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Abstract

In this paper, we are considered with the existence and multiplicity of positive solutions

for second-order Dirichlet boundary value problems −u
′′(t) = λf(u(t))− ε, t ∈ (0, 1),

u(0) = u(1) = 0,
(P )

where λ is a positive parameter, f ∈ C([0,∞), [0,∞)), there exists ∧ > 0, such that ε ∈
[0,∧]. When f satisfies lim

u→0+

f(u)
u

= lim
u→+∞

f(u)
u

= 0 and lim
u→∞

f(u) =∞, we apply a fixed point

index theorem and the method of the upper and lower solutions to prove that there

exists λ∗ > 0 such that the problem (P) has at least two positive solutions for λ > λ∗.
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1. Úó9Ì�(J

�©�§ Dirichlet >�¯K3A^êÆÚêÆÔn�¡kéõ�A^, ¿®kNõ­�¤

J [1–10],Ù¥é�¯K�ïÄ�é�õ [1–9].AO/,ÄuØÄ:�ênØ, ErbeÚWang [1]ïÄ


��>�¯K  −u
′′(t) = f(t, u), t ∈ (0, 1),

u(0) = u(1) = 0
(1.1)

õ��)��35,¿3��5��K��/e��
½n A.

½n A b� f ∈ C([0,∞), [0,∞)),¯K (1.1)���3ü��),ee¡^�¤á:

(H1) lim
u→0+

max
t∈[0,1]

f(t,u)
u

= 0, lim
u→+∞

max
t∈[0,1]

f(t,u)
u

= 0;

(H2)�3 l > 0¦� σl ≤ u ≤ l,
f(t, u) ≥ λl,
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Ù¥ λ−1 =
∫ 3

4
1
4

G( 1
2
, s)ds,�

σ = min{ γ + 4δ

4(γ + δ)
,
α+ 4β

4(α+ β)
}.

,
,é��¯K�ïÄ�é�� [10].¯¢þ,ùa¯K���5��±�K�,¤±ïÄ�

¯K�k���{��ØU��^uïÄ��¯K.~X,|^þe)�{ïÄ�¯K�, 0Ò´�

��K�e),l
�I�é����þ)Ò�±
.�3���/�, 0ÒØ2´¯K�e).d

	, LionsQ�Ñ,3êÆþ��¯Kék]Ô5 [11].

y3,k��g,�¯K´,�¯K (1.1)É���6Ä¤�����¯K�,�� Dirichlet¯

K�)��35(JXÛ?Äud,�©ïÄ���� Dirichlet>�¯K −u
′′(t) = λf(u(t))− ε, t ∈ (0, 1),

u(0) = u(1) = 0
(1.2)

�)��35,Ù¥ λ��ëê, f ∈ C([0,∞), [0,∞)). P

f0 := lim
s→0+

f(s)

s
, f∞ := lim

s→+∞

f(s)

s
.

�©ob½ :

(A1) f ∈ C([0,∞), [0,∞))�÷v lim
u→∞

f(u) =∞;

(A2) f0 = f∞ = 0.

�©Ì�(JXe:

½n 1.1 b� (A1)–(A2)¤á,K�3 λ∗ > 0,¦�� λ > λ∗ �,>�¯K (1.2)���3ü

��).

5 1.1 � λ ≡ 1� ε ≡ 0�,¯K (1.2)�±òz�¯K (1.1),Ïd,½n 1.1í2
©z [1]�

½n A.

5 1.2 ErbeÚWang$^ØÄ:�ênØ��
�¯K (1.1)�)��35.� ε > 0�,¯

K (1.2)���¯K,Iþ�nØØU��¦^,�©ò$^þe)�{Ú Leray-Schauderòÿ½n

��¯K (1.2)õ��)��35(J.

2. ý��£

-�m E := C[0, 1],Ù3�ê ‖u‖∞ = max
t∈[0,1]

|u(t)|e�¤ Banach�m.

Ún 2.1 [12] � X ´�� Banach �m, K ⊆ X ´��I. é p > 0, ½Â Kp = {x ∈ K |
‖x‖ ≤ p}. b� F : Kp → K ´���ëY�f�÷v� x ∈ ∂Kp = {x ∈ K | ‖x‖ = p} �,

Fx 6= x,K

DOI: 10.12677/pm.2023.137206 2009 nØêÆ

https://doi.org/10.12677/pm.2023.137206


o�w

(i)e ‖x‖ ≤ ‖Fx‖, ∀x ∈ ∂Kp,K

i(F,Kp,K) = 0;

(ii)e ‖x‖ ≥ ‖Fx‖, ∀x ∈ ∂Kp,K

i(F,Kp,K) = 1.

Ún 2.2 �m ∈ C([0, 1], [0,∞)),K���5 Dirichlet>�¯K −ω
′′(t) = m(t), t ∈ (0, 1),

ω(0) = ω(1) = 0

�3��)

ω(t) =

∫ 1

0

G(t, s)m(s)ds, t ∈ [0, 1],

Ù¥

G(t, s) =


(1− t)s, 0 ≤ s ≤ t ≤ 1,

(1− s)t, 0 ≤ t ≤ s ≤ 1.

d	,- q(t) = min{t, 1− t},K

ω(t) ≥ 2‖ω‖∞q(t), t ∈ [0, 1].

y² ÄkN´�y

ω(t) =

∫ 1

0

G(t, s)m(s)ds, t ∈ [0, 1].

�e5,·�y²

ω(t) ≥ 2‖ω‖∞q(t), t ∈ [0, 1].

- ‖ω‖∞ = ω(t0), t0 ∈ (0, 1).´�, t0 = 1
2
.¯¢þ,

e t ≤ 1
2
≤ s,K

G(t, s)

G( 1
2
, s)

=
(1− s)t
(1− s) 1

2

= 2t;

e t ≤ s ≤ 1
2
,K

G(t, s)

G( 1
2
, s)

=
(1− s)t
(1− 1

2
)s
≥ t

s
≥ 2t;

e s ≤ t ≤ 1
2
,K

G(t, s)

G( 1
2
, s)

=
(1− t)s
(1− 1

2
)s

= 2(1− t);

e 1
2
≤ s ≤ t,K

G(t, s)

G( 1
2
, s)

=
(1− t)s
(1− s) 1

2

≥ 2(1− t).

DOI: 10.12677/pm.2023.137206 2010 nØêÆ

https://doi.org/10.12677/pm.2023.137206


o�w

½Â q(t) = min{t, 1− t},w,
G(t, s)

G(t0, s)
≥ 2q(t).

Ïd,

ω(t) =

∫ 1

0

G(t, s)m(s)ds

=

∫ 1

0

G(t, s)

G( 1
2
, s)

G(
1

2
, s)m(s)ds

≥ 2q(t)

∫ 1

0

G(
1

2
, s)m(s)ds

= 2‖ω‖∞q(t).

3. Ì�(J�y²

Äk�Ä�¯K

 −u
′′(t) = λf(u(t)), t ∈ (0, 1),

u(0) = u(1) = 0
(3.1)

�)��35.¯¢þ,�¯K (3.1)�3���) u = u(t)��=� u´�f�§

u(t) = λ

∫ 1

0

G(t, s)f(u(s))ds := Au(t), u ∈ C[0, 1]

���ØÄ:.

½Â E ¥�I

K = {u ∈ C[0, 1] : u(t) ≥ 2‖u‖∞q(t), t ∈ [0, 1]}.

e u ∈ K,K

Au(t) = λ

∫ 1

0

G(t, s)f(u(s))ds

≥ λ
∫ 1

0

G(t, s)

G( 1
2
, s)

G(
1

2
, s)f(u(s))ds

≥ 2λq(t)

∫ 1

0

G(
1

2
, s)f(u(s))ds

= 2q(t)‖Au‖∞.

Ïd, A(K) ⊂ K.d	,d Arzèla-Ascoli½n�, A : K → K ��ëY�f.

d (A2) ,é?¿� η > 0,�3M1 > 0,¦�� u ≥ 0�,

f(u) ≤M1 + ηu.
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� u ∈ K �,

Au(t) = λ

∫ 1

0

G(t, s)f(u(s))ds

≤ λ
∫ 1

0

G(t, s)(M1 + ηu(s))ds.

� η > 0¿©�� R > p¿©�,��� u ∈ ∂Kp�,

‖Au‖∞ < ‖u‖∞.

Ïd,dÚn 2.1,

i(A,KR,K) = 1. (3.2)

Ón,�3 r > 0, r < p,k

i(A,Kr,K) = 1. (3.3)

,��¡,� u ∈ ∂Kp�,k

u(t) ≥ 2‖u‖∞q(t) = 2pq(t).

d (A1),�3 N > 0, M2 > 0,¦�� u > N �,k f(u) ≥M2.

Ïd,� u ∈ ∂Kp�,

(Au)(
1

2
) = λ

∫ 1

0

G(
1

2
, s)f(u(s))ds

≥ λM2

∫ 1

0

G(
1

2
, s)ds

≥ ‖u‖∞ = p.

Ù¥,

λ > p(M2

∫ 1

0

G(
1

2
, s)ds)−1 := λ∗.

w,,� u ∈ ∂Kp�, Au 6= u.dÚn 2.2,k

i(A,Kp,K) = 0. (3.4)

dØÄ:�ê��\59 (3.2)–(3.4)�

i(A,KR\
◦
Kp,K) = 1,

�

i(A,KR\
◦
Kr,K) = −1.

Ïd, Akü���ØÄ:,©O3KR\
◦
Kp, KR\

◦
Kr ¥.=,�¯K (3.1)���3ü��).
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½Â 3.1 [13] � α ∈ C2[0, 1]÷vØ�ª −α
′′(t) ≥ λf(α(t)), t ∈ (0, 1),

α(0) ≥ 0, α(1) ≥ 0,

K¡ α´¯K (3.1)�þ).

½Â 3.2 [13] � β ∈ C2[0, 1]÷vØ�ª −β
′′(t) ≤ λf(β(t)), t ∈ (0, 1),

β(0) ≤ 0, β(1) ≤ 0,

K¡ β ´¯K (3.1)�e).

y3�E�¯K (3.1)�üéþe).� λ > λ∗�,�3 ζ > 0¿©�,¦� λ− ζ > λ∗ ,K¯K −u
′′(t) = (λ− ζ)f(u(t)), t ∈ (0, 1),

u(0) = u(1) = 0

w,kü�) α1, α2,� α1, α2 ´¯K (3.1)�ü�î�e).Ø���5,- α1 > α2.Ó�/,�

3M3 > 0,¦� λ+M3 > λ∗,K¯K −u
′′(t) = (λ+M3)f(u(t)), t ∈ (0, 1),

u(0) = u(1) = 0

w,kü�) β1, β2, � β1, β2 ´¯K (3.1) �ü�î�þ). Ø���5, - β1 > β2. 5¿�,

α1 � β1� β2 � α2.

½Â�f

Lu(t) = λ

∫ 1

0

G(t, s)(f(u(s))− ε)ds.

½Â E �k.mf8:

Uβ1
α1

= {u ∈ E : α1 � u� β1},

Uα2

β2
= {u ∈ E : β2 � u� α2},

K

deg(I − L(0, ·), Uβ1
α1
, 0) = 1,

deg(I − L(0, ·), Uα2

β2
, 0) = −1.

- Σ := {(λ, u) | (λ, u) ∈ (0,∞)× E, u´�¯K (3.1)�)}.´��3��ëÏ©| ξ ∈ Σ,÷

v

ξ ∩ {(λ, u) ∈ Σ | λ ≥ λ∗, ‖u‖∞ = ρ0} = ∅,

Ù¥ λ∗, ρ0´~ê.
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Ún 3.1 b� U1 = {u | (λ, u) ∈ ξ � ‖u‖∞ > ρ0}, U2 = {u | (λ, u) ∈ ξ\U1},K U1, U2 Ñ´

k�8.

y² d©z [14]�, U1, U2 6= ∅� U1 ∩ U2 = ∅.Äky² U1 ´��k�8.b� U1 ´��Ã

�8,�?¿: u1 ∈ U1,¿- A1 := {u1}, B1 := U1\A1,K A1, B1´ Σ�4f8� A1 ∩B1 = ∅.d
©z [15],�3ü�Ø���;8 Ã1, B̃1 ⊂ U1,¦� A1 ⊂ Ã1, B1 ⊂ B̃1� d(Ã1, B̃1) > 0.

2�?¿: u2 ∈ B̃1, ¿- A2 := {u2}, B2 := B̃1 \ A2. aq/, �3ü�Ø���;8

Ã2, B̃2 ⊂ U1,¦� A2 ⊂ Ã2, B2 ⊂ B̃2� d(Ã2, B̃2) > 0.

­Eþãö�,�����S� {Ãn},÷v Ãn+1 ⊂ Ãn, d(Ãn, Ãn+1) > 0.ù� U1 ´Ã�8g

ñ.Ón�y�, U2´��k�8.

dÚn 3.1��,oUé�ü�) u1 ∈ U1, u2 ∈ U2,?
d©z [15]��,�3 u1 ��� V1 Ú

u2��� V2÷v V1 ⊂ Uβ1
α1

, V2 ⊂ Uα2

β2
� V1 ∩ V2 = ∅¦�

deg(I − L(0, ·), V1, 0) = 1, deg(I − L(0, ·), V2, 0) = −1,

deg(I − L(0, ·), ∂V1, 0) = deg(I − L(0, ·), ∂V2, 0) = 0.

·K 3.1 �3 ε1 > 0,¦�

deg(I − L(ε, ·), V1, 0) = 1, 0 ≤ ε ≤ ε1.

y² ´y� u ∈ ∂V1 � 0 ≤ ε ≤ ε1 �, (I −M)(ε, u) 6= 0.ÄK,�3��S� {(εj , uj)}�
εj → 0, uj ∈ ∂V1,¦� uj = M(εj , uj).�â Arzèla-Ascoli½n�,XJk7�2�fS�¿­#I

P, uj → u, u ∈ ∂V1. Ï�M(ε, ·)´;�f,¤± u = M(0, u),ù� deg(I − L(0, ·), ∂V1, 0) = 0g

ñ.

aq/,��Xe(J.

·K 3.2 �3 ε2 > 0,¦�

deg(I − L(ε, ·), V2, 0) = −1, 0 ≤ ε ≤ ε2.

½n 1.1 �y² (Üþã·K9 Leray-Schauderòÿ½n��,�3M(ε, u) = u, ε > 0�

)�ü�ëÏf8 Γ1, Γ2 ¦� (0, u1) ∈ Γ1 � (0, u2) ∈ Γ2.d	,�3 ∧ := min{ε1, ε2} > 0¦��

0 ≤ ε ≤ ∧�ù
)Ñ´��.

4. A^

~ �Ä�� Dirichlet>�¯K −u
′′(t) = λu

1
2 sinu− ε, t ∈ (0, 1),

u(0) = u(1) = 0
(4.1)
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)��35,Ù¥ λ > 0´ëê, ε´¿©���ê.

) ùp� f(u(t)) = u
1
2 sinu.

w, f : [0,∞)→ [0,∞)ëY,� lim
u→∞

u
1
2 sinu =∞,K (A1)¤á.

q

f0 = lim
u→0+

u
1
2 sinu

u
= lim

u→0+

sinu

u
1
2

= 0, f∞ = lim
u→+∞

u
1
2 sinu

u
= lim

u→+∞

sinu

u
1
2

= 0,

K (A2)¤á.�â½n 1.1��,�3 λ∗ > 0,¦�� λ > λ∗�,¯K (4.1)���3ü��).

Ä7�8

I[g,�ÆÄ7]Ï�8(1OÒ: 12061064).

ë�©z

[1] Erbe, L.H. and Wang, H.Y. (1994) On the Existence of Positive Solutions of Ordinary Differ-

ential Equations. Proceedings of the American Mathematical Society, 120, 743-748.

https://doi.org/10.1090/S0002-9939-1994-1204373-9

[2] Li, Y.X. (2003) Positive Solutions of Second-Order Boundary Value Problems with Sign-

Changing Nonlinear Terms. Journal of Mathematical Analysis and Applications, 282, 232-240.

https://doi.org/10.1016/S0022-247X(03)00141-0

[3] Efendiev, B.I. (2018) The Dirichlet Problem for an Ordinary Continuous Second-Order Differ-

ential Equation. Matematicheskie Zametki, 103, 295-302. https://doi.org/10.4213/mzm11010

[4] Zhao, J. and Wang, Y.C. (2017) Nontrivial Solutions of Second-Order Singular Dirichlet Sys-

tems. Boundary Value Problems, 2017, Article No. 180.

https://doi.org/10.1186/s13661-017-0911-9

[5] Alkhutov, Y. and Borsuk, M. (2017) The Dirichlet Problem in a Cone for Second-Order El-

liptic Quasi-Linear Equation with The p-Laplacian. Journal of Mathematical Analysis and

Applications, 449, 1351-1367. https://doi.org/10.1016/j.jmaa.2016.12.064

[6] Gritsans, A., Sadyrbaev, F. and Yermachenko, I. (2016) Dirichlet Boundary Value Problem

for the Second-Order Asymptotically Linear System. International Journal of Differential E-

quations, 2016, Article ID: 5676217. https://doi.org/10.1155/2016/5676217

[7] Wan, H.T. (2015) The Second-Order Expansion of Solutions to a Singular Dirichlet Boundary

Value Problem. Journal of Mathematical Analysis and Applications, 427, 140-170.

https://doi.org/10.1016/j.jmaa.2015.02.031

[8] Dumanyan, V.Z. (2014) On the Solvability of the Dirichlet Problem for a Second-Order Elliptic

Equation. Doklady. Natsional’naya Akademiva Nauk Armenii, 114, 295-308.

[9] Zhou, J.W. and Li, Y.K. (2009) Existence and Multiplicity of Solutions for Some Dirichlet

Problems with Impulsive Effects. Nonlinear Analysis: Theory, Methods Applications, 71,

2856-2865. https://doi.org/10.1016/j.na.2009.01.140

DOI: 10.12677/pm.2023.137206 2015 nØêÆ

https://doi.org/10.1090/S0002-9939-1994-1204373-9
https://doi.org/10.1016/S0022-247X(03)00141-0
https://doi.org/10.4213/mzm11010
https://doi.org/10.1186/s13661-017-0911-9
https://doi.org/10.1016/j.jmaa.2016.12.064
https://doi.org/10.1155/2016/5676217
https://doi.org/10.1016/j.jmaa.2015.02.031
https://doi.org/10.1016/j.na.2009.01.140
https://doi.org/10.12677/pm.2023.137206


o�w

[10] Castro, A. and Shivaji, R. (1988) Non-Negative Solutions for a Class of Non-Positone Problems.

Proceedings of the Royal Society of Edinburgh, 108, 291-302.

https://doi.org/10.1017/S0308210500014670

[11] Lions, P.L. (1982) On the Existence of Positive Solutions of Semilinear Elliptic Equations.

Society of Industry and Applied Mathematics, 24, 441-467. https://doi.org/10.1137/1024101

[12] Guo, D. and Lakshmikantham, V. (1988) Nonlinear Problems in Abstract Cones. Academic

Press, Orlando, FL.

[13] Habets, P. and Zanolin, F. (1994) Upper and Lower Solutions for a Generalized Emden-Fowler

Equation, Journal of Mathematics Analysis and Applications, 181, 684-700.

https://doi.org/10.1006/jmaa.1994.1052

[14] Zhang, X. and Feng, M. (2019) Bifurcation Diagrams and Exact Multiplicity of Positive So-

lutions of One-Dimensional Prescribed Mean Curvature Equation in Minkowski Space. Com-

munications in Contemporary Mathematics, 21, Article 1850003.

https://doi.org/10.1142/S0219199718500037

[15] Whyburn, G.T. (1958) Topological Analysis. Princeton Mathematical Series, No. 23. Princeton

University Press, Princeton, NJ.

DOI: 10.12677/pm.2023.137206 2016 nØêÆ

https://doi.org/10.1017/S0308210500014670
https://doi.org/10.1137/1024101
https://doi.org/10.1006/jmaa.1994.1052
https://doi.org/10.1142/S0219199718500037
https://doi.org/10.12677/pm.2023.137206

	1 引言及主要结果
	2 预备知识
	3 主要结果的证明
	4 应用

