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Abstract

We study a non-characteristic Cauchy problem in multiple dimensions. This is a severely ill-posed
problem, i.e., the solution (if it exists) does not depend continuously on the data. After simply ana-
lyzing the ill-posedness of the Cauchy problem in the frequency space, we propose to solve this
problem by modifying the kernel, which generates a well-posed problem. Error estimates between
the exact solution and the regularized solution are given. At last, we employ some numerical ex-
amples to illustrate the behavior of the proposed methods.

XEG|I . SRR Y RSB IE R TR B, 2023, 13(7): 2024-2031.
DOI: 10.12677/pm.2023.137208


https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2023.137208
https://doi.org/10.12677/pm.2023.137208
https://www.hanspub.org/

Keywords

Non-Characteristic Cauchy Problem, Modified Kernel Method, Error Estimation

Copyright © 2023 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 51§
FEARSCrR, BATTHE e LA A AT 7 1]

| »

Lu(x,y,t)+Ayu(x,y,t)= Py u(x,y,t), xe(O,l),(y,t)e]R"'1 xR (1.1a)
u(0,,0)=p(y.t), (y,t)eR"" xR (1.1b)
uX(O,y,t)zo, (y,t)eR”"xR (1.1c)
n— 2 2
§¢b0,%=227,Lm¢%%+ﬂ@§+dﬂ,EL%%&&&%E%F%#

aeW**[0,1], bew'*[0,l], ce L*[0,1],
0<A<a(x)<4,c(x)<0,xe[0,].
KGR (v, 1) ISR @, (v,0) HLE L, (R xR) B[, B8
lo(v.0) =5 (n.1)] <5, (14)

Hob ||| 2 18, A0S FRMA KT

LB E AL, G I R 3 S 5 0, (1] (2] (313 T — 4] o WL DB TE AR 8L, (4] (5] [6]
(70 T A o L) A B, 4R % 2 PR R (S B 9 7 1 BT, He
Tikhonov 1E WAL R BN EITAL4]. INIIE[S)S. 15— HE R — it SR MO UG W R4 LU, R4S
LR G I LR T OGS (0, VRO E e . W — MR E MO E R S B BRI, X MR AR
BODRIEEE R, 55h, MTF0<x<l, B g, (y.) FHI—AMREI A2 BRI u(x,p.0)
EERIR 2, ORGSR 3l e . R, A SRRt — FE TERT ki 1 B 81 1),
T4 HYTE T AR FRS A 2 1 52 22 o

PEs 2 e, BV AR, FEHE U AT TR L 765 3 e, BRI T s
ERT ARG E FIB(1L1), SE7E LSS R v RN R, 4 th IE DU AL AR RURS WA 2 1] 352
E it

2. JEFHENR
D IE SR x e (0,0), (p,0) e R™ xR, I HITASH 5 LA (n,8) € (R xR) o 1 F
o(r.t), BINFLAE B A

A 1 —i(n-y+&t n—
¢(1.8)=——| .. o(n1)e ™ dydt, (7,6)eR"™ xR, @1
(27)2

DOI: 10.12677/pm.2023.137208 2025 S H


https://doi.org/10.12677/pm.2023.137208
http://creativecommons.org/licenses/by/4.0/

H Wy y= Zﬂ%
PAE A 2 2% 8] A B ARG A0 AR 7 ) R (1. 1) itk FRATISE 2 FE DL N HE ) .

Lv(x,n,é):(i§+77 )V(x,?],cf), (n,é‘)eR xR (2.1a)
v(0.7,€) =1, (m,&)eR"" x (2.1b)
v, (0,7,6)=0, (7.£)e R xR (2.2¢)
é\
A(x):=a(s)"" ds, x(0,0). (2.2d)
PRt BRI u (x, ) HOA LIS A
i(x,7,8)=v(x.n.8)p(n.8), (2.3a)
A
u(x,y,0)= ;nJ.W,lva(x,n,5)(?)(77,§)ei("’y+§’)d77d§ ) (2.3b)
(27)2
P LR DRIAE x =1 AFHEJFIR T 1 (R < R) %I, HeofseR . 4/ (nt)=u(lynt), W
o T(m8) 24
o(n.) )’ 24)
ES):
~ _ ( ’7735) 7 25
i(x,m,£) (Lnjg)tf(naé)- 2.5)
NI R A, BATE IR 512,
F1E 2.0 (R[8]) (L)), QUAFEEME—fF v(x,n,&), HARXMERI (7.6) e R xR, £
D v(.n.&)ew> [0,1];
2) MEEM xe(0,0), v(Ln, &) RTEREE p,i=1,2,,n—1ZERE
3) MEREM xe(0,0), A v(x,n,E)#0;
4) X xe(0,0), FERY a,b,c FARMIEFHC,i=12, f
v(x.7.€)| < Cexp(d (1.€) 4(x)) (2.6a)
v(Ln,&)|< C exp(d(n.€)4(1)) (2.6b)
Horfs

d(n.&)= re(\/i§+772)= —“52+|77|2+|77|2 (2.6¢)

2
SRR, R x>0, v(nn&) K TAR g FIE R, H 02 AN TR S B S

V&l il

2

BUEMTAE M. LEAh, A T B AIR ZE AR T exp BRI DL -

DOI: 10.12677/pm.2023.137208 2026 S H


https://doi.org/10.12677/pm.2023.137208

3. BIEEF*
AT B RS IEAZ SR F A ) (1.1), FRATEM 5 1 E AR N
v(x,7,&)

~a Lo , ;é =
#ome) +af(ln.€)

5 (1.8) (3.1a)

u (xpt) =—— v(xn.¢) — s (1, &) 0 dndE (3.1b)
(27) 1+a|v(l,77,§)|
A I JU) A AR O R At R S o A S AV BR T B R A e v (xum, &) s WERZ o 2N,
%jﬁ@{v(%n@), Rl M
Lraly(ln.c)| 1+aly(Ln.c)|
N FRATRE R I AR AR it R 2 1A R ZE A
SEH 3.0, L u(x,py,0) RIEDTE o(p.0) FEKESA, w (x,p.0) ZIEDLE @, (v,0) FHIER
. (LD RIASTRARAE x =1 oA i 5t

[t

u">‘*—u||—>0 o hb, MEER a>0,

”f(y,t)" <E, (3.2)
HAPFEEE>0, HA4)r, HRIEMNKSE o N
5 m
a—(fj , (33)
MFHEER 0<x <, B FiRzEMbt
17A()c) A(x)
u (x,pt)—u(x )| < K5 “OEND, 34
ce A(()]r)) o e (o) A(1yA(x) (m_l)A(l)+A(x) A(;Lf(;i)(l)
o =0 = ST ma()-a() 6 wcre = Lt
{EBH. 1 Parseval 28 30F1 = A AEE A 15
a0 , ,t é: é:
() "(xng)=i(xn ” (3.5)
<l (xanaé) X o175 5) (X,ﬂ,é)”
St SN A M 2 — T,
(x7.€)
" (0,6) =i (51, )| = (5 (1.€) - (n.€)
" 1+a|v(l,77,§)|( )
< sup ) 25 (7.€)= ¢ (n.€) (3.6)
(n.E)R" R 1+a|v(l,77,e§)|
< sup v(x,f],cf) —|0,
(n.6)eR" R 1+a|v(l,77,§)|

DOI: 10.12677/pm.2023.137208 2027 P2k


https://doi.org/10.12677/pm.2023.137208

Horp
povlemd) (3.7)
1+a|v(l,77,‘f)|
5| 2.1 W18
o Clexp(d(ﬂaég)A(x)) —.
1+a(C2exp(d(?7vf)A(1)))
/&\
Cyexp(d(n.$)A4
F(a(n)) -Gl A() 9

1+a(C,exp(d(n.€)4(1)))"
7 f'(dy (n,€))=0. 5

1 ln[ A(x) ]
mA(1) | aCy (m(1)=4(x))

XHN2d(n.8)2dy(n.8) 0 f(d(n.6))<05 Zid(n.&)<dy(n.€) 0, f'(d(n.€))>0, B f(d(n.€))
T2 d (&) BURBRIE, B

d, (77#5):

_AX)

f(d(n.€))< f(dy(n.£))=Ca ™, 3.9)
_A(x)
c,c, 0 o o
;H\:EP C:mA—([)(A(x))m ) (mA(x)—A(l)) mA(l)
ESHlie

G eXp(d(Tl,f)A(x)) )

B< <Caq ™0 (3.10)

- 1+0¢(C2 exp(d(ﬁ,f)A(l)»m

HH(3.6)A1(3.13) Al %1,
_AKX)

ﬁa,&(x,n,é)_uﬂa (x"]’é)"Sca mA(l)é" (311)

BTSSR 2UH I 28 350,

v(xnn.E) . .
—— " 0(7.&) —v(x.1.£) p(n.€)
1+a|v(1,77,§)|

- v v(x,1,¢)
0.ORR ]+ o |v(l,77,c§)|

0 (x,r],af)—ﬁ(x,n,§)|| =

(3.12)
v(x.m,¢) Hf(mf)”

m—1

3 aly(Ln.£)|
< sup |——HF—v(x
05| + o |v(l,77,cf)|m

DOI: 10.12677/pm.2023.137208 2028 Eiile e


https://doi.org/10.12677/pm.2023.137208

_ w—l’?gmv(x,n,g) : (3.13)
Hi 512 2.1 nI75
|apnay g><aqexp<d<mf> (o4t &)0)”
1+a|v(l,77,§)m el 1+a(C2exp(d l))m
. exp[ &)(4(x) 1) A4( 1))}
1+a(Cexp(d (n,€) 4( 1)))
)= ipg(é exi(éﬁilf ())))f(”)] B (4, (1.£))=0 oI

1 A(x)+(m=-1)4(])
) A ™ e (A=)
#d(n.8)>d,(n.€), Hh'(d(n.€))<0: #d(n.8)<d, (n.8) A W (d(1.£))>0, Bk h(d(n.£))1E d (7.£)
LNIEES - IN AV

A(x)-A(1)
(o) A1) A() B Sodh A A(x)-A(1)
h(d(n.))<h(d(n.6))=Crc, ™0 [(’" Al()l‘;(ll:“;(xq a "0 =Ca ™ (3.14)
— X
A,
A(x)-A(1)
i (xm,€) =i (x,n.€)| < Ca ™ E. (3.15)
gi bal1g,
A A(x)-4(1)
u™’ (x,y,t)—u(x,y,t)" <Ca "™P§+C'a ™D E. (3.16)
5 s g
ma{fj,m%ﬁmwﬁ
_AX) A(x)-4(1) LA® AR
uo (x,y,t) —u(x,y,t)" <Ca ™MD§+C'aq ™D E=K§ AV EAD (3.17)
Cc_i(()lc)) A(x) A _(m=1) A1)+ A(x) (m—l)A(l)+A(x) A(;L_(f)(l)
= =172 mA(l) —A _mA(l) m mA(l) R
Hpk=C+C D (A(x))™D (ma(x)-A4(1)) =@ +CrC, ( O
E FRAFIIE O

L 31 HBEET 0<x <l FIRZEMTE, HEMRR x=1 IR ZEMTE, BATES HE R 505
Jee(2., )|| = (1 (L y,t)exp(pd (n,€) A(1))) <E',p>0. (3.18)

Horbtu(lp.t)] A 158 Hp=08E, u(ly.e)] &L -4

DOI: 10.12677/pm.2023.137208 2029 Eiile e


https://doi.org/10.12677/pm.2023.137208

SEH 3.2, Du(ly,t) ARG, ™ (1,y,0) R W B x =1 &K IENGE. F31.4)
IR ¥ (3.18) AL . R IENLSHH

az(%jpﬂ, (3.19)
WA a0 R B 24 o
a,0 _ Cl _ l’i m ey p—m E% ﬁ rﬁ
u (x,y,t) u(x,y,t)||<(mc2 (m 1) +C'C; (mj Jd E'7. (3.20)

ERA. [RERE 3.1, AR Pl RAEW] s B . ANSE S0 2R — TAE BE 3.1 FIERI SR, AT 45

0% (x,m,&) i 1) ia’ia. (3.21)
IUAEE B A 2 204 36—
l,m, . .
u"fl (1,77,5)—12(1,?],5)"2 V(—nég)mgg(’]’g)_v(lﬁhé:)(o(ﬂaé:)
1+a|v(l,77,§)|
_ aly(tn.&)" () f(n.¢)
tral(ln.g)f vime) (3.22)
a|v(l,77,<§)|m .
< 2 exp(—d(n,€) A(l ,
b e 0 40) 7.2
aCy" exp(md(n,£) A(1)) ,
S(,]);‘H‘Q&R1+ac "exp(md (17,¢) 4 (1))6Xp(_d(n’§)A(l))E
% . _| aC'”exp(md 7,¢)4 l) o -
N (d(n é)) ‘1+aC exp(md n,$)4 Z) ( (m.£)4 ()) : (dz(n,f))—OET, f
_ m-p Lo
dz(n,g)_mA(l) npac;" o #d(n,8)>d,(n.8), FZ(d(n.8))<0s #d(n.&)<dy(n.&), F
Z(d(n.&))>0. Wk z(d(n.8))1E d, (1,&) EFFRRA, FTLA
z(d(n.))<z(d, (n.£))=CrCy ™ (pa)n (_%sc;"c;-m(pa)imm:c;"c;-'"(%jm " (3.23)
FrLA,
i (1,n,€) =it (1n.¢)| <(d, ncf))<clmczp’”[§jm amE'. (3.24)
HIH(3.26)/1(3.29), FHifiNa= (%Jp“ CIEES
u () —u(x, 3,0 < [%(m ) egrer (ﬁ}*E (3.25)

DOI: 10.12677/pm.2023.137208 2030 P2k


https://doi.org/10.12677/pm.2023.137208

EHAHIE O

4. &g

AR S — B E A 7 VSR A e AR R AR A G ) 8, 1% 5 v B o, UE B T AR skl T, B

B O<x<I M x=1, FFAEIENALS AR SRS T, 25 H FFUEN] 1 15 0P A ARG A A 18 1 1R 22
fititt

&5k

(1]

(2]
(3]

Knabner, P. and Vessella, S. (1988) The Optimal Stability Estimate for Some I1l-Posed Cauchy Problems for a Para-
bolic Equation. Mathematical Methods in the Applied Sciences, 10, 575-583. https://doi.org/10.1002/mma.1670100507

Meyer, Y. (1992) Wavelets and Operators. Cambridge University Press, Cambridge.

Elden, L. (1987) Approximations for a Cauchy Problem for the Heat Equation. Inverse Problems, 3, 263-273.
https://doi.org/10.1088/0266-5611/3/2/009

Zhi, Q. (2009) Regularization Methods for a Cauchy Problem for a Parabolic Equation in Multiple Dimensions. Jour-
nal of Inverse and Ill-Posed Problems, 17, 891-911. https://doi.org/10.1515/J11P.2009.052

Knosowski, Y., Lieres, E. and Schneider, A. (1999) Regularization of a Non-Characteristic Cauchy Problem for a Pa-
rabolic Equation in Multiple Dimensions. Inverse Problems, 15, 731-743. https://doi.org/10.1088/0266-5611/15/3/307

Qian, Z. and Fu, C.L. (2007) Regularization Strategies for a Two-Dimensional Inverse Heat Conduction Problem. /n-
verse Problem, 23, 1053-1068. https://doi.org/10.1088/0266-5611/23/3/013

Qian, Z., Fu, C.L. and Xiong, X.T. (2007) A Modified Method for Determining the Surface Heat Flux of IHCP. In-
verse Problems in Science and Engineering, 15, 249-265. https://doi.org/10.1080/17415970600725128

Hao, D.N., Schneider, A. and Reinhardt, H.-J. (1995) Regularization of a Non-Characteristic Cauchy Problem for a
Parabolic Equation. Inverse Problems, 11, 1247-1263. https://doi.org/10.1088/0266-5611/11/6/009

DOI: 10.12677/pm.2023.137208 2031 P2k


https://doi.org/10.12677/pm.2023.137208
https://doi.org/10.1002/mma.1670100507
https://doi.org/10.1088/0266-5611/3/2/009
https://doi.org/10.1515/JIIP.2009.052
https://doi.org/10.1088/0266-5611/15/3/307
https://doi.org/10.1088/0266-5611/23/3/013
https://doi.org/10.1080/17415970600725128
https://doi.org/10.1088/0266-5611/11/6/009

	求解多维非特征柯西问题的修正核方法
	摘  要
	关键词
	A Modified Kernel Method for Solving a Non-Characteristic Cauchy Problem in Multiple Dimensions
	Abstract
	Keywords
	1. 引言
	2. 准备知识
	3. 修正核方法
	4. 结论
	参考文献

