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Abstract

In this paper, we investigate the influence of anti-predator behaviour due to the fear
of predators with a Holling-Tanner preydator-prey model incorporating a prey refuge.
First, the local asymptotic stability of the equilibrium points is discussed, and then
the condition of the existence of Hopf bifurcation is given by taking the fear level k
of the predator as the bifurcation parameter. Finally, using the canonical theory and
the central manifold theorem, the direction of Hopf bifurcation and the stability of
periodic solution of bifurcation are analyzed. Through calculation and analysis, it is
found that the fear effect can reduce the population density of predator at the positive

equilibrium.
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1. 5|5

Holling-Tanner#fi & 3-SR O 52 TV 2 55 B OE A 7T, JCHXT T B A Hu i 1)
& R NIFAR MBI, V2 58 OB (1.1) 30 2T Tk, 78 (1), fEE R T
TE P e 1 4 S M S R AR PR PR IO A AE E— 1. ST [2] o i 1z A7 A — AN G S Hopf 79 3¢,
3 [3] K EEEAK Y Holling-Tanner i &A1) 42 J5 23T T 528895328,

dz x azxy

a:m( _?)_Ay—kx’

dy by (1.1)
& = Sy(l - ;)7

SR, EBLSCHIVE AR O, RIHAFCEREXE T, K M S I0 W TSR WY S R BEXE TS 4 £ R
ARSECHIVE . T REXE R (B 7T, SCRIR [4-8] FSEEAN 7] FROASE 2R o AR 152 10 38 Rl e 1 PR 3 ik
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ATHEFE, MAEsRAE [9] AR (1.1) WRol N T RHBXERT, 704 7 2 G011 i i) 2 )R P SRR FR2A
FEAEME—PESE IR, 1 WIREXE B0 AH M £ 8 22 18] A ELAT R B AR08 A e, S [10] o, A
FHWTL T ARG (1.2) Pos, —REATBEAEPTAE BOSGR IO & RGN 70 SV, K B R T A 4
Wik, RGN,

dz x ay(z —m)
i T W A 7
dt ra( K) Ay+xz—m ’
(1.2)
Wy
a Y x—m’’

TR, VP2 EH BT 1B E AT Sy SV, o 8 i RARRR . 2016 4F, £ [11]
TR TRARNT f(k,y) = 5y - S0, ko SRBL T A B8 10 A AR . 2R [12-14] 19
WEFE T 5 18 1 RAR PR 2R 1 5N B USRS, 5K [12] 55 A IR AR RGN 7T DA RZ ARG Al £ 2 F A
HEEE L. SC [15] gt S AR BB RGN mT DLE S B A k3w R Gt R e 1k, ik T 347
PR BT B AR D, (HA 2 SRR E KA. [16] 1, ESERIUH T & KA
I ARSI AR e STk, AR SCES & SR [10] %5 T BLE S5 EXE BT 1K) Holling-Tanner #47Y
un (1.3) P, BEIT T H 4B 1R AR T S 20 Bl & B AT N 2.

de e g aylr—m)
dt  1+ky Ay+xz—m’
(1.3)
G p—
a Y x—m’

Hrbor, K, o, A, s, b BN EEL o My 53 WFRORAE ¢ 2V EA & PSR, r, s AR
HIE A SRR, KIS IR R BN E, o M A 55 5 A 6 5 4 3R SRR T R 8 4 %Ez
Wﬁﬁiﬁ"’ﬂﬁﬁ"]ﬁﬁ%ﬁ@%ﬁﬁ‘éﬁ. Horb, maBoR iR T EE SR, k(> 0) RaRZRKT,
B: = 72

AR R B R BN TR R s LB R E G 2T R (1.3) T
i e AR e PEREAT 0 AT, 5371718 A Poincaé- Andronov-Hopf [17] 43> & B i Hopf 79 3 AR AEVE;
4 TEEE RS, Poincaé-Andronov-Hopf 73 3¢ € B LA S 3C [18] #7573 §1 Hopf 43 >C 77
7] J 4 ST AR B AR G s 3551 5 1 AR K B B PE R B 3 A ) B 671 AR AN SO AR

2. PR EAELFREN

2.1. P ESEFEEM

A (1.3) 72 300 P45 A0 7 JLFA S B = (0,0), °F P 5 B, = (%,0), IE -4 #5
E* = (z*,y%), x*= by* +m, y* W2 —JC=IRITFE

f(y) = A1y3 + A2y2 + A3y + A4 =0. (21)
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A, = pb*kA + Bb3k > 0,
Ay = BV2A + b + 2bBmkA + 2bBmk + abk > 0,
Az = —rbA — rb* + fmPkA + BmPkb + 2bmBA + 2b*>mf + ab,
Ay = —rmA —rmb+ fm*A + Bm?b.

AL f(y) KTy RS

f'(y) = 3A1y* + 245y + A3,

F"(y) = 6A1y + 24,.
BARATLAER], SEEM y >0, f/(y) >0, BWE f'(y) ££ (0, +o0) L/ G 9 TH#IE f(y) =0

FIIEARAE B AFAE, FATHE & LU = M5 P

() 2m < 5, £(0) <0, fly) =0 EAH LR IRk > WAL, 5%
18 (0,4+00) £ f/(y) > 0, Bk, fly) =0 HME—MIER. IR b < ot 2alatmioo) Fgo 1

(0,9) L f'(y) <0, 7 (§,+00) L f'(y) >0, BEW f(y) = OFF (0, +00) LIREA —AIEMR. Kk,
fly) =0 M IER. e

_ —(BV2A+ BY® + 2bBmk A + 2bBmk + abk) + VA
v= 3(6b2kA + Bbk)

A = Ag - 3A1A3

(i) 24 m = % I, £(0) = 0. 2ol W & > MratrtBule tmioo) G2 f(y) = 0 B EAR,
B e < At Bpsl smEa) R4 f(y) = 0 AME—HIER.
(i) 24 m > % I, £(0) > 0. fRBIEY | > MAtR 2uli-Bmio) w, f(y) = 0 WA IEMR.

fo< Mt Bpfeosmia) it IR f(5) > 0, f(y) =0 BEHIEM; MR f(5) =0, fly) =0 H—A
ERR; I () <0, f(y) =0 A MIEHR.

s FRTR, FIRSE I ROT.
EE 1) WERME) :m < =, WA RG (1.3) F—AMMe— 0 1EF4 5 Er = (2, y7), Hr,

B
z] =by; +m .
T —2m, —92bmfB—a o .
(ii) W lRkm = 5 HEk< b(rA+rbB,2n2(iﬁb)2b Boa) N RS (1.3) B —AME— [ IE T s, By =
21 Y x * s —Asy/AZ-44,4
(x27y2)a :/E\:E'jy Ty = by2 +m,y; = @

(i) 11 5m > % H > MrAsrbotmpAsdimize) | gy (1.3) WA IEAR,

. r b(rA4+rb—2mpBA—-2bmpB—a
(iv) t&m > 5 H k< brat ﬂm2(€‘+b) fa)
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(a) W f(9) <0, RE (1.3) AWNIEE R Ey = (23, v3) M E; = (23, v5), HH,

ys <Y <yi,xr =byf +m(i = 3,4).

) WE f@) =0, Ba B35 ErEA, 24 (1.3) A MME—IEFH S B = (af,y), Hh,
x5 =by+m, y5=y.

(c) W f(y) > 0, &Gt (1.3) B IEFH A,
JE AR S (Hy ) - m < % FROL O T, FoA 5 7 T 2Bt 6.
2.2. FESHEIREM

A48 (1.3) 1E (z,y) &1 Jacobi FFEUITR

r__ . aAy? —rkx a(w—’m)z
J=|[ 1tky 2B (Ay+z—m)?  (1+ky)? (Ay+z—m)? (2.2)
sby? 5 — 2sby ) :
(z—m)? r—m

THEN TR RS (1.3) TERAFH AR Jacobi FFEARFIEE, SR T 1% Le-F 1 i i e 1.

EH 2 (i) PP S By = (0,0) R LKA FEH.
(i) 2 S By = (%,0) RTHI AR,
(iii) R % (Hy ) BROL, #5l 2

. r aA
(Ha)200" +m) > ' = s

B By = (2], yy) 2R EnE R e I, k2 2&AFE 1.
MERR (i) &%t (1.3) TE°Ffii s Ey = (0,0) A1 Jacobi HiFEA

r —a

J(5y) = . 2.3
(Bo) 0 . (2.3)

HiBE (2.3) MISFIEA N r R s, DRI, P05 By RAERE 1.
(i) R4t (1.3) FEPHRL By = (5,0) &HI Jacobi HiFEN

Jgy) = . (2.4)

FERE (2.4) MFHEE N —r A1 s, BlUL, PR By AT E R,
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(iii) RS (1.3) fEPHT s B = (a3, y7) 41T Jacobi HiFEN

ayp  Ga12
Jmry = . (2.5)
G2 (22
>N Eij’
r aA —rk(by; +m) ab?
= — 28(by; - = —
M Ty M TG T Ty (Ao
s
Q21 = 57 Q22 = —S.
M (2.5) FIRFAETTRE A
N —TA+D=0. (2.6)
N l:l:‘y
B o r . aA s rk(by; +m) ab?
. r . aA
T =tr[J( 1)}—W*25(by1+m) (A+0)2

Fir LA, TE~P A7 fU RS M DT B A5 5 PoE . BRIk, 24 28(byt +m) >

> T~ e ML R (13)
HIE P By R IEHERE . R, IV By RARGER.

3. Hopf X MIFEM
AATIEBOARIK kAR IS BRI TR S (1.3) 1BV 5 BT A1) Hopt 43 SCHIAFAENE.

5138 3 A5k (Hy) Mor, MIAFELE k* > 0, 1524 k = k* i)

T aA
S 1T B ———) 3.1
JERR & Tt —2B8(by; +m) — A+b —-s=0FH
r(A+0b)? 1

T 2By +m)(A+ b2+ aA+s(A+ b2y

L kr =k, B (Hs) :r > 26(byi +m) + s+ 5% B, 4L k>0, 145 (3.1) Xloz, H ke >0
=)
rE
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MERR B A (k) = a(k) £ w(k) RFFAETTFE (2.6) AR, Hrh

1 1 r . aA
a(k) = §T = i[m —28(byy +m) — m — s,
(3.2)

w(k) = %\/49 —7,

Y k= k* B,
_ryi (k) + rkyt (K7)
2(1 + kyi (k*))?

a(k*) =0, o (k)= — Bby (k).

Ty W2 (2.1), Ktk

(BV*A + Bb*)yp® + (208mA + 208m + ab)y;® + (Bm* A + Bm’b)y;
f'(y) ’
f 2.1 WSS &S By AR, W £ (y1) > 0, L, yi (k%) > 0, 3T of (k%) < 0,
Zi b, FAEAE (Hy), (Hs) 0L, 4 k = k* I,
(1) [T(k)]k=r- = 0;
(i) [D(k)]oep- > 0;
(iit) &[T (k)] pep- # 0. K, B Poincaé-Andronov-Hopf 4) SCEFEAI A1, REE (1.3) 16 1L P4 55

dk
E; 774 Hopf 473

4. Hopf XA EIFIF2E M

yi (k%) =

AW EERIA k= k* I, R (1.3) £ TS EY ML 4216 Hopf 70 321077 18 &t 73 3¢
PR IR RS E . PR (23, u1), *

~ * o~ *
T=T =T, Y=Y — Y1,

AT, BRI 2, y R T, 7 RS (1.3) 2N

dz _ r(z+ay)
At 1+k(y+y)

aly +yi)(x + a7 —m)
Aly +yi) + (x+27) —m

- Bz +27)* -

)

dy . b(y +y7) (41)
Fri s(y+yr)(1 - m)a
¥4 (4.1) DTS e TR
d
df”f T f(z,y,k)
= J(p + 42
dy | =TT e .
dt
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/\E':‘
flz,y, k) = a12® + aszy + asy® + aux® + asz®y + agry® + ary® + -+,
g(z,y, k) = byz? + boxy + bsy® + byx® + bsax?y + beay?® + bry® + - - .
o= 4 a y*l = —7“*2_ a*yl(xj—m)y
(Ayt + 27 —m) (1+ ky7) (Ayy + 27 —m)
0 — rk?x} aA(x —m)? oy — - aAy;?
(I+kyi)®  (Ayp + a7 —m)® (Ay + a7 —m)*’
o — 20491 (Ayi + 27 —m) — 3aA’y;
(Ayf + a7 —m)* ’
4 — rk?  aA(zy —m)(Ay; + o] —m) — 3aA’y; (x] —m)
(1+kyp)? (Ayi + a7 —m)* ’
v — —rk’z;  aA*(zi —m)? _ shy?
T ARyt Ayitai-m)t T (af—m)¥
2sby* b
by = i, b3 = — : )
(3 —m)? i —m
by — sby? b — — 2sby;
S N O
sb
bg = b, =0
D eiom
B SR
1 0
R—
M N
Hep, M ==t N =20 gy
a(k) —w(k)
R 'JpR =
FiIE73
1 0
-1 _
B = _M 1
N N
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o = ke i
M* = M|j—p, N* = N, w" 1= W|gpr.

TE2H (2,9)" = R(u,v)T, R4 (4.2) (15N

% u fR(u,v, k)
=R 'JpyR +R! ,
dv EDTL, gR(u,v, k)
dt
R |
T\ [(o®) e (u) (k)
= = . 4.3
dv w(k) a(k) v g' (u,v, k) 4.3)
dt
/\q:‘

fu,v,k) = flu, Mu + N, k)
= (a1 + aaM + azM?)u* + (az + 2a3 M) Nuv + a3 N*v?
+ (ag + asM + agM? + a; M*)u® + (a5 + 2a6 M + 3a7; M?*)Nu*v
+ (ag + 3a7s M )N?uv? + a7 N3v® + -+ |
g (u,v,k) = —%f(u,Mu + Nv, k) + %g(u, Mu + Nuv, k)
_ %(—alM 4 b — apM? 4 by M — asMP + by M)
+ (—agM + by — 2a3M?* + 2bs M )uv + (—asM + b3) Nv?
+ %(—MM + by — asM? + bsM — agM?® + bgM? — a7z M*)u?
+ (—asM + bs — 2a6M> + 2b6M — 3a; M?)uv + (—agM + bg — 3a7 M*) Nuv®
—a;MN*3 + .- .
T HEAT AR AR R, RS (4.3) T
7 =a(k)r +p(k)r + -,

- (4.4)
0 :w(k)+q(k)72+... ,
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£ k = k* &7 Taylor RIT

7= (k*)(k — k)7 + p(k*)72 + o((k — k*)27, (k — k*)13,75),

. (4.5)
6 = w(k*) + o/ (k") (k — k%) + q(k*) 72 + o((k — k)2, (k — k*)r2,74).

I Hopt 43 77 1 UL I e 433 P22 P BRI RAS M, 2 (k") U162, B

. 1
p(k ) = 16( uuY + f’l},UU +guuv +g1}1}'l))

1

+ 16w(’1€*) [fiv(fiu + f&v) - gqlw(giu + gqlw) - f&ug'zﬁu + fivgqlwh

Forb A (0 e 3 BCE BB T 70 3R (w0, k) = (0,0,k%) H
L w(0,0,k) = 6(ay + asMy + agM3 + a7z M), fL.(0,0,k*) = 2(ag + 3a;My) NG,
9h 0o (0,0, k%) = 2(—as My + by — 2a6 Mg + 2bs My — 3az M), gb..(0,0,k%) = —6a; MoN;,

1 (0,0,k%) = 2(ay + agMo + asMZ), fL.(0,0,k*) = (ag + 2a3My) N,

2
51)(0, 0, k'*) = 2a3N§, g}w(O, 0, k'*) = ﬁ(_alMO + bl — CLQM(? + b2MO — CL3M§ + b3M02),
0

gllw(O, 0, k*) = —CL2MO + b2 - 2@3M§ + 2b3M0, gllw((), 0, ]{7*) = 2(—(13M0 + bg)NO

5E X —FrLyapunov &R E i HE AT

KN o/ (k*) < 0, H Poincaé-Andronov-Hopf 43 3 & L A] 15.

I 5 B (Hy)-(Hs) BOL, WEATE k= k* B, &% (1.3) f£E; 4774 Hopf 4.
(1) 2 p(k*) < 0, Hopf 75 A SRS 8T AR E 1 H. 23 327 )2 LI 5.
(ii) 4R p(k*) > 0, Hopf 4338 W2 A A (1 B 23 377 1) /& B 511

5. Hopf AN RIEFMBERENF M

W TR S RARKT B Took, P DURAR N G A8 P08 B e e, PRI, AT R e 2 R AL
IDRSE e Al
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By BIERRT k HRESLREL, KT kK315

dy*  (BVPA+ Bb%)y*3 + (208mA + 2bfm + ab)y** + (Bm* A + Sm?b)y*

dk f'(y*)
X IR A By WERAEAE, 84 f'(y7) > 0, ATLA LA 8w/ T-0, B dd% < 0 F%Ar. B &34 PR
H T 25 o B ke 38 RGBTk /)N, 1% A2 DR A RUIE 7K Pk R s, T 108 38t i 1) & VBRI 2, T B
AT SRAG ) VE R R R /L U]l £ 3 1)~ #8552 Dk /)

6. &5

S IL T — FHAT BBV 0 Holling- Tanmer B, 5 264 i 7 5F 0 45 10 3 #0036
P, SRJF LU 08 MBYBUKT k950 5 B8 4 Hopf 4072 (A& A, R, FURIRLIE 2916
Poincaé-Andronov-Fopf 4 3 & B 1L 3 4 7 lopt 4 3 077 11 14 53 S J6 WA HO R s
24T U SR SRS L G 5 22 TE TGRS T O RO
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