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Abstract

In this paper, by using the fixed point theorem, we discuss the following quasilinear

problems on infinite intervals (rN−1w′)′ + rN−1K(r)f(w,w′) = 0, r ∈ (R,∞),

w(R) = 0, limr→∞w(r) = 0,

where K : (R,∞)→ (0,∞) and f : [0,∞)× R→ [0,∞) are continuous, N > 2 is an integer,

R is a positive parameter.
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1. Úó

Ã�«mþ[�5�©�§¯K$^uïÄ��5ý��§�»�é¡) [1].ùa¯K3Ô

n,Ä:ó§,6NåÆ���2��A^ [2–5].Cc5,�5�õ�Æö$^IþØÄ:½n,þ

e)�{,�q{ÚC©{ïÄ
Ã�«mþ[�5¯K¿��
�X��¤J [6–14].

© [11], Iaia?Ø
Xe¯K4u+K(|x|)f(u) = 0, |x| ∈ (R,∞),

u(x) = 0, |x| = R, lim|x|→∞ u(x) = 0

�»�).Ù¥, u : RN → R, N ≥ 2´�ê, R > 0´�~ê, f ´Û��´ÛÜ LipschitzëY¼ê,

��3 β > 0�, f ′(0) < 0,� (0, β)�, f(u) < 0,� (β,∞)�, f(u) > 0.
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© [15], Jeong�<$^ØÄ:½n?Ø
 p-Laplacian¯K 1
rN−1 (rN−1ϕp(u

′))′ +K(r)f(u) = 0, r ∈ (R,∞),

u(R) = 0, limr→∞ u(r) = 0

�)��35��²�)�Ø�35.Ù¥, N ´�ê, 1 < p < N , ϕp(s) := |s|p−2s, s ∈ R\{0},
ϕp(0) = 0, K ∈ C1(R+,R+), R+ = (0,∞), f ´Û��´ÛÜ LipschitzëY¼ê, R´���ëê.

© [16],|^ØÄ:�ê�5�3 C1[0, 1]�mþïá
��#�ØÄ:nØ,¿y²
��~

�©n:>�¯K  u′′(t) + f(t, u(t), u′(t)) = 0, t ∈ (0, 1),

u(0) = 0, u(1) = αu(η)

�)��35,Ù¥ η ∈ (0, 1), 0 < αη < 1, f : [0, 1]× [0,∞)× R→ [0,∞)ëY.

Éþã©z�éu,�©A^© [16]�IþØÄ:½ny²Xe[�5¯K(rN−1w′)′ + rN−1K(r)f(w,w′) = 0, r ∈ (R,∞),

w(R) = 0, limr→∞w(r) = 0
(1)

���3���),�'u�)���5Úõ­5¿�?1?Ø,Ïdù�´���5��ïÄÚ

?Ø��K.

2. ý��£

�©b�

(H1)�3�~ê q1, q2, C1 Ú C2, 2 < q2 ≤ q1, q2 > N ,� r ∈ (0, R0)�, C2r
−q2 ≤ K(r) ≤

C1r
−q1 .Ù¥, q1 > q2, R0 = (C1

C2
)

1
q1−q2 ∈ (0,∞); q1 = q2, R0 =∞, C2 ≤ C1.

(H2) f : [0,∞)× R→ [0,∞)ëY.

�©¦^��m´ E = C1[0, 1], 3�ê ‖x‖ = max{‖x‖0, ‖x′‖0} e�¤ Banach �m, Ù¥

‖x‖0 = maxt∈[0,1] |x(t)|,P P = {x ∈ E | x(t) ≥ 0}´ E þ���I.

�©¤¦^�óä

Ún 1 ( [16]) b� A : P → P ´���ëY�f��3~ê b, c > 0, 0 ≤ t1 < t2 ≤ 1,

γ ∈ (0, 1),¦� b < γc ,k

(1) ‖Ax‖ ≤ c,é?¿� x ∈ P̄c = {x ∈ P : ‖x‖ ≤ c};

(2) mint∈[t1,t2]Ax(t) > b,é?¿� x ∈ P , b ≤ x(t) ≤ b
γ
, t ∈ [t1, t2];

(3) mint∈[t1,t2]Ax(t) > γ‖Ax‖,é?¿� x ∈ P , b
γ
< ‖x‖ ≤ c,� x(t) ≥ b, t ∈ [t1, t2].
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K A��k��ØÄ: x∗ ∈ P̄c,Ù¥mint∈[t1,t2] x
∗(t) > b.

3. �)��35

é¯K (1) �XeC�. - u(t) = w(r), t = ( r
R

)2−N , dt
dr

= (2 − N)RN−2r1−N , r = t
1

2−NR,

r1−N = t
1−N
2−NR1−N ,

(rN−1w′)′ = ((2−N)RN−2u′)′

= (2−N)RN−2
dt

dr
u′′

= (2−N)RN−2u′′(2−N)RN−2r1−N

= (2−N)RN−2u′′(2−N)RN−2t
1−N
2−NR1−Nu′′

= (2−N)2RN−3t
1−N
2−N u′′,

rN−1K(r)f(w,w′) = t
N−1
2−NRN−1K(t

1
2−NR)f(u, (2−N)R−1t

1−N
2−N u′),

u′′ + hR(t)f(u, (2−N)R−1t
1−N
2−N u′) = 0,

w(R) = u(1) = 0,

lim
r→∞

w(r) = lim
r→∞

(u(
r

R
)2−N ) = u(0) = 0,

l
 (1)�du  u′′ + hR(t)f(u, (2−N)R−1t
1−N
2−N u′) = 0, t ∈ (0, 1),

u(0) = 0, u(1) = 0,
(2)

Ù¥

hR(t) =
1

(2−N)2
R2t

2(N−1)
2−N K(t

1
2−NR).

w, hR : (0, 1]→ (0,∞), f : [0,∞)×R→ [0,∞) ëY,ù¿�X¯K (1)�)�du¯K (2)�).

5 1 d (H1)��,

C2R
2−q2 1

(2−N)2
t

2(N−1)−q1
2−N ≤ hR(t) ≤ C1R

2−q1 1

(2−N)2
t

2(N−1)−q2
2−N , t ∈ (0, 1), R ∈ (0, R0). (3)

Ï� 2 < q2 ≤ q1, q2 > N , 2(N−1)−q1
2−N ≥ 2(N−1)−q2

2−N > −2, ¤± hR ∈ {h ∈ C((0, 1], (0,∞)) :∫ 1

0
th(t)dt <∞}.

P

m =
(N − q2)(2−N)

6C1R2−q1
, l =

20(2− q1)(4− q1 −N)

C2R2−q2
.
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½n 1 b½ (H2)¤á.� R ∈ (0, R0), b, c, γ��~ê,� b < γc, 0 < γ < 1
4
,¦� f ÷v

(H3) f(u, v) ≤ mc,é 0 ≤ u ≤ c, 0 < v < (N−2)c
R

;

(H4) f(u, v) ≥ min{lb, lγc},é b ≤ u ≤ b
γ
, 0 < v < (N−2)c

R
;

(H5) f(u, v) ≥ lγc,é b
γ
< u ≤ c, 0 < v < (N−2)c

R
.

K[�5¯K (2)��k���).

y² w, u ∈ P ´¯K (2)�)��=� u÷vÈ©�§

u(t) =

∫ 1

0

G(t, τ)hR(τ)f(u, (2−N)R−1τ
1−N
2−N u′)dτ,

Ù¥

G(t, τ) =

t(1− τ), t ≤ τ,

τ(1− t), τ ≤ t.

½Â���f T : E → E,

Tu(t) =

∫ 1

0

G(t, τ)hR(τ)f(u, (2−N)R−1τ
1−N
2−N u′)dτ.

´y T : P → P ´���ëY�f.

é?¿� u ∈ P̄c�í�, 0 ≤ t ≤ 1, 0 ≤ u ≤ c, 0 < 2−N
R
τ

1−N
2−N u′ < (N−2)c

R
,l
�â (H3),k

‖Tu‖0 = max
t∈[0,1]

|Tu(t)|

= max
t∈[0,1]

Tu(t)

= max
t∈[0,1]

∫ 1

0

G(t, τ)hR(τ)f(u, (2−N)R−1τ
1−N
2−N u′)dτ

≤ max
t∈[0,1]

mc

∫ 1

0

G(τ, τ)C1R
2−q1 1

(2−N)2
τ

2(N−1)−q2
2−N dτ

= C1R
2−q1 mc

(2−N)2

∫ 1

0

τ
N−q2
2−N − τ

2−q2
2−N dτ

= C1R
2−q1 mc

(2−N)2
(
2−N
2− q2

− 2−N
4− q2 −N

)

≤ C1R
2−q1mc

(2− q2)(2−N)

=
(N − q2)c
6(2− q2)

,
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±9

‖Tu′‖0 = max
t∈[0,1]

|Tu′|

= max
t∈[0,1]

|
∫ t

0

−τhR(τ)f(u, (2−N)R−1τ
1−N
2−N u′)dτ

+

∫ 1

t

(1− τ)hR(τ)f(u, (2−N)R−1τ
1−N
2−N u′)dτ |

≤ max
t∈[0,1]

(

∫ t

0

τC1R
2−q1 mc

(2−N)2
τ

2(N−1)−q2
2−N dτ

+

∫ 1

t

(1− τ)C1R
2−q1 mc

(2−N)2
τ

2(N−1)−q2
2−N dτ)

= max
t∈[0,1]

C1R
2−q1mc

(2−N)2
(

∫ t

0

τ
N−q2
2−N dτ +

∫ 1

t

τ
2(N−1)−q2

2−N − τ
N−q2
2−N dτ)

= max
t∈[0,1]

C1R
2−q1mc

(2−N)2
[
2−N
2− q2

t
2−q2
2−N +

2−N
N − q2

(1− t
N−q2
2−N )− 2−N

2− q2
(1− t

2−q2
2−N )]

≤ max
t∈[0,1]

C1R
2−q1mc

(2−N)2
2−N
N − q2

(2t
2−q2
2−N + 1)

=
3mcC1R

2−q1

(N − q2)(2−N)

=
c

2
.

l
��, ‖Tu‖ = max{‖Tu‖0, ‖Tu′‖0} ≤ c.Ïd,Ún 1�^� (1)÷v.

é?¿� u ∈ P , b ≤ u(t) ≤ b
γ
,k 0 < 2−N

R
τ

1−N
2−N u′ < (N−2)c

R
,l
�â (H4)��

Tu(
1

4
) =

∫ 1

0

G(
1

4
, τ)hR(τ)f(u, (2−N)R−1τ

1−N
2−N u′)dτ

≥
∫ 1

0

1

4
G(τ, τ)hR(τ)f(u, (2−N)R−1τ

1−N
2−N u′)dτ

≥ lb

∫ 1

0

1

4
G(τ, τ)C2R

2−q2 1

(2−N)2
τ

2(N−1)−q1
2−N dτ

=
lb

4
C2R

2−q2 1

(2−N)2

∫ 1

0

τ
N−q1
2−N − τ

2−q1
2−N dτ

=
lb

4
C2R

2−q2 1

(2−N)2
(N − 2)2

(2− q1)(4− q1 −N)

=
lbC2R

2−q2

4(2− q1)(4− q1 −N)

= 5b.

K mint∈[ 14 , 34 ] Tu(t) ≥ 1
4
‖Tu‖0 ≥ 1

4
Tu( 1

4
) > b,é t ∈ [ 1

4
, 3
4
].Ïd,Ún 1�^� (2)÷v.

é?¿� u ∈ P , b
γ
< ‖u‖ ≤ c, u(t) ≥ b,d (H4)Ú (H5)��, f(u, (2 −N)R−1τ

1−N
2−N u′) ≥ lγc,
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b ≤ u ≤ c, 0 < 2−N
R
τ

1−N
2−N u′ < (N−2)c

R
,l


Tu(
1

4
) =

∫ 1

0

G(
1

4
, τ)hR(τ)f(u, (2−N)R−1τ

1−N
2−N u′)dτ

≥
∫ 1

0

1

4
G(τ, τ)hR(τ)f(u, (2−N)R−1τ

1−N
2−N u′)dτ

≥ lγc

∫ 1

0

1

4
G(τ, τ)C2R

2−q2 1

(2−N)2
τ

2(N−1)−q1
2−N dτ

=
lγc

4
C2R

2−q2 1

(2−N)2

∫ 1

0

τ
N−q1
2−N − τ

2−q1
2−N dτ

=
lγc

4
C2R

2−q2 1

(2−N)2
(N − 2)2

(2− q1)(4− q1 −N)

=
lγcC2R

2−q2

4(2− q1)(4− q1 −N)

= 5γc.

K mint∈[ 14 , 34 ] Tu(t) ≥ 1
4
‖Tu‖0 ≥ 1

4
Tu( 1

4
) ≥ γ‖Tu‖. é t ∈ [ 1

4
, 3
4
].Ïd,Ún 1�^� (3)÷v.

dÚn 1��, T ��k��ØÄ: u∗ ∈ P̄c,¿� u∗ ≥ 0.l
¯K (1)��k���).
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