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Abstract

In this paper, we investigate the dynamics of a ratio-dependent predator prey model,

and considering the linear capture of the predator and the antipredation behavior of a

prey toward a predator. Therefore, our aim focuses on the impact of prey fear on the

predation system. Firstly, we discuss the local asymptotic stability and the existence of

the equilibrium points. Secondly, taking the fear effect k as the bifurcation parameter

to give the condition of the existence of Hopf bifurcation, and using the canonical

theory and the central manifold theorem to analyze the direction of Hopf bifurcation

and the stability of periodic solution of bifurcation. Finally, MATLAB software is used

for numerical simulation to support our conclusions.
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1. Úó

Ó ö- ��p�^�ÊH�3Ú­�5,¦�'u§�ïÄ¤�)�ÆÚêÆ)�Æ�­�

ÌK�� [1].eãÍ¶� Holling-II.õU�AÓ ö- ��. [2–4] ´£ãÓ ö ��p�^

�­�ïÄ�K 
du

dt
= ru(1− u

K
)− c1uv

m+ u
,

dv

dt
= v(−d+

c2u

m+ u
),

(1)

Ù¥ u, v ©O�L ��ÝÚÓ ö�Ý. r, K, c1, m, c2, d ��~ê,©O�L �S3)�Ç,

�¸«1Uå,Ó¼Ç,�Ó¼�Ú~ê,=zÇ,Ó ök�Ç.�,Nõl¯êÆ)ÔÆ�êÆ[

�U@�ù
´êÆé)�Æ�­��z,���8U,§�3)�Æ[¥E�3é��Æ.¯¢þ,
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þãýÿ��ØÎÜNõ¢/*ÿ [5, 6].�5�õ�yâ [5, 7, 8] L²'Ç�6.õU�A�·Ü

��Ó ö �nØ.y3,·�r5¿å8¥3'~�6Ó ö- ��.þ
du

dt
= ru(1− u

K
)− c1uv

mv + u
,

dv

dt
= v(−d+

c2u

mv + u
),

(2)

�. (2) �ÄåÆ®�2�ïÄ [9–14].é'~�6�Ó ö ��. (2) �ïÄ�«
(½5«

ý,�3õáÚfÚ�3­½4���´L�ÄåÆA�.

Cc5,k�
ïÄölêÆ��ÝïÄÓ ö- �'~�6�.�Â¼¯K [15, 16]. Fu Ú

Gao [17] ïÄ
±e�¹Â¼�'~�6Ó ö ��.(h > 0)
du

dt
= ru(1− u

K
)− c1uv

mv + u
,

dv

dt
= v(−d+

c2u

mv + u
)− hv,

(3)

�{üå�,¦^ [17]¥� �: u→ u

K
, v → mv

K
, t→ rt,�ò�. (3) =��±e��XÚ


du

dt
= u(1− u)− αuv

v + u
,

dv

dt
= v(−γ +

βu

v + u
)− δv,

(4)

ùp, α =
c1
rm

, β =
c2
r
, γ =

d

r
, δ =

h

r
.3 [17] ¥,�ö�Ä
 (4) ¥ Hopf ©|��35Ú��±9

©|±Ï)�­½5¿�ïÄ
�m��k.«m��²ï E∗ �*Ñp�ã(Ø­½5.

,
, [17] �ïÄ��Ä
3Ó ö�3��¹e��àk �, �Ñ
Ó ö�3é �

�m�K�.�
¢�ïÄL²,éÓ ö��ê�U¬K�rc ��)nG¹(X~� ��

��),¿é¤c ��)�k³ [18–21].Ïd,�â [20] �ó�,·�3XÚ (4) ¥Ú\�êK�

f(k, v) =
1

1 + kv
,��Xe�.


du

dt
=

u

1 + kv
(1− u)− αuv

v + u
,

dv

dt
= v(−γ +

βu

v + u
)− δv,

(5)

Ù¥ëê k > 0 ��êrÝ.

�©Äk©ÛXÚ (5) ²ï:�­½5; ,�?Ø Hopf ©|��35, ¿ÏL Poincaré-

Andronov-Hopf ©|½n©Û Hopf ©|���9©|±Ï)�­½5,�e5|^ê��[�y

¤�(Ø;��)º�©�Ì�(Ø.
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2. ²ï:��35Ú­½5

�

f1(u, v) =
u

1 + kv
(1− u)− αuv

u+ v
, f2(u, v) = v(−γ +

βu

u+ v
)− δv.

Äk�ÄXÚ (5) ²ï:��35.

Ún 1 (i)²�²ï:E0 = (0, 0)�3�´��Q:;

(ii)�²�²ï: E1 = (1, 0);

(iii)� β > γ + δ, α < 1 ¤á��²ï: E∗ = (u∗, v∗) �3,ùp

u∗ =
(1− α)β(γ + δ) + α(γ + δ)2

(β(δ + γ) + α(β − γ − δ)2k)
, v∗ =

(β − γ − δ)
γ + δ

)

e¡?ØXÚ (5) �²ï: E∗ �­½5.

½n 1b� β > γ + δ, α < 1 ¤á,K

(i) E∗ ´ìC­½���=� α < β ½ α > β � 0 < k < k∗,Ù¥

k∗ =
(1− α)β2 + αβ(γ + δ)− (γ + δ)(α− β)(β − γ − δ)

(α− β)(β − γ − δ)2
;

(ii) E∗ ´Ø­½���=� α > β � k > k∗.

y²:XÚ3 E∗ ?� Jacobian Ý
�

J∗ = J(E∗) =

(
−a11 a12

a21 a22

)
, (6)

Ù¥

a11 =
α(β − γ − δ)

β

[
− u∗

1− u∗
+

(γ + δ)

β

]
, a12 = − ku∗

1− u∗
α2(β − γ − δ)2

β2
− α(γ + δ)2

β2
,

a21 =
(β − γ − δ)2

β
, a22 = −(β − γ − δ)(γ + δ)

β2
.

(7)

ùp

u∗

1− u∗
=

(1− α)β(γ + δ) + α(γ + δ)2

α(β − γ − δ)2k + α(γ + δ)(β − γ − δ)
> 0,

A�õ�ª�

Q(λ) = λ2 −Υλ+ Θ = 0,
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Ù¥

Θ = det(J∗) =
u∗

1− u∗
α(γ + δ)(β − γ − δ)2

β2
+

ku∗

1− u∗
α2(β − γ − δ)4

β3
> 0,

Υ = tr(J∗) =
(γ + δ)

β2(k(β − γ − δ) + (γ + δ))
φ(k),

ùp

φ(k) = −(1− α)β2 − αβ(γ + δ) + k(α− β)(β − γ − δ)2 + (α− β)(γ + δ)(β − γ − δ),

φ(k) = 0⇔ k =
(1− α)β2 + αβ(γ + δ)− (γ + δ)(α− β)(β − γ − δ)

(α− β)(β − γ − δ)2
, k∗.

(i)e α < β, φ(k) < 0 ´w,�,= Υ < 0,q Θ > 0,� E∗ ´ÛÜìC­½�;e α > β �

0 < k < k∗,K φ(k) < 0, E∗ ´ÛÜìC­½�.

(ii)e α > β � k > k∗,d� φ(k) > 0, E∗ ´Ø­½�.

3. Hopf ©|��35

�©ÛXÚ (5) 3�²ï: E∗ u)� Hopf ©|,� k ��©|ëê?1?Ø.

d½n 1 ��,e^� β > γ + δ, α < 1 ¤á� α > β,K� k = k∗ � Υ = tr(J∗) = 0,=�.

(5) 3 E∗ ?�A��§k�éXJ�,XÚ (5) ±�LyÑ Hopf ©|.

- λ(k) = σ(k)± iω(k) ´� k �C k∗ � Q(λ) = 0 ��éE�,ùp

σ(k) =
Υ

2
, ω(k) =

1

2

√
4Θ−Υ2

?�Ú,�±�y

σ(k∗) = 0, σ′(k∗) =
(γ + δ)

β2(k∗(β − γ − δ) + (γ + δ))
(α− β)(β − γ − δ) > 0

ù¿�Xî�^�¤á.�â Poincaré-Andronov-Hopf ©|½n [22],·����XÚ (5) l k B

L k∗ �,3 E∗ ?²{ Hopf ©|.

�e5·�¦^µe [23] 5©ÛXÚ (5) Hopf ©|���Ú­½5.

�C� ũ = u− u∗, ṽ = v − v∗ ò�²ï: E∗ ²£��:,��Bå�,E^ u, v �O ũ, ṽ,K

XÚ (5) U�� 
du

dt
=

u+ u∗

1 + k(v + v∗)
(1− (u+ u∗))− α(u+ u∗)(v + v∗)

(u+ u∗) + (v + v∗)
,

dv

dt
= (v + v∗)(−γ +

β(u+ u∗)

(u+ u∗) + (v + v∗)
)− δ(v + v∗).

(8)
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éXÚ (8) mà¦^ Taylor Ðª,k
du

dt

dv

dt

 = J(E∗)

u
v

+

f(u, v, k)

g(u, v, k)

 (9)

ùp
f(u, v, k) = a1p

2 + a2pz + a3z
2 + a4p

3 + a5p
2z + a6pz

2 + a7z
3 + · · · ,

g(u, v, k) = b1p
2 + b2pz + b3z

2 + b4p
3 + b5p

2z + b6pz
2 + b7z

3 + · · · .
(10)

Ù¥

a1 =
−1

1 + kv∗
+

αv∗2

(u∗ + v∗)3
, a2 = −−(1− 2u∗)k

(1 + kv∗)2
− 2αu∗v∗

(u∗ + v∗)3
,

a3 =
k2u∗(1− u∗)
(1 + kv∗)3

+
αu∗2

(u∗ + v∗)3
, a4 =

−αv∗2

(u∗ + v∗)4
, a5 =

k

(1 + kv∗)2
+
αv∗(2u∗ − v∗)

(u∗ + v∗)4
,

a6 =
k2(1− 2u∗)

(1 + kv∗)3
+
αu∗(2v∗ − u∗)

(u∗ + v∗)4
, a7 = −k

3u∗(1− u∗)
(1 + kv∗)4

− αu∗2

(u∗ + v∗)4
,

b1 =
−βv∗2

(u∗ + v∗)3
, b2 =

2βu∗v∗

(u∗ + v∗)3
, b3 =

−βu∗2

(u∗ + v∗)3
, b4 =

βv∗2

(u∗ + v∗)4
,

b5 =
βv∗(v∗ − 2u∗)

(u∗ + v∗)4
, b6 =

βu∗(u∗ − 2v∗)

(u∗ + v∗)4
, a7 =

βu∗2

(u∗ + v∗)4
.

½ÂÝ


P :=

 1 0

M N

 ,

ùpM =
a22 − a11

2a12
, N = −ω(ρ)

a12
.N´��

P−1J(E∗1)P := Φ(k) =

σ(k) −ω(k)

ω(k) σ(k)

 .

-M0 = M |k=k∗ , N0 = N |k=k∗ , ω0 = ω(k∗).

ÏLC� (u, v)T = P (x, y)T,�. (9)�U��
dx

dt

dy

dt

 = Φ(k)

x
y

+

f1(x, y, k)

g1(x, y, k)

 , (11)

DOI: 10.12677/pm.2023.137220 2130 nØêÆ

https://doi.org/10.12677/pm.2023.137220


�Æ

Ù¥

f1(x, y, k) =f(x,Mx+Ny, k)

=(a1 + a2M + a3M
2)x2 + (a2 + 2a3M)Nxy + a3N

2y2

+ (a4 + a5M + a6M
2 + a7M

3)x3 + (a5 + 2a6M + 3a7M
2)Nx2y

+ (a6 + 3a7M)N2xy2 + a7N
3x3 + · · · ,

g1(x, y, k) =− M

N
f(x,Mx+Ny, k) +

1

N
g(x,Mx+Ny, k)

=− (−b1 + (a1 + a2)M + (a2 + a3)M
2 + a3M

3)
1

N
x2 − (a2 + 2a3M)(1 +M)xy

− a3(1 +M)Ny2 − (a4 + a5M + a6M
2 + a7M

3)
1 +M

N
x3

− (a5 + 2a6M + 3a7M
2)(1 +M)x2y − (a6 + 3a7M)(1 +M)Nxy2

− a7(1 +M)N2y3 + · · · .

(11) �4�I/ªXe  ṙ = σ(k)r + a(k)r3 + · · · ,

θ̇ = ω(k) + c(k)r2 + · · · .
(12)

éXÚ (12) 3 k = k∗ ?� Taylor Ðm ṙ = σ′(k∗)(k − k∗)r + a(k∗)r3 + o((k − k∗)2r, (k − k∗)r3, r5),

θ̇ = ω(k∗) + ω′(k∗)(k − k∗) + c(k∗)r2 + o((k − k∗)2, (k − k∗)r2, r4).
(13)

�
(½ Hopf ©|±Ï)�­½5,·�I�O�Xê a(k∗) �ÎÒ:

a(k∗) :=
1

16
(f1

xxx + f1
xyy + g1xxy + g1yyy)

+
1

16ω0

[f1
xy(f1

xx + f1
yy)− g1xy(g1xx + g1yy)− f1

xxg
1
xx + f1

yyg
1
yy],

(14)

ùp¤k �êÑ3©|: (x, y, k) = (0, 0, k∗) ?¦�,Ù¥

f1
xxx(0, 0, k∗) = 6(a4 + a5M0 + a6M

2
0 + a7M

3
0 ), f1

xyy(0, 0, k∗) = 2(a6 + 3a7M0)N
2
0 ,

g1xxy(0, 0, k∗) = −2(a5 + 2a6M0 + 3a7M
2
0 )(1 +M0), g1yyy(0, 0, k∗) = −6a7(1 +M0)N

2
0 ,

f1
xx(0, 0, k∗) = 2(a1 + a2M0 + a3M

2
0 ), f1

xy(0, 0, k∗) = (a2 + 2a3M0)N0,

g1xx(0, 0, k∗) = −2(−b1 + (a1a2)M0 + (a2 + a3)M
2
0 + a3M

3
0 )

1

N0

,

f1
yy(0, 0, k∗) = 2a3N

2
0 , g1xy(0, 0, k∗) = −(a2 + 2a3M0)(1 +M0),

g1yy(0, 0, k∗) = −2a3(1 +M0)N0.
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Ïd,·��±(½ (15) ¥ a(k∗) ��ÚÎÒ.

½Â1� Liapunov Xê� µ2 = − a(k∗)
k′(k∗)

,5¿� σ′(k∗) > 0.�â Poincaré-Andronov-Hopf ©

|½n,·��±��e¡�(Ø.

½n 3.1b�^� β > γ + δ, α < 1 ¤á� α > β,� k = k∗ �,�. (5) 3 E∗ ?u) Hopf

©|,d	

(i) XJ a(k) > 0,@o Hopf ©|�©|±Ï)´Ø­½��©|��´æ�.�.

(ii) XJ a(k) < 0,@o Hopf ©|�©|±Ï)´;�ì?­½��©|��´��.�.

4. ê��[

�!/ÏMatlab ^�?1ê��[,±d5�yc¡¤���(Ø.

ÀJëê

α = 0.5, γ = 0.1, β = 0.4, δ = 0.1; (a) k = 10, (b) k = 33, (c) k = 29.5 (15)

3ëê| (15) e,XÚ (5) kü�>.²ï::Q: E0 = (0, 0) Ú E1 = (1, 0),����²ï:

E∗.d�, α > β,d k∗ �O�úª� k∗ = 29.5.

Figure 1. The phase portraits of system (5) with parameters in (15). (a) k = 10¶(b) k = 33¶(c) k = 29.5

ã 1. ëê|(15)e§XÚ(5)��ã"(a) k = 10¶(b) k = 33¶(c) k = 29.5

� k = 10 < k∗,�²ï: E∗ = (0.21429, 0.21429) ´��ÛÜìC­½�Ú^®(ã 1(a));3ã

1(b)¥, k = 33 > k∗, E∗ = (0.081081, 0.081081) �Ø­½Ú^
,�.Ly�4��.� k l k∗ �

�ýBL k∗ �, E∗ ò��­½5,XÚÑy Hopf ©
.3©|: k∗ ?,l	¡w, E∗ ´ÛÜìC

­½�,lpw, E∗ ´Ø­½�(�ã 1(c)).é'ã 1(a)Úã 1(b),uy�ê¤�éXÚk��Ø­

½zK�.

ÀJëê

α = 0.3, γ = 0.1, β = 0.4, δ = 0.1; k = 33. (16)
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�ã 1�q, XÚ (5) kü�>.²ï:: Q: E0 = (0, 0) Ú E1 = (1, 0), ����²ï:

E∗ = (0.14286, 0.14286).d�k α < β,Ïd�²ï: E∗ = (0.14286, 0.14286) ´ìC­½�.

*	ã 1(b)Úã 2,�±��,eXÚ (5) ¥ α < β,=�Ó ö�Ó¼Ç�u ��=zÇ�,

 ���êé�.�K�´�~�f�.

Figure 2. The phase portraits of system (5) with
parameters in (16). k = 33

ã 2. ëê|(16)e§XÚ(5)��ã"k = 33

5. (Ø

�©ïÄ
�a�k'Ç�6.õU�AÚ�ê�A�Ó ö- ��.. XÚ (5) o

k²�²ï: E0 = (0, 0) Ú�²�²ï: E1 = (1, 0). dê��[(Ø, �Ó ö�Ó¼

Ç�u ��=zÇ�,  ���êé�.�K�´�~�f�; �Ó ö�Ó¼Ç�u 

��=zÇ�, �ê¤�éXÚk��Ø­½zK�. À��êÏf k �ëê, �3�.�

k∗ =
(1− α)β2 + αβ(γ + δ)− (γ + δ)(α− β)(β − γ − δ)

(α− β)(β − γ − δ)2
,��êÏf k O\��.� k∗ �,XÚ

(5) 3�²ï: E∗ NC�) Hopf ©|.L²�·�À�Ð©^�Úëê��, XÚ (5) ¬�)4

��,=�.k �,ö�Ó öêþ�±Ï5���),�ö�êþ¥y±Ï5��
��.
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