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In this paper, the orientational elasticity of C2v nematic phase is derived based on the
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expression of the stability points of volume energy and free energy for the nematic

phase formed by liquid crystal molecules with C2v symmetry. This expression can

reflect the symmetry of local anisotropy of liquid crystal phase to a certain extent,

and the coefficients are related to molecular parameters, which has clear physical

significance.
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1. Úó

�¬´�«0u������¥m�, ����¬äkÛÜ��É5�A:. 3êÆþ, ��^

:+£ã�¬©fÚÛÜ�¬���É5�é¡5 [1]. �5���¬þ!����­�á5, 3�

¬�êÆï�L§¥åX­���^. ÛÜ��É5´�¬���3²ïG�e�Ì�A�, 3d

G�e, �5
u�¬�É>.�	å�^
u)�/C. ØÓ©f/¤�ØÓ���, Ù�5U�

/ªØ¦�Ó. äk C2v é¡5��¬©f(��éE,, ¿�{ü�¶é¡5, U
/¤õ«��

�, �©Ì�ïÄÙ/¤�äk C2v é¡5��������5.

~��ü¶����¬�ÛÜ��É5Ly�{ü�¶é¡5�, Ï~^ü ��¥ n£ãÙ

ÛÜ�`��. �C/é��, ���UC�±�ÑØO, Ïd�òÛÜ�`���� �´ x�¼

ê, = n = n(x). ü¶����¬�Uþ�¼�±ÏL Oseen-FrankUL�, §´'u n(x)��¼,

Ù¥n�©OL«Ð­, Û­, �­¤�)�Uþ [2].

Oseen-Frank Uþé�5~ê Ki �ÿþäk­�¿Â. 3@Ï, Frederiks�<ïÄ
�G©

f��5~ê [3–5], d� Kaur�<q�éd�ý/©f/¤�ü¶��Ñ�AïÄ [6–8], ¿�

Sathyanarayana�<ïÄ
�ý/©faqÔ/¤�ü¶���5~ê [9, 10] . éuÙ§E,(

��©f, �U¬LyÑÙ¦���, X�ý/©f/¤�V¶��� [11, 12]. éuV¶���, ®

kó�ïÄ
�����5�/ª, ¿ïá3Ä��.¥ [13–15].

3�C�ïÄ¥, Li. Ú Xu. �é�ý/©f/¤�V¶����¬ïá
IeÄåÆ�

. [16], ���5éu�.30*Iee�L�åX­���^. �.¥^ü��5Ã'���S

ëþL��¬��ÛÜ��É5, =V¶���e�NÈU­½:, ��
���5�L�ª, Ù¥
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�Xêþ�©fÔnëê�'é, Ïdk²(�Ôn¿Â. ù3ê��[�¡äk­��^å.

3ï�L§¥�A©f(�é�5~ê�K�äk­�¿Â. Äu Onsager©fnØïá��

«�.¥, �.Xê�©fëêk', XÄu©fnØ�Üþ�.Úddí�Ñ�Ie�.�. /Ï

���5, qUò�5~êÏLù
XêL�Ñ5, Ïd, ïÄØÓ�¬�e���5�L�äk­

��A^d�. ���5�í�ÄuIe����ê, U
lÄu©fnØ�Üþ�.¥�gdU

L�ªí��Ñ [17]. �©�éäk C2v é¡5�©f/¤�äk C2v é¡5�����¬, í�


Ù���5�äNL�. ù«�¬��V¶�äk����é¡5, Ù���5��\E,. dí

�L§E
uÄu Onsager ©fnØ�gdUL�, �ª�Ñ�Xê�©fëêk', äkÔn¿

Â.

�©31�!0�
í����5L§¤I�Ä�nØ, XÜþ�$�Ú�
­�ÎÒ�`².

1n!�ÑõÜþ�.¥gdU�L�. 31o!�[í�
äk C2v é¡5��¬�e����

5, ¿{ü�ã
§�Ù§�������5�'é. ��31Ê!o(
�©�Ì�(JÚïÄ

¿Â.

2. Üþ��©�f

�!�Ñí����5L�ªL§¥7I�Ä�nØ, Ù¥é�Ó�Iþ¦^ Einstein¦Ú�

½.

Äk0�Üþ��'VgÚ$�. ��/, R3 ¥� n�Üþ U �±3ë���Ie (e1, e2, e3)

eL��Ä��I�/ª, À� ei1 , · · · , ein �ÜþÈ��Ä., Ù¥ i1, · · · , in ∈ {1, 2, 3}, d� n

�Üþ U L��

U = Ui1···inei1 ⊗ · · · ⊗ ein ,

ùp Ui1···in �Üþ U 3ù|Ä.e��I. ü�Üþm�:ÈÎÒL«Üþ� ¿$�, òÓ�Ü

þ U Ú V � ¿ U · V ½Â�§���I�þ�êþÈ, =�A©þ¦È�Ú, P�

U · V = Ui1...inVi1...in ,

¿�|U |2 = U · U . 3d½Âe, ü�Ó�Üþ� ¿(J���Iþ.

XJéu {1, · · · , n}�?¿ü� σ, n�ÜþU��Io÷v Uiσ(1)···iσ(n)
= Ui1···in , K¡Ù´ n

�é¡Üþ. òÜþ�,½Â��éÙ,ü��I��� ¿, =�� n− 2�Üþ

(trU)i1...in−2
= Ui1...in−2kk.

eé¡Üþ U ÷v trU = 0, K¡ U �é¡,"Üþ.

éu n�Üþ U = m1 ⊗ · · · ⊗mn ∈ R3, Ù©þ/ª�

Ui1···in = (m1)i1 · · · (mn)in , i1, · · · , in = 1, 2, 3.
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�Bu3��IeeL«é¡Üþ, �±¦^ü�ªÎÒ, ò n �é¡ÜþL«� [1]

mk1
1 mk2

2 mk3
3 =

(
m1 ⊗ · · · ⊗m1︸ ︷︷ ︸

k1

⊗m2 ⊗ · · · ⊗m2︸ ︷︷ ︸
k2

⊗m3 ⊗ · · · ⊗m3︸ ︷︷ ︸
k3

)
sym

. (2.1)

Ù¥ k1 + k2 + k3 = n. éu?¿� n�Üþ, �±òÙL«���é¡ÜþÚ���é¡Üþ�Ú,

Ù¥é¡Ü©L«�

(Usym)i1···in =
1

n!

∑
σ

Uiσ(1)···iσ(n)
.

(2.1)�L��ª�Ó�·^uÙ§��Ie, XÛÜ��Ie p = (n1,n2,n3).

� k1 + k2 + k3 = n�, �d�|�5Ã'� n�é¡Üþ�¤Ä., ¦�?¿é¡ÜþÑU^

ù|Ä.�5LÑ, L��m1,m2,m3�àgõ�ª. ��ð�Üþ iL«�

i = m2
1 + m2

2 + m2
3,

Ù©þ/ª�L��±/Ï KronekerÎÒ, = iij = δij , i, j = 1, 2, 3, Ù¥

δij =

 1, i = j

0, i 6= j

.

,��­��ÎÒ� Levi-CivitaÎÒ, L«�

εijk =


1, (ijk) = (123), (231), (312)

− 1, (ijk) = (132), (213), (321)

0, Ù§

.

1�ªÜþddL�� [18]

ε = εijkmi ⊗mj ⊗mk

= m1 ⊗m2 ⊗m3 + m2 ⊗m3 ⊗m1 + m3 ⊗m1 ⊗m2

−m1 ⊗m3 ⊗m2 −m2 ⊗m1 ⊗m3 −m3 ⊗m2 ⊗m1. (2.2)

ùü�ÎÒ�mk�
­��$�, X

εijkεipq = δjpδkq − δjqδkp,

εijkεpqr = det


δip δiq δir

δjp δjq δjr

δkp δkq δkr

 .
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d	, ^ 〈·〉L« SO(3)þ�ÜþÝ, =¼êmi1 ⊗ · · · ⊗min 3 SO(3)þ'u�Ý¼ê ρ(p)�

²þ�±L«�

〈mi1 ⊗ · · · ⊗min〉 =

∫
SO(3)

mi1(p)⊗ · · · ⊗min(p)ρ(p)dp, i1, · · · in = 1, 2, 3.

'u�©�f ∇, ±��Üþm�~, �ÑÜþ�FÝ, ÑÝ±9^Ý�¦{:

(∇m)ij = ∂jmi, ∇ ·m = ∂imi, (∇×m)i = εijk∂jmk.

/Ï SO(3)þ�^=�©�f, U
¦���Ie��ê, dd�±O����5�L�ª.

3ÛÜIe p(x)e, nµ ÷X�� nλ ��ê� nλ · ∇nµ. §3Ie p¥� ν ©þP� nλinνj∂inµj .

d�ª nµjnνj = δµν , ����­��'X:

nλinνj∂inµj = −nλinµj∂inνj .

dd��, Ie p����êkÊ�gdÝ [15–17]:
D11 = n1in2j∂in3j , D12 = n1in3j∂in1j , D13 = n1in1j∂in2j ,

D21 = n2in2j∂in3j , D22 = n2in3j∂in1j , D23 = n2in1j∂in2j ,

D31 = n3in2j∂in3j , D32 = n3in3j∂in1j , D33 = n3in1j∂in2j .

(2.3)

3. gdU�A�Ie

3�¬�©f�.¥, Uþ�L�d���pÐm��. 3�mþ!��/¥, gdU/ª�

F [f ] = F0 + kBT
(∫

S2

dmf(m)logf(m) +
1

2

∫ ∫
S2×S2

dmdm′f(m)G(m,m′)f(m′)
)
. (3.1)

Ù¥ kB � Boltzmann~ê, T �ýé§Ý. VÇ�Ý¼ê f(x,m)�L3 x ∈ Ω?²1u��m

�©f��.©Ù¼ê, G(m,m′)´©fm��p�^Ø¼ê, �����LXÚ¥©fm��p

�^³, �±À�MØ³½Maier-Saupe³. 3Üþ�.¥, gdU�±ÏLé (3.1)¥��Ý¼ê

f(x,m)� TaylorÐm��, Ù¥�Xê�d©f�.ïáL§¥¤�9�©fÔnëê kB, T L

«, ����' [19].

äk C2v é¡5�©f¤/¤����ÛÜ��É5I�o�Sëþ£ã [1],

Q1 = 〈m1〉, Q2 =
〈
m2

1 − i/3
〉
, Q3 = 〈m2

2 −m2
3〉, Q4 = 〈m2m3〉, (3.2)

Ù¥ Q1 ´��Üþ, Qα(α = 2, 3, 4) ´��é¡,"Üþ. òùo�SëþP��þ/ª, =

Q = (Q1, · · · , Q4)
T .
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b�����¬©fßÝ�~ê c, ÙgdUdNÈUÚ�5U�¤, = [19]

F(Q,∇Q)

kBT
=

∫
dx

(
1

ε
Fb(Q) + Fe(Q,∇Q)

)
, (3.3)

Ù¥ kB ´ Boltzmann~ê, T ´ýé§Ý. Ù¥ FbÚ Fe©OL«NÈU�ÝÚ�5U�Ý. �ë

ê ε£ãf5�¬©fÚ�¬ÛÜ�m�²��éºÝ L̃. NÈU�Ý Fb�)��ÚQ��g�,

=

Fb = cFentropy +
c2

2

(
c01|Q1|2 + c02|Q2|2 + 2c03Q2 ·Q3 + c04|Q3|2 + c05|Q4|2

)
, (3.4)

�� Fentropy éu�±gdU­�å�'��^. �5U�Ý Fe�) ∇Q��5�Ú�g�, =

Fe =
c2

2
(F1,elastic + F2,elastic) , (3.5)

F1,elastic = c10∇ ·Q1 + c11Q1 · (∇ ·Q2) + c12Q1 · (∇ ·Q3)

+ c13Q2 · ∇ ×Q4 + c14Q3 · ∇ ×Q4, (3.6)

F2,elastic = c21|∇Q1|2 + c22|∇Q2|2 + 2c23∇Q2 · ∇Q3 + c24|∇Q3|2

+ c25|∇Q4|2 + c26|∇ ·Q1|2 + c27|∇ ·Q2|2 + 2c28(∇ ·Q2) · (∇ ·Q3)

+ c29|∇ ·Q3|2 + c2,10|∇ ·Q4|2 + c2,13(∇×Q1) · (∇ ·Q4). (3.7)

Ù¥�Xê cij d©fëêû½.

e¡3ÛÜ��Ie (n1,n2,n3)e£ã���. 3ë�©z [20]¥, Xu.ÏLÏLJ�Üþ�

�"©þ, éNÈU­½:?1©Û, ��ØÓ����A�Ie. ��¬©f�é¡5� C2v �,

�âÙNÈU�Xê, ·�À�gdëê ν, ¦�Ý

c01

c02 c03

c03 c04

c05


´�K½�, 3­½:Ò���Ù C2v ����A�Ie� [20, 21]

Q1 = d1n1, Q2 = s2

(
n2
1 −

i

3

)
+ b2(n

2
2 − n2

3),

Q3 = s3

(
n2
1 −

i

3

)
+ b3(n

2
2 − n2

3), Q4 = d4n2n3. (3.8)

� (3.8)¥�Xê d1, d4, b2, b3� 0�, =�äk C∞v é¡5����. éu�
p�é¡,"Üþ§

��±3dIe (n1,n2,n3))¤�ØÓÄ.e�5LÑ.
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4. ���5

|^��ð�Üþ i = n2
1 + n2

2 + n2
3, �ò (3.8)¥� Qα(α = 2, 3)C/�

Qα =sα

(
n2
1 −

i

3

)
+ bα

(
n2
2 − n2

3

)
=sα

(
n2
1 −

i

3

)
+ bα

(
n2
2 − i + n2

1 + n2
2

)
= (sα + bα) n2

1 + 2bαn2
2 −

(
1

3
sα + bα

)
i, α = 2, 3. (4.1)

�
O����5�Xê, ©O�ÄgdU¥��5���ê�, �g���ê�, =���5

U�Ý (3.6)Ú���5U�Ý (3.7).

d (3.8)Ú (4.1), �����5U�Ý (3.6)¥��©O�

∇ ·Q1 =d1∂in1i,

Q1 · (∇ ·Qα) =d1n1i∂j

[
(sα + bα) n2

1 + 2bαn2
2 −

(
1

3
sα + bα

)
i

]
ij

=d1n1i [(sα + bα) (∂jn1in1j + n1i∂jn1j) + 2bα (∂jn2in2j + n2i∂jn2j)]

=d1(sα + bα)∂jn1j + 2d1bαn1in2j∂jn2i, α = 2, 3.

Qα · ∇ ×Q4 =
1

2

[
(sα + bα)n1in1j + 2bαn2in2j −

(
1

3
sα + bα

)
δij

]
d4ε

jkl∂k (n2ln3i + n3ln2i)

=
1

2
d4(sα + bα)εjkln1in1j

(
∂kn2ln3i + n2l∂kn3i + ∂kn3ln2i + n3l∂kn2i

)
+ d4bαε

jkln2in2j

(
∂kn2ln3i + n2l∂kn3i + ∂kn2in3l + n2i∂kn3l

)
− 1

6
d4(sα + 3bα)εjklδij

(
∂kn2ln3i + n2l∂kn3i + ∂kn3ln2i + n3l∂kn2i

)
=

1

2
d4(sα + bα)

(
εjkln1in1jn2l∂kn3i + εjkln1in1jn3l∂kn2i

)
+ d4bα

(
εjkln2in2jn2l∂kn3i + εjkln2j∂kn3l

)
− 1

6
d4(sα + 3bα)εikl

(
∂kn2ln3i + n2l∂kn3i + ∂kn3ln2i + n3l∂kn2i

)
=

1

2
d4(sα + bα)

(
εjkln1in1jn2l∂kn3i + εjkln1in1jn3l∂kn2i

)
+ d4bαε

jkln2j∂kn3l, α = 2, 3.

Ù¥þª������ª^
e�'X:

εjkln2in2jn2l∂kn3i

= n2in2j(n3jn1k − n1jn3k)∂kn3i = 0,

εikl∂kn2ln3i + εikln2l∂kn3i + εikl∂kn3ln2i + εikln3l∂kn2i
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= (n1kn2l − n1ln2k)∂kn2l + (n3in1k − n1in3k)∂kn3i

+ (n3kn1l − n1kn3l)∂kn3l + (n2kn1i − n1kn2i)∂kn2i

= 0.

òþã(J�\���5� F1,elastic, �±��

F1,elastic =c10d1∂in1i + c11 [d1(s2 + b2)∂jn1j + 2d1b2n1in2j∂jn2i]

+ c12 [d1(s3 + b3)∂jn1j + 2d1b3n1in2j∂jn2i]

+ c13

[
1

2
d4(s2 + b2)

(
εjkln1in1jn2l∂kn3i + εjkln1in1jn3l∂kn2i

)
+ d4bαε

jkln2j∂kn3l

]
+ c14

[
1

2
d4(s3 + b3)

(
εjkln1in1jn2l∂kn3i + εjkln1in1jn3l∂kn2i

)
+ d4bαε

jkln2j∂kn3l

]
=d1

[
c10 + c11(s2 + b2) + c12(s3 + b3)

]
∂in1i + 2d1(c11b2 + c12b3)n1in2j∂jn2i

+
1

2
d4
[
c13(s2 + b2) + c14(s3 + b3)

]
(εjkln1in1jn2l∂kn3i + εjkln1in1jn3l∂kn2i)

+ d4(c13b2 + c14b3)ε
jkln2j∂kn3l

=J11∂in1i + J12n1in2j∂jn2i

+ J13(ε
jkln1in1jn2l∂kn3i + εjkln1in1jn3l∂kn2i) + J14ε

jkln2j∂kn3l, (4.2)

Ù¥Xê J1i� d1, d4, si, bi (i = 2, 3)�¼ê, �

J11 = d1
[
c10 + c11(s2 + b2) + c12(s3 + b3)

]
, J12 = 2d1(c11b2 + c12b3),

J13 =
1

2
d4
[
c13(s2 + b2) + c14(s3 + b3)

]
, J14 = d4(c13b2 + c14b3).

e¡ÏL (2.3)¥�Ê�þ Dij(i, j = 1, 2, 3)L« (4.2)¥��ê�, O�ÑXe(J,

∂in1i = δij∂in1j = (n2in2j + n3in3j)∂in1j = D32 −D23,

n1in2j∂in2i = D23,

εjkln1in1jn2l∂kn3i = n1in1j(n3jn1k − n1jn3k)∂kn3i = D32,

εjkln1in1jn3l∂kn2i = n1in1j(n1jn2k − n2jn1k)∂kn2i = D23,

εjkln2j∂kn3l = (n3kn1l − n1kn3l)∂kn3l = −D32,

òù
(J�\� (4.2)ª¥, ��Ù^ Dij(i, j = 1, 2, 3)�L��

F1,elastic =J11(D32 −D23) + J12D23 + J13(D32 +D23)− J14D32

=(−J11 + J12 + J13)D32 + (J11 + J13 − J14)D23

=K23D23 +K32D32, (4.3)
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Ù¥�A��5Xê�

K23 = −J11 + J12 + J13, K32 = J11 + J13 − J14. (4.4)

�e5�ÄgdU¥��g���ê�, I�©OO����5� F2,elastic ¥�FÝ�, ÑÝ

�Ú·Ü�, L§aqu?Ø�5���ê�. ÄkO� F2,elastic¥�FÝ��

|∇Q1|2 =d21(∂in1j)
2,

|∇Q4|2 =
1

4
d24 (∂kn2in3j + ∂kn3jn2i + ∂kn3in2j + ∂kn2jn3i)

2

=
1

4
d24
[

(∂kn2i)
2

+ (∂kn3j)
2

+ (∂kn3i)
2

+ (∂kn2j)
2

+ ∂kn2in3j∂kn2jn3i + ∂kn3jn2i∂kn3in2j

+ ∂kn3jn2i∂kn3in2j + ∂kn2in3j∂kn2jn3i

]
=

1

2
d24
(
(∂in2j)

2 + (∂in3j)
2 + 2n2j∂in3jn2k∂in3k

)
,

∇Qα · ∇Qβ =∂i

[
(sα + bα) n2

1 + 2bαn2
2 −

(
1

3
sα + bα

)
i

]
jk

∂i

[
(sβ + bβ) n2

1 + 2bβn
2
2 −

(
1

3
sβ + bβ

)
i

]
jk

= [(sα + bα) (∂in1jn1k + n1j∂in1k) + 2bα (∂in2jn2k + n2j∂in2k)]

[(sβ + bβ) (∂in1jn1k + n1j∂in1k) + 2bβ (∂in2jn2k + n2j∂in2k)]

= (sα + bα) (sβ + bβ) (∂in1j)
2

+ (sα + bα) (sβ + bβ) (∂in1k)
2

+ 4bαbβ
(
∂in

2
2j

)
+ 4bαbβ

(
∂in

2
2k

)
+ 2 (sα + bα) bβ (∂in1jn1kn2j∂in2k + n1j∂in1k∂in2jn2k)

+ 2 (sβ + bβ) bα (n1j∂in1k∂in2jn2k + ∂in1jn1kn2j∂in2k)

= 2(sα + bα)(sβ + bβ)(∂in1j)
2 + 8bαbβ(∂in2j)

2

+ 4[bα(sβ + bβ) + bβ(sα + bα)]n1j∂in2jn2k∂in1k, α, β = 2, 3.

Ùg, O�ÑÝ��(J�

|∇ ·Q1|2 =d21(∂in1i)
2,

|∇ ·Q4|2 =∂iQ4ik∂jQ4jk

=
1

4
d24 (∂in2in3k + ∂in3kn2i + ∂in3in2k + ∂in2kn3i)

(∂jn2jn3k + ∂jn3kn2j + ∂jn3jn2k + ∂jn2kn3j)

=
1

4
d24
(
∂in2i∂jn2j + ∂in2in3k∂jn2kn3j + ∂in2in3k∂jn3jn2k

+ ∂in3kn2i∂jn3kn2j + ∂in3kn2i∂jn2kn3j + ∂in3kn2i∂jn3jn2k
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+ ∂in3in2k∂jn2jn3k + ∂in3in2k∂jn3kn2j + ∂in3i∂jn3j

+ ∂in2kn3i∂jn2jn3k + ∂in2kn3i∂jn3kn2j + ∂in2kn3i∂jn2kn3j

)
=

1

4
d24

(
|∇ · n2|2 + |∇ · n3|2 + n3jn3i∂jn2k∂in2k

+ n2jn2i∂jn3k∂in3k + 2n3jn2i∂jn2k∂in3k

+ 2n3kn3j∂jn2k(∇ · n2) + 2n2jn2k∂jn3k(∇ · n3)
)

(∇ ·Qα) · (∇ ·Qβ) = [(sα + bα) (∂in1in1k + n1i∂in1k) + 2bα (∂in2in2k + n2i∂in2k)]

[(sβ + bβ) (∂jn1jn1k + n1j∂jn1k) + 2bβ (∂jn2jn2k + n2j∂jn2k)]

= (sα + bα)(sβ + bβ)
(
∂in1i∂jn1j + n1in1j∂in1k∂jn1k

)
+ 4bαbβ

(
∂in2i∂jn2j + n2in2j∂in2k∂jn2k

)
+ 2bα(sβ + bβ)

(
n1kn2k∂jn2j∂in1i + n2jn1k∂jn2k∂in1i

+ n1in2k∂jn2j∂in1k + n1in2j∂in1k∂jn2k

)
+ 2bβ(sα + bα)

(
n1kn2k∂jn1j∂in2i + n1jn2k∂jn1k∂in2i

+ n2in1k∂jn1j∂in2k + n2in1j∂in2k∂jn1k

)
= (sα + bα)(sβ + bβ)

(
|∇ · n1|2 + n1in1j∂in1k∂jn1k

)
+ 4bαbβ

(
|∇ · n2|2 + n2in2j∂in2k∂jn2k

)
+ 2
[
bα(sβ + bβ) + bβ(sα + bα)

](
n1in2j∂in1k∂jn2k

+ n1kn2j∂jn2k(∇ · n1) + n1in2k∂in1k(∇ · n2)
)
, α, β = 2, 3.

Ød�	, ��·Ü� (∇×Q1) · (∇ ·Q4)�

(∇×Q1) · (∇ ·Q4) =εijk∂jQ1k∂lQ4il

=
1

2
d1d4ε

ijk∂jn1k

(
∂ln2ln3i + n2l∂ln3i + ∂ln3ln2i + n3l∂ln2i

)
.

Ïd, ò���FÝ�, ÑÝ�Ú·Ü�(J�\���5U�Ý�L�ª (3.7)¥k

F2,elastic = c21d
2
1(∂in1j)

2

+ c22
[
2(s2 + b2)

2(∂in1j)
2 + 8b22(∂in2j)

2 + 8b2(s2 + b2)n1j∂in2jn2k∂in1k

]
+ c23

[
2(s2 + b2)(s3 + b3)(∂in1j)

2 + 8b2b3(∂in2j)
2

+ 4[b3(s2 + b2) + b2(s3 + b3)]n1j∂in2jn2k∂in1k

]
+ c24

[
2(s3 + b3)

2(∂in1j)
2 + 8b23(∂in2j)

2 + 8b3(s3 + b3)n1j∂in2jn2k∂in1k

]
+ c25

[
1

2
d24
(
(∂in2j)

2 + (∂in3j)
2 + 2n2j∂in3jn2k∂in3k

)]
+ c26d

2
1(∂in1i)

2
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+ c27

[
(s2 + b2)

2
(
|∇ · n1|2 + n1in1j∂in1k∂jn1k

)
+ 4b22

(
|∇ · n2|2 + n2in2j∂in2k∂jn2k

)
+ 4
[
b2(s2 + b2)

](
n1in2j∂in1k∂jn2k + n1kn2j∂jn2k(∇ · n1) + n1in2k∂in1k(∇ · n2)

)]
+ c28

[
(s2 + b2)(s3 + b3)

(
|∇ · n1|2 + n1in1j∂in1k∂jn1k

)
+ 4b2b3

(
|∇ · n2|2 + n2in2j∂in2k∂jn2k

)
+ 2
[
b2(s3 + b3) + b3(s2 + b2)

](
n1in2j∂in1k∂jn2k

+ n1kn2j∂jn2k(∇ · n1) + n1in2k∂in1k(∇ · n2)
)]

+ c29

[
(s3 + b3)

2
(
|∇ · n1|2 + n1in1j∂in1k∂jn1k

)
+ 4b23

(
|∇ · n2|2 + n2in2j∂in2k∂jn2k

)
+ 4
[
b3(s3 + b3)

](
n1in2j∂in1k∂jn2k + n1kn2j∂jn2k(∇ · n1) + n1in2k∂in1k(∇ · n2)

)]
+ c210

[
1

4
d24

(
|∇ · n2|2 + |∇ · n3|2 + n3jn3k∂jn2i∂kn2i

+ n2jn2k∂jn3i∂kn3i + 2n3jn2k∂jn2i∂kn3i

+ 2n3in3j∂jn2i(∇ · n2) + 2n2in2k∂kn3i(∇ · n3)
)]

+ c213

[
1

2
d1d4ε

ijk∂jn1k

(
∂ln2ln3i + n2l∂ln3i + ∂ln3ln2i + n3l∂ln2i

)]
= J21(∂in1j)

2 + J22(∂in2j)
2 + J23(∂in3j)

2

+ J24n1j∂in2jn2k∂in1k + J25n2j∂in3jn2k∂in3k

+ J26|∇ · n1|2 + J27|∇ · n2|2 + J28|∇ · n3|2

+ J29n1i∂in1kn1j∂jn1k + J2,10n2i∂in2kn2j∂jn2k

+ J2,11

(
n1i∂in1kn2j∂jn2k + n1kn2j∂jn2k(∇ · n1) + n1in2k∂in1k(∇ · n2)

)
+ J2,12

(
n3jn3i∂jn2k∂in2k + n2jn2i∂jn3k∂in3k + 2n3jn2i∂jn2k∂in3k

+ 2n3kn3j∂jn2k(∇ · n2) + 2n2jn2k∂jn3k(∇ · n3)
)

+ J2,13ε
ijk∂jn1k(∂ln2ln3i + n2l∂ln3i + ∂ln3ln2i + n3l∂ln2i), (4.5)

Ù¥Xê J1i�� d1, d4, si, bi (i = 2, 3)�¼ê, L«�

J21 = c21d
2
1 + 2

[
c22(s2 + b2)

2 + 2c23(s2 + b2)(s3 + b3) + c24(s3 + b3)
2
]
,

J22 = 8(c22b
2
2 + 2c23b2b3 + c24b

2
3) +

1

2
c25d

2
4, J23 =

1

2
c25d

2
4,

J24 = 8
[
c22b2(s2 + b2) + c23(b2s3 + 2b2b3 + b3s2) + c24b3(s3 + b3)

]
,

J25 = c25d
2
4, J26 = c26d

2
1 + c27(s2 + b2)

2 + 2c28(s2 + b2)(s3 + b3) + c29(s3 + b3)
2,

J27 = 4(c27b
2
2 + 2c28b2b3 + c29b

2
3) +

1

4
c2,10d

2
4, J28 =

1

4
c2,10d

2
4,

DOI: 10.12677/pm.2023.139256 2509 nØêÆ

https://doi.org/10.12677/pm.2023.139256


±ºn§¾!!

J29 = c27(s2 + b2)
2 + 2c28(s2 + b2)(s3 + b3) + c29(s3 + b3)

2,

J2,10 = 4(c27b
2
2 + 2c28b2b3 + c29b

2
3),

J2,11 = 4
[
c27b2(s2 + b2) + c28(b2s3 + 2b2b3 + b3s2) + c29b3(s3 + b3)

]
,

J2,12 =
1

4
c2,10d

2
4, J2,13 =

1

2
c2,13d1d4. (4.6)

�
^ (2.3)¥�Ê�þL« (4.5), I�ïáÙ¥��ê�Úù
þ�m�'X. éu�g�

��ê�, O� (4.5)�FÝ�©O�

(∂in1j)
2 = δjlδik∂kn1l∂in1j

= (n2jn2l + n3jn3l)(n1in1k + n2in2k + n3in3k)∂kn1l∂in1j

=
(
n1in2jn1kn2l + n2in2jn2kn2l + n3in2jn3kn2l + n1in3jn1kn3l

+ n2in3jn2kn3l + n3in3jn3kn3l

)
∂kn1l∂in1j

=D2
12 +D2

22 +D2
32 +D2

13 +D2
23 +D2

33,

(∂in2j)
2 = δjlδik∂kn2l∂in2j

= (n1jn1l + n3jn3l)(n1in1k + n2in2k + n3in3k)∂kn2l∂in2j

=D2
11 +D2

21 +D2
31 +D2

13 +D2
23 +D2

33,

(∂in3j)
2 = δjlδik∂kn3l∂in3j

= (n1jn1l + n2jn2l)(n1in1k + n2in2k + n3in3k)∂kn3l∂in3j

=D2
11 +D2

21 +D2
31 +D2

12 +D2
22 +D2

32,

n2j∂in3jn2k∂in3k = δisδjln2jn2k∂in3l∂sn3k

= (n1in1s + n2in2s + n3in3s)n2ln2k∂in3l∂sn3k

=D2
11 +D2

21 +D2
31,

n1j∂in2jn2k∂in1k =δjqδipn1j∂in2qn2k∂pn1k,

=n1qn2k(n1in1p + n2in2p + n3in3p)∂in2q∂pn1k

= − (D2
13 +D2

23 +D2
33).

O��gÑÝ��(J�

∂in2i =(n1in1j + n3in3j)∂in2j = D13 −D31,

∂in3i =(n1in1j + n2in2j)∂in3j = D21 −D12,

n1i∂in1kn1j∂jn1k =δkln1in1j∂in1k∂jn1l

= (n2kn2l + n3kn3l)n1in1j∂in1k∂jn1l

=D2
13 +D2

12,

n2i∂in2kn2j∂jn2k =δkln2in2j∂in2k∂jn2l
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=(n1kn1l + n3kn3l)n2in2j∂in2k∂jn2l

=D2
23 +D2

21,

n3j∂in2kn3i∂jn2k =δkln3in3j∂in2l∂jn2k

= (n1kn1l + n3kn3l)n3in3j∂in2l∂jn2k

=D2
31 +D2

33,

n2j∂in3kn2i∂jn3k =δkln2in2j∂in3l∂jn3k

=(n1kn1l + n2kn2l)n2in2j∂in3l∂jn3k

=D2
21 +D2

22,

n3j∂in3kn2i∂jn2k =δkln2in3j∂in3l∂jn2k

=n1kn1ln2in3j∂in3l∂jn2k

= −D22D33,

n1i∂in1kn2j∂jn2k =δkln1in2j∂in1l∂jn2k

=n3kn3ln1in2j∂in1l∂jn2k

=−D21D12.

§÷v

2n3jn2k∂jn2i∂kn3i = −2D22D33 = −2D23D32 + 2(D23D32 −D22D33)︸ ︷︷ ︸
L¡�

. (4.7)

éu�g·Ü�, |^1�ªÜþ ε�L�ª (2.2), kXe(J

εijkn3i∂jn1k =(n1jn2k − n2jn1k)∂jn1k = −D13,

εijkn2i∂jn1k =(n3jn1k − n1jn3k)∂jn1k = −D12,

εijk∂jn1kn2l∂ln3i =δipδjqδksε
ijk∂qn1sn2l∂ln3p

= (n1in1p + n2in2p)(n1jn1q + n2jn2q + n3jn3q)

× (n2kn2s + n3kn3s)ε
ijk∂qn1sn2l∂ln3p

=n1pn2qn3s∂qn1sn2l∂ln3p − n1pn3qn2s∂qn1sn2l∂ln3p

+ n2pn1qn3s∂qn1sn2l∂ln3p

= −D2
22 −D21D12 −D22D33,

εijk∂jn1kn3l∂ln2i =δipδjqδksε
ijk∂qn1sn3l∂ln2p

= (n1in1p + n3in3p)(n1jn1q + n2jn2q + n3jn3q)

× (n2kn2s + n3kn3s)ε
ijk∂qn1sn3l∂ln2p

=n1pn2qn3s∂qn1sn3l∂ln2p − n1pn3qn2s∂qn1sn3l∂ln2p

+ n3pn1qn2s∂qn1sn3l∂ln2p
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=D2
33 +D31D13 +D22D33.

ù�, |^þãFÝ�, ÑÝ�9�g·Ü�ÚÊ�ØCþ�m�'X, ��

F2,elastic =(D2
13 +D2

23 +D2
33 +D2

12 +D2
22 +D2

32)J21

+ (D2
13 +D2

23 +D2
33 +D2

11 +D2
21 +D2

31)J22

+ (D2
12 +D2

11 +D2
22 +D2

21 +D2
32 +D2

31)J23

+ (−D2
13 −D2

23 −D2
33)J24 + (D2

11 +D2
21 +D2

31)J25

+ (D2
32 +D2

23 − 2D32D23)J26 + (D2
13 +D2

31 − 2D13D31)J27

+ (D2
12 +D2

21 − 2D12D21)J28 + (D2
13 +D2

12)J29 + (D2
23 +D2

21)J210

+ (−D2
23 −D2

13 +D23D32 +D31D13 −D12D21)J211

+ (3D2
31 + 3D2

21 +D2
22 +D2

33 − 2D22D33 − 2D31D13 − 2D12D21)J212

+ (D2
33 +D2

12 −D2
13 −D2

22 + 2D31D13 − 2D12D21)J213

=K1111D
2
11 +K2121D

2
21 +K3131D

2
31 +K1212D

2
12

+K2222D
2
22 +K3232D

2
32 +K1313D

2
13 +K2323D

2
23 +K3333D

2
33

+K1221D12D21 +K1331D13D31 +K2332D23D32, (4.8)

Ù¥�Ñ
L¡�

∂i(n1j∂jn1i − n1i∂jn1j) = 2(D23D32 −D22D33),

(4.8)¥�XêL��

K1111 = J22 + J23 + J25, K2121 = J22 + J23 + J25 + J28 + J2.10 + 3J2,12,

K3131 = J22 + J23 + J25 + J27 + 3J2,12, K1212 = J21 + J23 + J28 + J29 + J2,13,

K2222 = J21 + J23 + J2,12 − J2,13, K3232 = J21 + J23 + J26,

K1313 = J21 + J22 − J24 + J27 + J29 − J2,11 − J2,13,

K2323 = J21 + J22 − J24 + J26 + J2,10 − J2,11,

K3333 = J21 + J22 − J24 + J2,12 + J2,13, K1221 = −2J28 − J2,11 − 2J2,12 − 2J2,13,

K1331 = −2J27 + J2,11 − 2J2,12 + 2J2,13, K2332 = −2J26 + J2,11 − 2J2,12. (4.9)

²Lþã?Ø, ·���
 C2v é¡e����5, ÙL��N
���ÛÜ��É5�é¡

5, äN/ªXe

Fe,C2v
=
c2

2

(
K23D23 +K32D32

+K1111D
2
11 +K2121D

2
21 +K3131D

2
31 +K1212D

2
12
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+K2222D
2
22 +K3232D

2
32 +K1313D

2
13 +K2323D

2
23 +K3333D

2
33

+K1221D12D21 +K1331D13D31 +K2332D23D32

)
. (4.10)

Ù¥�Xêþ5
uNÈU­½:¥�Xê s2, s3, b2, b3, d1, d4 Ú�5U�ÝL�ª¥�Xê cij ,

Ïdþ
u©fëê, äk²(�Ôn¿Â. d±þ�O�L§��, ��5U�ÝL�ª�Ó�,

�±���
Ù§���e����5. X� d1 = d4 = b2 = b3 = 0�, =� C∞v ���e���

�5. Ød�	, ÏLé'ØÓ����A�Ie9�5U�Ý�L�, �±/Ï�©í�L§�Ü

©(J, 3�½§Ýþ{z���5�O�.

�5���ïÄéu�¬êÆ�.�ïáäk­���^. éuäk C2v é¡��¬©f/¤

��¬�, J±ÏL¢�*ÿÙÛÜ��É5, Ïd�±�ÄÏL���5égdU¥Xê?1ï

Ä, ïáXêäkÔn¿Â�êÆ�..

5. o(�Ð"

�©Äuäk C2v é¡5�©f/¤�����¬, dÙNÈU­½:Ú�5U�Ý�L�,

í�
 C2v ���e���5�L�ª. d«L�/ª�N
����¬ÛÜ��É5�é¡5,

¿�Xê
u©fëê, Ïdäk²(�Ôn¿Â, �^uê��[��'ïÄ. d	, du���

5�þã`:, �òÙ^uÄu Onsager©fnØ�Ie�.�ïá, �)·åÆ�.ÚÄåÆ�

.. ��, �©�í�L§��Ï{zÙ§�¬�e���5��'O�. Ïd, �©�ïÄéu�

¬êÆ�.�ïá9�.�ê��[äk­���^. ���3w«ì��E¥kX2�A^, Ù

�55�, "�, ±93	|�^e�1�Ñ´­��ØK. �5U�Ú\¦�.�±�	>.�^

AÛ���A, EdÚ"��¹k�mCz��/.
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