | R 15 () e
X\2B X\2B

\filty)l
H |x_yl|n Yi
H yz)|

X\2B e - yz|"

dt

X\2B

dt
CH / / o)
: 2r<|z—y;|<t
dt
CH/ /(zt |Filo |dyzt”+1

_,dt
CHL Hf'LXB(z,t)HXl||XB(z,t)HX}77
=1 T

IN

IN

(X\2B)?

IN

IN

IA

IN

IN

i, B (4) AR 3.2 53

1 1
D, = sup T, £39)x e ly
4 z€X,r>0 U(Z’T) HXB(Z,T)HY H ( 1 2 ( )H
2
1 : - dt
= ol g X3 / I fixsce.
iI:[lZEX’DO ui(z,7) [XBem llx, (=) o (

< Ol ceoll fllar, (xa)-

454 Dy, Dy, D3 Bl TF, B3 3.1 FEE

4. 2208 M, (X) ERIN &M C-Z EFHIZIRT [by, bo, T]

TR I B B2 B, R SE I R A PR R ) BMO B ST SCR [21).
EN41 —NRETTRES f € BMO(X), # f /T

1
Iflleso = sup = / 1F(y) — faldy < oo, (17)
perr |B| Jp

4.2 403 Hardy-Littlewood # K&F M £ X' LA 5, N

I llemox)y = I - llIBmo = || - [l

HA
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| Flaocs) = sup X2 = f)llx. (18)
BER® ”XB(z,r)HX
51384.3 [22] % f € BMO(X), WX T 0<2r <t, H
t
|fB(a:77‘) - fB(w,t)| S C1||f||BMO In ;7 Vo e R™. (19>

EIE4.4 WK X, Xo 1Y ZEK Banach BRECE 0, W2 ||xsllvxslx xslx, < C, HH
X; € MUM, (i = 1,2). ¥ by,by € BMO(X), M BT F by, by A B WM C-Z 5 F A
T b1, 0o, T) A& H(L0)ITSE 3L, 45 ([0, ba, T)(frs fo)lly < Cllballlall | frllx, 1 follx, ST BR EL
uy,uy : R™ x (0,00) — (0, 00) Hi &2

oo " esst<in<f ui(x, s)|lxs(z,s)|x dt
1+1n~ #<e0 Y < Cusle,r),  u = wyus, 20
J ) s Dlx g < Cualnr), u=ui (20)

WAFAE C > 0, XA R fi € X0\ Muy(x) M fo € Xo(\ Muy(x,), B

11 b2, T1(frs F)llmauyy < ClOLllellO2llll Fillar,, ) 12l ar,y

FEUEMIZ |, 620 H— M H R HER.

Hitd.5 W TIE 24 MFAME, H va(t) = ualz,t) L oi(t) = wilzt) Yxeeslx9t) =
||XB(z,t)fHX7w(t) = t71||XB(th)||;(l7 ﬁ

dt

L[ t ,
sup uz(z,7) 1/ A+l fxsenlxlxeesllx' 5
zeX,r>0 r r t

< C sup wi(z,r) Hixsen X 1 xsenlx
zeX,r>0

= |fllar., x)-
EIP4.4093EBB % x € B(z,r) € B, X} f; #EAT 0N 20 M
fi= 1+ 172 = fixes + fixx\es, 1=1,2
is = (4),(10) F1 Monkowski AN% 3, 153
[br, b2, TI(fry f)llarery < Mbas bo TV Fo)llaaacvy + 01 bas TI(fL f55) Iaru vy

+ bas b2, TIFE®, ) Igacry + ba b2, TV f55) anv)

= ZE1+E2+E3+E4

JeRAGTE By, B ([[b1, b2, TI(f1, f2)lly < Clbull b2l fillx, 1 f2llxss v = uius,
||XB(Z,7‘)||Y = ”XB(z,T)”X1HXB(z,'r')HXz DY SN (11)7(12) AR 3.2, S
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1 1
HXB(Z,T)[b17b27T](f117f21)||Y
u(z,7) IxBenlly
1 1
< [br, b2, TI(f1 £2) Iy
u(z,r) x5y
1 1
< b1l 102l [[ f1x B2 2m) 1, [ f2X B 2 |
u(z,r) ||XB(zr Iy
< dt
= CHbl” ||b2|| ( )HX || H|B(Z r |||leB(Z 2r) HX tn+1
(z,7) i=1 2r
1 > dt
< Cllldbel gy xt | Woxeeolls g
1 Ldt
< Cfball|b2]]« G ||X HHXBZT [l x: / 1fixBenllx: IxBenlx — ;

1 ||XB(Z T’)||X1/ _,dt
= C|bi||.]|b2]]« : fixsenllx Ixseolx, —
|| 1|| || 2” Ul(Z,T‘) ||XB(z r)”Xl . || (= t)” || (z,t) 1l x4 n

1 HXB(z T)HXz Ldt

X foXB(= XB(z
) e / I foxaelxlXseol o

< Olballelballell frllar,, ey 12

Myq (X2)7

b E S, A B < Clball b2l Fi L, ooy 12, oy - 3T AT Eay B 262 18

HblvblvT](fllvaOO)(m)L XTJ%: Vz € B(Z,?"),y € BC(Z,2’I“>, ﬁ %|Z - y| < |£L' - y| < %lz - y|7 EEEQ

(5),(10),(11

IN

IN

IN

IN

IN

),(12),(18),(19) Fl Fubini’s 72, 133

o1, by, I £5°) (@)
/2 ] /X 1 Kl @) = 0u )02 (0) = b A ) L5 )

[b1(2) = b1 ()l [ba(2) = b (o) 11 (1) F2 32
C/ zQT)/B (2,2r (|z — y1| + |z — ya|)2" dy1dys

ba () — b1 (y2)l| f2(y2)] dys

C () = b1 (y)|| f1 (1 )
/B(z,Qr) [b1(2) = ba(y )||f (y1)|dy /Bc(

*(z,2r) ‘x_y2|2n
C<|b1(ﬂf) = (b1) B(z2n) | | f1(y1)|dy +/ [b1(y1) — (b1)B(Z,2r)|f1(y1)|dy1)
B(z,2r) B(z,2r)
b — (b z,27
<|b2(l‘> - (bQ)B(z,2r)| |f2(y2)2|ndy2 +/ | 2(y2) ( Q)B( 722n)||f2<y2)|dy2>
Be<(z,2r) |Z - y2| B¢<(z,2r) |Z - y2|

C<|b1($) — (b1) B2 | 1 f1XB(2m) | x: [1XB(220) [ x4

HfixBenllx X2 (01(+) — (bl)B(z,zr))|X1>

< dt
(1)~ Ol [ il [
z—y

Be(z,2r)

< dt
L N 2 R (ST ACATI [ty
Be<(z,2r) |

z—y|
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0
i

= C(\bl(l’) — (b1) Bz20) 1 f1XB(z2r) | 3, (X B(22m) | x

X B(2,2r) (01(-) = (b1) B(2,2r)) |l x;
||XB(Z,2T) ”X{

+||f1XB(z,2r)HX1 ||XB( ; )||X/
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