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Abstract

With the help of the boundedness of the Lebesgue spaces, by applying the decom-
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position of function and real variable techniques, the boundedness of intrinsic square

functions is obtained on Morrey-Adams spaces. Meanwhile, the corresponding result

of its commutator with BMO functions is also given.
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1. Úó9Ì�(J

P Rn+1
+ = R× (0,∞), µ(x, t) = Pt ∗ f(x),Ù¥ Pt(x) = cn

t

(t2+|x|2)
n+1
2

L« Rn+1
+ þ� Poisson

Ø.²;²�¼ê(Lusin¡ÈÈ©)½Â�

Sβ(f)(x) =

(∫ ∫
Γβ(x)

| 5µ(y, t) |2 t1−ndydt

) 1
2

,

Ù¥: | 5µ(y, t) |=| ∂µ
∂t
|2 +

∑n
j=1 |

∂µ
∂yj
|2; Γβ(x) =

{
(y, t) ∈ Rn+1

+ :| x− y |< βt
}

, β > 0. � β = 1,

�,P Sβ(f)Ú Γβ(x)©O� S(f)Ú Γ(x).�A/, Littlewood-Paley g¼êÚ g∗λ¼ê©O½Â�

g(f)(x) =

(∫ ∞
0

| 5µ(y, t) |2 tdt
) 1

2

,

g∗γ(f)(x) =

[∫ ∫
Rn+1

(
t

t+ | x− y |

)γn
| 5µ(y, t) |2 t1−ndydt

] 1
2

.

²;²�¼ê [1, 2]3NÚ©Û¥äk­��^,S%²�¼ê�2Â¼ê [1]´é²;²�¼

ê�í2.� 0 < α ≤ 1,¼ê ϕ : Rn → R÷v sup pϕ ⊂ {x ∈ Rn :| x |≤ 1},
∫
Rn ϕ(x)dx = 0,¿é?

¿� x1, x2 ∈ Rn,k | ϕ(x1)− ϕ(x2) |≤| x1 − x2 |α.÷vþã^�� ϕ�¤�¼êx^ CαL«.éu

(y, t) ∈ Rn+1
+ , f ∈ L1

loc(Rn),P

Aα(f)(y, t) = sup
ϕ∈Cα

| f ∗ ϕt(y) |= sup
ϕ∈Cα

∣∣∣∣∫
Rn
ϕt(y − z)f(z)dz

∣∣∣∣ ,
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Ù¥ ϕt(x) = t−nϕ(x
t
). f �S%²�¼ê½Â�

Sα(f)(x) =

(∫ ∫
Γ(x)

(Aα(f)(y, t))2 dydt

tn+1

) 1
2

. (1)

�A/

Sα,β(f)(x) =

(∫ ∫
Γβ(x)

(Aα(f)(y, t))2 dydt

tn+1

) 1
2

.

S% Littlewood-Paley gÚ g∗λ¼ê©O

gα(f)(x) =

(∫ ∞
0

(Aα(f)(y, t))2 dt

t

) 1
2

, (2)

g∗γ,α(f)(x) =

[∫ ∫
Rn+1

(
t

t+ | x− y |

)γn
(Aα(f)(y, t))2 dydt

tn+1

] 1
2

. (3)

� b´ RnþÛÜ�È¼ê,S%²���f©O½Â�

[b,Sα](f)(x) =

(∫ ∫
Γ(x)

sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(x)− b(z)]ϕt(y − z)f2(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

, (4)

[b, gα](f)(x) =

{∫ ∞
0

sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(y)− b(z)]ϕt(y − z)f2(z)dz

∣∣∣∣2 dt

t

} 1
2

, (5)

[b, g∗γ,α](f)(x) =

{∫ ∫
Rn+1

(
t

t+ | x− y |

)γn
sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(x)− b(z)]ϕt(y − z)f2(z)dz

∣∣∣∣2 dydt

tn+1

} 1
2

.

(6)

½½½ÂÂÂ 1 [3] � 0 ≤ λ ≤ n, 1 ≤ p <∞, Morrey�m½Â�

Lp,λ(Rn) =

{
f(x) ∈ Lploc : ‖ f ‖Lp,λ= sup

x∈Rn,r>0
r−

λ
p ‖ f ‖Lp(B(x,r))<∞

}
,

Ù¥, B(x, r) = {y ∈ Rn : |x− y| < r} .

5¿�, ½Â 1¥�Morrey�ê ‖ · ‖Lp,λ ��¤Xe/ª

‖ f ‖Lp,λ= sup
x∈Rn

‖ | · |−
λ
p ‖ f ‖Lp(B(x,·))‖L∞(0,∞) .

1938 cMorrey3ïÄ��ý� �©�§)�ÛÜA�5��ÄgÚ?
²;�Morrey�

m [3], ùa¼ê�mØ=�À�²; Lebesgue�m�í2, 
�3 �©�§�+�kX­�A

^. 1981c, Adams3©z [4]¥^ Lθ�ê ‖ · ‖Lθ(0,∞)�OMorrey�ê¥� L∞�ê ‖ · ‖L∞(0,∞)

, ��
�«���2� Morrey �m Lp,λθ (Rn) . C
c, Morrey .�mþ��fk.5�I

S	NõÆö2�'5, �©z [5–8]. �C, SalimÚ Budhi3©z [9]¥y²
o÷Ø©êgÈ
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©�f3 Morrey-Adams�mþ�k.5. Éþã©zïÄ(J�éu, �©Ì�?Ø
S%²

�¼ê9Ù� BMO¼ê)¤���f3 Morrey-Adams�mþ�k.5. �d, ·�Äk£�

Morrey-Adams�m�½Â.

½½½ÂÂÂ 2 [9] � 1 ≤ p <∞, λ ∈ R, 1 ≤ θ <∞ , Morrey-Adams�m½Â�

Lp,λθ (Rn) =

{
f(x) ∈ Lploc : ‖ f ‖Lp,λθ = sup

x∈Rn

(∫ ∞
0

r−
λθ
p ‖ f ‖θLp(B(x,r)) dr

) 1
θ

<∞

}
.

XJ p
θ
< λ < n+ p

θ
,@o Lp,λθ �m´�²��. ~X,� f(x) = χB(0,r0),Kk ‖ χB(0,r0) ‖Lp,λθ =

cnr
n−λ
p + 1

θ

0 ,Ù¥ cn´�~ê, l
 f ∈ Lp,λθ , ¿�3 Lp,λθ �m¥ λ�±�u¼ê����ê.

½½½ÂÂÂ 3 [10] BMO�m½Â�

BMO(Rn) =
{
f ∈ L1

loc(Rn) :‖ f ‖∗= sup
x∈Rn,r>0

1

| B(x, r) |

∫
B(x,r)

| f(y)− fB(x,r) | dy <∞
}
.

Ù¥ fB = 1
|B|

∫
B
f(y)dy.

���©©©���ÌÌÌ���(((JJJXXXeee.

½½½nnn 1 � 0 < α ≤ 1� 1 < p < ∞, Sα d(1)ª¤½Â. XJ λ < n + p
θ
,@o�3Ø�6u f

�~ê C > 0, ¦�

‖ Sα(f) ‖Lp,λθ ≤ C‖f‖Lp,λθ .

½½½nnn 2 � 0 < α ≤ 1, 1 < p < ∞� b ∈ BMO(Rn), [b,Sα]d(4)ª¤½Â.XJ λ < n + p
θ
,@

o�3Ø�6u f �~ê C > 0, ¦�

‖ [b,Sα](f) ‖Lp,λθ ≤ C ‖ f ‖Lp,λθ .

½½½nnn 3 � 0 < α ≤ 1� 1 < p <∞, g∗γ,αd(3)ª¤½Â. XJ λ < n+ p
θ
, γ > 3 > 2

p
,@o�3

Ø�6u f �~ê C > 0, ¦�

‖ g∗γ,α(f) ‖Lp,λθ ≤ C‖f‖Lp,λθ .

½½½nnn 4 � 0 < α ≤ 1, 1 < p < ∞� b ∈ BMO(Rn), [b, g∗γ,α]d(6)ª¤½Â.XJ λ < n + p
θ
,

γ > 3,@o�3Ø�6u f �~ê C > 0, ¦�

‖ [b, g∗γ,α](f) ‖Lp,λθ ≤ C‖f‖Lp,λθ .

3©z{1¥, Wilsony�é?¿ 0 < α ≤ 1�, gα(f)�d Sα(f)Å:��,Ïdd½n 1Ú½

n 2��e¡�íØ.

íííØØØ 5 � gαd(2)ª¤½Â,3½n 1�^�e,�3Ø�6u f �~ê C > 0, ¦�

‖ gα(f) ‖Lp,λθ ≤ C‖f‖Lp,λθ .
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íííØØØ 6 � [b, gα]d(5)ª¤½Â,3½n 2�^�e,�3Ø�6u f �~ê C > 0, ¦�

‖ [b, gα](f) ‖Lp,λθ ≤ C ‖ f ‖Lp,λθ .

2. ½n�y²

�y²½n, ·�I�e¡Ún.

ÚÚÚnnn 1 [1, 2] � 0 < α ≤ 1, 1 < p <∞,K�3Ø�6u f �~ê C > 0, ¦�

‖ Sα(f) ‖Lp≤ C ‖ f ‖Lp .

ÚÚÚnnn 2 [11] � 0 < α ≤ 1,� 2 < p <∞,Ké?¿ i ∈ Z+,�3Ø�6u f �~ê C > 0, ¦

�

‖ Sα,2i(f) ‖Lp≤ C · 2
in
2 ‖ Sα(f) ‖Lp .

ÚÚÚnnn 3 [11] � 0 < α ≤ 1,� 1 ≤ p < 2,Ké?¿ i ∈ Z+,�3Ø�6u f �~ê C > 0, ¦�

‖ Sα,2i(f) ‖Lp≤ C · 2
in
p ‖ Sα(f) ‖Lp .

ÚÚÚnnn 4 [11] � 0 < α ≤ 1, 1 < p <∞,K� γ > 3, b ∈ BMO(Rn),�,��f [b, g∗γ,α]Ú [b, g∗γ,α]

´

Lp(Rn)þ�k.�f.

ÚÚÚnnn 5 [12, 13] � 1 ≤ p <∞,K� b ∈ BMO(Rn)�,k

sup
x∈Rn,r>0

(
1

|B(x, r)|

∫
B(x,r)

|b(x)− bB(x,r)|pdx
) 1
p

≤ C ‖ b ‖∗ .

½½½nnn 1���yyy²²² � B = B(x0, r) ´ Rn ¥���± x0 �¥%,± r ��»�¥, r f ©)�

f = f1 + f2,Ù¥ f1 = fχ2B, f �©)�6u r. u´

(∫ ∞
0

r−
λθ
p ‖ Sα(f) ‖θLp(B(x0,r))

dr

) 1
θ

≤
(∫ ∞

0

r−
λθ
p ‖ Sα(f1) ‖θLp(B(x0,r))

dr

) 1
θ

+

(∫ ∞
0

r−
λθ
p ‖ Sα(f2) ‖θLp(B(x0,r))

dr

) 1
θ

:= I1 + I2.

é I1, dÚn 1,�

I1 ≤ C

(∫ ∞
0

r−
λθ
p

(∫
B

|f(x)|pdx
) θ
p

dr

) 1
θ

≤ C ‖ f ‖Lp,λθ .
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é I2,d?¿� ϕ ∈ Cα, 0 < α ≤ 1,� (y, t) ∈ Γ(x),k

| f2 ∗ ϕt(y) | = |
∫

(2B)c
ϕt(y − z)f(z)dz |

≤ C · t−n
∫

(2B)c
⋂
{z:|y−z|≤t}

| f(z) | dz

≤ C · t−n
∞∑
j=1

∫
(2j+1B\2jB)

⋂
{z:|y−z|≤t}

| f(z) | dz.

5¿�� x ∈ B, (y, t) ∈ Γ(x), z ∈ (2j+1\2jB)
⋂
B(y, t)�,k

2j−1r ≤| z − x0 | − | x− x0 |≤| x− z |≤| x− y | + | y − z |≤ 2t.

Ïd,|^þªÚMinkowskiØ�ª,�

| Sα(f2)(x) | ≤ C

∫ ∞
2j−2rB

∫
|x−y|<t

∣∣∣∣∣t−n
∞∑
j=1

∫
2j+1B\2jB

| f(z) | dz

∣∣∣∣∣
2

dydt

tn+1

 1
2

≤ C

(
∞∑
j=1

∫
2j+1B\2jB

| f(z) | dz

)(∫ ∞
2j−2r

dt

t2n+1

) 1
2

≤ C

∞∑
j=1

1

| 2j+1B |

∫
2j+1B

| f(z) | dz.

|^ HölderØ�ª,�

1

| 2j+1B |

∫
2j+1B

| f(z) | dz ≤ 1

| 2j+1B |

(∫
2j+1B

| f(z) |p dz

) 1
p
(∫

2j+1B

dz

) 1
p′

≤ 1

| 2j+1B |

(∫
2j+1B

| f(z) |p ω(z)dz

) 1
p

| 2j+1B |
1
p′

≤ C(2jr)−
n
p

(∫
2j+1B

| f(z) |p dz

) 1
p

.

dMinkowskiØ�ª,�- t = 2j+1r ,�

I2 ≤
∞∑
j=1

2−
jn
p

(
r−

λθ
p ‖ f ‖θLp(B(x0,2j+1r)) dr

) 1
θ

≤ C
∞∑
j=1

2
j(λ−n)

p

(∫ ∞
0

t−
λθ
p ‖ f ‖θLp(B(x0,t))

dt

2j

) 1
θ

≤ C ‖ f ‖Lp,λθ

∞∑
j=1

2
j(λ−n)

p − jθ .

5¿�� λ < n+ p
θ
,?ê

∑∞
j=1 2

j(λ−n)
p − jθ Âñ. ½n1 y..
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½½½nnn 2���yyy²²² � B = B(x0, r) ´ Rn ¥���± x0 �¥%,± r ��»�¥, r f ©)�

f = f1 + f2,Ù¥ f1 = fχ2B, f �©)�6u r. u´

(∫ ∞
0

r−
λθ
p ‖ Sb,α(f) ‖θLp(B(x0,r))

dr

) 1
θ

≤
(∫ ∞

0

r−
λθ
p ‖ Sb,α(f1) ‖θLp(B(x0,r))

dr

) 1
θ

+

(∫ ∞
0

r−
λθ
p ‖ Sb,α(f2) ‖θLp(B(x0,r))

dr

) 1
θ

:= T1 + T2.

é T1,dÚn 4,�

T1 ≤ C

(∫ ∞
0

r−
λθ
p

(∫
B

| f1(x) |p dx

) θ
p

dr

) 1
θ

≤ C ‖ f ‖Lp,λθ .

é T2 ,5¿�é?¿� x ∈ B, (y, t) ∈ Γ(x),k

sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(x)− b(z)]ϕt(y − z)f2(z)dz

∣∣∣∣
≤ | b(x)− bB | sup

ϕ∈Cα

∣∣∣∣∫
Rn
ϕt(y − z)f2(z)dz

∣∣∣∣
+ sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(z)− bB]ϕt(y − z)f2(z)dz

∣∣∣∣ .
l
,

| [b,Sα(f2)(x) |

≤ | b(x)− bB || Sα(f2)(x) |

+

(∫ ∫
Γ(x)

sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(z)− bB]ϕt(y − z)f2(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

=: V1 + V2.

|^ HölderØ�ª,k

V1 ≤ C | b(x)− bB |
∞∑
j=1

1

| 2j+1B |

∫
2j+1B

| f(z) | dz

≤ C | b(x)− bB |
1

| 2j+1B |

(∫
2j+1B

| f(z) |p ω(z)dz

) 1
p

| 2j+1B |
1
p′

≤ C | b(x)− bB | (2jr)−
n
p

(∫
2j+1B

| f(z) |p dz

) 1
p

.
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- t = 2j+1r,dÚn 5, �

(∫ ∞
0

r−
λθ
p ‖ V1 ‖θLp(B(x0,r))

dr

) 1
θ

≤ C

∫ ∞
0

r−
λθ
p

(
∞∑
j=1

(2jr)−n ‖ f ‖pLp(B(x0,2j+1r))

∫
B(x0,r)

|b(x)− bB(x,r)|pdx

) θ
p

dr


1
θ

≤ C
∞∑
j=1

2−
jn
p

(
r−

λθ
p ‖ f ‖θLp(B(x0,2j+1r))

(
1

| B(x0, r) |

∫
B(x0,r)

|b(x)− bB(x,r)|pdx
) θ
p

dr

) 1
θ

≤ C ‖ b ‖∗
∞∑
j=1

2
j(λ−n)

p

(∫ ∞
0

t−
λθ
p ‖ f ‖θLp(B(x0,t))

dt

2j

) 1
θ

≤ C ‖ b ‖∗‖ f ‖Lp,λθ

∞∑
j=1

2
j(λ−n)

p − jθ .

e¡�O V2

V2 ≤ C

∫ ∫
Γ(x)

∣∣∣∣∣t−n
∞∑
j=1

∫
(2j+1B\2jB)

⋂
{z:|y−z|≤t}

| b(z)− bB || f(z) | dz

∣∣∣∣∣
2

dydt

tn+1

 1
2

≤ C

∫ ∫
Γ(x)

∣∣∣∣∣t−n
∞∑
j=1

∫
(2j+1B\2jB)

⋂
{z:|y−z|≤t}

| b(z)− b2j+1B || f(z) | dz

∣∣∣∣∣
2

dydt

tn+1

 1
2

+C

∫ ∫
Γ(x)

∣∣∣∣∣t−n
∞∑
j=1

∫
(2j+1B\2jB)

⋂
{z:|y−z|≤t}

| b2j+1B − bB || f(z) | dz

∣∣∣∣∣
2

dydt

tn+1

 1
2

=: V3 + V4.

d½n 1�y²k t > 2j−2r,2|^ HölderØ�ª, MinkowskiØ�ª±9Ún 5,�

V3 ≤ C

∫ ∞
2j−2r

∫
|x−y|<t

∣∣∣∣∣t−n
∞∑
j=1

∫
2j+1B\2jB

| b(z)− b2j+1B || f(z) | dz

∣∣∣∣∣
2

dydt

tn+1

 1
2

≤ C

(
∞∑
j=1

∫
2j+1B\2jB

| b(z)− b2j+1B || f(z) | dz

)(∫ ∞
2j−2r

dt

t2n+1

) 1
2

≤ C

∞∑
j=1

(∫
2j+1B

| b(z)− b2j+1B |p
′

dz

) 1
p′
(∫

2j+1B

| f(z) |p dz

) 1
p
(∫ ∞

2j−2r

dt

t2n+1

) 1
2

≤ C ‖ b ‖∗
∞∑
j=1

| 2j+1B |
1
p′ | 2j+1B |−1

(∫
2j+1B

| f(z) |p dz

) 1
p

= C ‖ b ‖∗
∞∑
j=1

(2jr)−
n
p

(∫
2j+1B

| f(z) |p dz

) 1
p

.
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é V4,5¿�� b ∈ BMO(Rn)�, k

| b2j+1B − bB |≤ C(j + 1) ‖ b ‖∗ .

|^ HölderØ�ªÚMinkowskiØ�ª,�

V4 ≤ C

∫ ∞
2j−2r

∫
|x−y|<t

∣∣∣∣∣t−n
∞∑
j=1

∫
2j+1B\2jB

| b2j+1B − bB || f(z) | dz

∣∣∣∣∣
2

dydt

tn+1

 1
2

≤ C ‖ b ‖∗
∞∑
j=1

(j + 1)

(∫
2j+1B\2jB

| f(z) | dz
)(∫ ∞

2j−2r

dt

t2n+1

) 1
2

≤ C ‖ b ‖∗
∞∑
j=1

(j + 1)
1

| 2j+1B |

∫
2j+1B

| f(z) | dz

≤ C ‖ b ‖∗
∞∑
j=1

(j + 1) | 2j+1B |−1| 2j+1B |
1
p′

(∫
2j+1B

| f(z) |p dz

) 1
p

≤ C ‖ b ‖∗
∞∑
j=1

(j + 1)(2jr)−
n
p

(∫
2j+1B

| f(z) |p dz

) 1
p

.

- t = 2j+1r,dMarkowskiØ�ª, �

(∫ ∞
0

r−
λθ
p ‖ J2 ‖θLp(B(z,r)) dr

) 1
θ

≤ C ‖ b ‖∗
∞∑
j=1

(j + 1)2−
jn
p

(
r−

λθ
p ‖f‖θLp(B(z,2j+1r))dr

) 1
θ

≤ ‖ b ‖∗
∞∑
j=1

(j + 1)2
j(λ−n)

p

(∫ ∞
0

t−
λθ
p ‖f‖θLp(B(z,t))

dt

2j

) 1
θ

≤ ‖ b ‖∗‖ f ‖Lp,λθ

∞∑
j=1

(j + 1)2
j(λ−n)

p − jθ .

5¿�� λ < n+ p
θ
,?ê

∑∞
j=1 2

j(λ−n)
p − jθ Âñ, ½n 2 �y.

½½½nnn 3���yyy²²² d g∗γ,α�½Â,�

g∗γ,α(f)(x)2 =

∫ ∞
0

∫
|x−y|<t

(
t

t+ | x− y |

)γn
(Aα(f)(y, t))2 dydt

tn+1

+

∞∑
i=1

∫ ∞
0

∫
2i−1t≤|x−y|<2it

(
t

t+ | x− y |

)γn
(Aα(f)(y, t))2 dydt

tn+1

≤ C

[
Sα(f)(x)2 +

∞∑
i=1

2−iγnSα,2i(f)(x)2

]
.
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� B = B(x0, r),´ Rn¥�?¿��¥,·�k

(∫ ∞
0

r−
λθ
p

(∫
B

| g∗γ,α(f)(x) |p dx

) θ
p

dr

) 1
θ

≤

(∫ ∞
0

r−
λθ
p

(∫
B

| Sα(f)(x) |p dx

) θ
p

dr

) 1
θ

+
∞∑
i=1

2−
iγn
2

(∫ ∞
0

r−
λθ
p

(∫
B

| Sα,2i(f)(x) |p dx

) θ
p

dr

) 1
θ

=: M0 +
∞∑
i=1

2−
iγn
2 Mi.

d½n 1 ,M0 ≤ C ‖ f ‖Lp,λθ ,e¡�OMi(i = 1, 2, . . .).� f = f1 + f2,Ù¥ f1 = fχ2B,Kk

Mi ≤

(∫ ∞
0

r−
λθ
p

(∫
B

| Sα,2i(f1)(x) |p dx

) θ
p

dr

) 1
θ

+

(∫ ∞
0

r−
λθ
p

(∫
B

| Sα,2i(f2)(x) |p dx

) θ
p

dr

) 1
θ

=: M
(1)
i +M

(2)
i .

dÚn 2ÚÚn 3,�

M
(1)
i ≤ C(2

in
2 + 2

in
p ) ‖ Sα(f1)(x) ‖Lp,λθ

≤ C(2
in
2 + 2

in
p ) ‖ f ‖Lp,λθ .

���OM
(2)
i .5¿�� x ∈ B, (y, t) ∈ Γ2i(x), z ∈ (2j+1B\2jB)

⋂
B(y, t)�,k

2j−1r ≤| z − x0 | − | x− x0 |≤| x− z |≤| x− y | + | y − z |≤ t+ 2it.

Ïd,|^ªÚMarkowskiØ�ª, �

| Sα,2i(f)(x) | ≤ C

∫ ∞
2j−2−ir

∫
|x−y|<2it

∣∣∣∣∣t−n
∞∑
j=1

∫
2j+1B\2jB

| f(z) | dz

∣∣∣∣∣
2

dydt

tn+1

 1
2

≤ C

(
∞∑
j=1

∫
2j+1B\2jB

| f(z) | dz

)(∫ ∞
2j−2−ir

2in
dt

t2n+1

) 1
2

≤ C · 2 3in
2

∞∑
j=1

1

| 2j+1B |

∫
2j+1B

| f(z) | dz.
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�½n 1�y²L§�q,��

M
(2)
i ≤ C · 2 3in

2 ‖ f ‖Lp,λθ

∞∑
j=1

2
j(λ−n)

p − jθ .

5¿� γ > 3 > 2
p
,� p > 1,Ïd

(∫ ∞
0

r−
λθ
p

(∫
B

| g∗γ,α(f)(x) |p dx

) θ
p

dr

) 1
θ

≤ C ‖ f ‖Lp,λθ

(
1 +

∞∑
i=1

2−
iγn
2 2

3in
2 +

∞∑
i=1

2−
iγn
2 2

in
p

)

≤ C ‖ f ‖Lp,λθ .

é¤k� B = B(x0, r)�þ(.,½n 3y..

½½½nnn 4���yyy²²² � B = B(x0, r)´ Rn¥�?¿��¥,P f = f1 + f2,Ù¥ f1 = fχ2B,Kk

(∫ ∞
0

r−
λθ
p

(∫
B

| [b, g∗γ,α](f)(x) |p dx

) θ
p

dr

) 1
θ

≤

(∫ ∞
0

r−
λθ
p

(∫
B

| [b, g∗γ,α](f1)(x) |p dx

) θ
p

dr

) 1
θ

+

(∫ ∞
0

r−
λθ
p

(∫
B

| [b, g∗γ,α](f2)(x) |p dx

) θ
p

dr

) 1
θ

=: F1 + F2.

dÚn 1 ,k F1 ≤ C ‖ f ‖Lp,λθ .e¡�O F2.d [b, g∗γ,α]�½Â��,

[b, g∗γ,α]2

=

∫ ∞
0

∫
|x−y|<t

(
t

t+ | x− y |

)γn
sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(x)− b(z)]ϕt(y − z)f2(z)dz

∣∣∣∣2 dydt

tn+1

+

∞∑
i=1

∫ ∞
0

∫
2i−1t≤|x−y|<2it

(
t

t+ | x− y |

)γn
sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(x)− b(z)]ϕt(y − z)f2(z)dz

∣∣∣∣2 dydt

tn+1

≤ C([b,Sα]2(f2)(x) +

∞∑
i=1

2−iγn[b,Sα,2i ]2(f2)(x)).
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Ïd,

F2 ≤

(∫ ∞
0

r−
λθ
p

(∫
B

| [b,Sα]2(f2)(x) |p dx

) θ
p

dr

) 1
θ

+
∞∑
i=1

2−
iγn
2

(∫ ∞
0

r−
λθ
p

(∫
B

| [b,Sα,2i ]2(f2)(x) |p dx

) θ
p

dr

) 1
θ

=: W0 +
∞∑
i=1

2−
iγn
2 Wi.

d½n 2 �� W0 ≤ C ‖ f ‖Lp,λθ . e¡�O Wi. é?¿�½� x ∈ B, (y, t) ∈ Γ2i(x), z ∈
(2j+1B\2jB)

⋂
B(y, t),k

sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(x)− b(z)]ϕt(y − z)f2(z)dz

∣∣∣∣
≤ | b(x)− bB | sup

ϕ∈Cα

∣∣∣∣∫
Rn
ϕt(y − z)f2(z)dz

∣∣∣∣+ sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(z)− bB]ϕt(y − z)f2(z)dz

∣∣∣∣ .
Ïd,

| [b,Sα,2i ](f2)(x) |

≤ | b(x)− bB || Sα,2i(f2)(x) | +

(∫ ∫
Γ2i(x)

sup
ϕ∈Cα

∣∣∣∣∫
Rn

[b(z)− bB]ϕt(y − z)f2(z)dz

∣∣∣∣2 dydt

tn+1

) 1
2

=: W
(1)
i +W

(2)
i .

d½n 2Ú½n 3�y²��(∫ ∞
0

r−
λθ
p ‖W (1)

i ‖θLp(B(x0,r))
dr

) 1
θ

≤ C ‖ b ‖∗‖ f ‖Lp,λθ ·2
3in
2 .

,��¡,k

W
(2)
i ≤ C

∫ ∫
Γ2i(x)

∣∣∣∣∣t−n
∞∑
j=1

∫
(2j+1B\2jB)

⋂
{z:|y−z|≤t}

| b(z)− bB || f(z) | dz

∣∣∣∣∣
2

dydt

tn+1

 1
2

≤ C

∫ ∫
Γ2i(x)

∣∣∣∣∣t−n
∞∑
j=1

∫
(2j+1B\2jB)

⋂
{z:|y−z|≤t}

| b(z)− b2j+1B || f(z) | dz

∣∣∣∣∣
2

dydt

tn+1

 1
2

+C

∫ ∫
Γ2i(x)

∣∣∣∣∣t−n
∞∑
j=1

∫
(2j+1B\2jB)

⋂
{z:|y−z|≤t}

| b2j+1B − bB || f(z) | dz

∣∣∣∣∣
2

dydt

tn+1

 1
2

=: W
(21)
i +W

(22)
i
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aq½n 2Ú½n 3�y²,k

W
(21)
i ≤ C ‖ b ‖∗ ·2

3in
2

∞∑
j=1

(2jr)−
n
p

(∫
2j+1B

| f(z) |p dz

) 1
p

.

l
,k (∫ ∞
0

r−
λθ
p ‖W (21)

i ‖θLp(B(x0,r))
dr

) 1
θ

≤ C ‖ b ‖∗‖ f ‖Lp,λθ ·2
3in
2 .

���OW
(22)
i ,k

W
(22)
i ≤ C

∫ ∞
2j−2−ir

∫
|x−y|<2it

∣∣∣∣∣t−n
∞∑
j=1

∫
2j+1B\2jB

| b2j+1B − bB || f(z) | dz

∣∣∣∣∣
2

dydt

tn+1

 1
2

≤ C ‖ b ‖∗ ·2
3in
2

∞∑
j=1

(j + 1)(2jr)−
n
p

(∫
2j+1B

| f(z) |p dz

) 1
p

.

l
,k (∫ ∞
0

r−
λθ
p ‖W (22)

i ‖θLp(B(x0,r))
dr

) 1
θ

≤ C ‖ b ‖∗‖ f ‖Lp,λθ ·2
3in
2 .

du γ > 3,¤±

(∫ ∞
0

r−
λθ
p

(∫
B

| [b, g∗γ,α](f)(x) |p dx

) θ
p

dr

) 1
θ

≤ C ‖ b ‖∗‖ f ‖Lp,λθ

(
1 +

∞∑
i=1

2−
iγn
2 2

3in
2 +

∞∑
i=1

2−
iγn
2 2

3in
2 +

∞∑
i=1

2−
iγn
2 2

3in
2

)
≤ C ‖ b ‖∗‖ f ‖Lp,λθ .
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