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Abstract

In 1738, the Swedish mathematician Euler solved the problem of seven bridges in Kénigsberg, and
graph theory was born. Crossing number of graphs is an important part of graph theory, and many
scholars at home and abroad have studied the problem of crossing number of graphs in the past
hundred years, but due to the difficulty of the proof, the research progress in the field of crossing
number of graphs at home and abroad has been slow. In this paper, we mainly study the crossing
number of rose window graph R(3k, 3, 2). Firstly, we get the upper bound of the crossover number
of R(3k, 3, 2) based on the well-drawn method, and then we use the inverse method and the ma-
thematical induction method to divide the set of edges of R(3k, 3, 2) into the 3k groups whose
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edges do not intersect, and discuss all the possible cases, so that we can prove that the lower bound
of the crossover number of R(3k, 3, 2) is at least 3k, and thus we can prove that cr(R(3k, 3, 2)) = 3k,
k=4.
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1. 51§

BTN, BRI T — AN AR E & 0 ) @ ——FF e Wi - 8. 1738 4, Jifg S 455 SRR i vk
TR, B B . B RAS XCEOR Be R — AN B S, AR, ENAMREZ A
HHR XS B A8 SCHOX — 1) REHEAT A 5 o PR A8 SCH i) /() IE 7, QIR T 20 20 40 SEAAE T I8 3 1) .
B USRS, Turan [ K USHE IR G IS RERS, ZEARZS DRSNS UL B T . fih
AT AR 28368 3o 93 /D Bk 38 AN BOR BEARTR R 1 T3, 38 SCEURORE & R i >R o BF 9 B A2 AR — T

EOUEAEREE D TAE, 2R, ENIMRZ 88O T BRI KOS T FL, (23] Hah Ik,
Vi Ak 2 BRI 28 OB AR fg vk, I FL AR 4R 21 Be A Skt e AT = B A8 B A i . Hisie, £ 1983
4, Garey 1 Johnson [2] V& UE B 1 — AN B A X EUE NP-584s i il et TR AMEREOR, B 4hok
T2 IR S RS . T AR LA 78 R

1.1. sE2@ K,
1960 4, R. K. Guy [3]%F n NS 52K K, B2 XA H LR S48

lnn-1n-2n-3
cr(Kn)zZ(n)=42 ) 2 7

Horr| x | FORAHAT & S8 x BCREER. 1969 4F, R. K. Guy [4]% 58 42 B 158 X G — B 7e, Sk
THn<108f, ExNor. 1970 4, Kieitman [S]45H T 2 n 285 KH, 584K K, 28 XHIW T 5

cr(Kn)Z n(n—l)(n—Z)(n—3)/80.
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1.2. E':Eé:%l; Km,n

1960 4, Zarankiewicz [8]45 ! J 564 —#F I K, , 38 XEURE 45

R

1970 4, Kieitman [S]IEB] T 24 min(m,n) <6/, Zarankiewicz FIJHAERAL. 1993 45, Woodall [9]561IE T
Zarankiewicz I REX T K, , M1 K, ) BSZ. 2003 4F, N. H. Nahas [10]3E— A58 24 2 0% K 58 4 —HF1E
BB E
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cr(Km’n)Z%m(m—l)tgﬂnz_lJ+9.9x106m2n2.

2007 4, Klerk ZEA[11]45H 7 584 —#K K, BIHT 5
cr(K,, )= 0.8594Z (m,n).

1.3. T~ X Petersen &
R EFL) X Petersen BITE 1981 4F, Kabel 25 A[11]H1 Exoo C, Harary, Schrijver [12]%F & 138 X4
BEATHISE, 13
(P(3h.3))=h.h>4,
(P(3h+1,3))2h+3,h 23,
cr(P(3h+2,3))=h+2,h>2.

cr
cr

1986 4F- Fiorini [13]45 i~ X Petersen [&] P(n,3) 1928 XHMIEH, {H2, Richter Fil Salazar [14]Kf /5 5
H HAEWIFER R, AATIER 3 Petersen [ P(n,3) (1132 X H:
cr(P(3h.3))=h.h >4,
cr(P(3h+1,3))2h+3,h>3,
cr(P(3h+2,3))=h+2,h>2.

2004 4F, FRERE[1S1FH T P(4k +2,2k) %3501 L Petersen FIMAA2 AL BJb: 2005 47, 18R
SENUET T G(2m+1,m) 22 XH[16]; 2009 4, Hoe S NFIISHEL T n>16 1 P(n,k) 152 XA
KEHAME[17]: Fiorini A3 TR N3 AR 5 VEIE W T P (3k, k) (72 LH[18]: 2013 4F, MEIHEN T
P(10,3) 938 XH[19]. 2019 4F, Gauci Al Xuereb [20[UE# T 4 k >3 14

cr(GP(3k—1k))=k+1,

cr(GP(3k+1,k))=k+3.

2020 4, P21 @ HTE P(12,5) M7 EIPERT, EBIMSH P(12,5) AESCHN R 202 6, it
MR M k=50, or(P(2k+2,k))2k+1.

2. BERIEEE Rk, 3, 2)RI3Z X
2.1.KBREEE RGK, 3, 2)RIEX

FET™ X Petersen [ P(3k,3) (E:A LA n—23, S FIBORIEE B R(3k,3,2) -

WHIAE A B R (3k,3,2) TR AHEN V (R (3K,3,2)) = {a, b1 <i <3k}, 4N
E(R(3k.3.2))={a,a,.ab.bb,.b,a,,} k>4, HA FhRUUE 3k, BOEEBLEE K R(3%,3,2) T4 H,, H
HV(H)={a.b.a,.ba,} . E(H)={aa,.ab.bb,.ba,}, 1<i<3k, k=4, T3 H, & R(3k.3,2)
(AT R, Hob E(R(3k.3,2)) =\ H, . XA H, & H,H,, - H (3%, Hf,(H)=Z H 5
B A IHIE A I f, (H) = cr, (H) + o, (H,G\E(H))/2 . W% D F 2 X5 er (D) s er, (G)

Jordan HIZREH (TR — 5 I S(H S AHHZL) F 2 J FEF 18 23 BN DX 3, AR AN [ DX 3 P R 2
&, WHESRILYE J 5.
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R4 Jordan HhZkseEE, AT LLT 5.

SI# 1 R G, & CRIC WA AR, B =aa, a, NKNEEEEV(P)NV(C)=¢.
¥ D 2 G [f—NFEE, A4 e, (C,C") RABEL X a) M a, £ D(C) WlF)— X3k, cr, (C, B, ) AL
A7

Sl 2 W R—ANEBE, WT1<i<e, FAA—NERELHE fD(Hl.,,,H,[)zzl.c, W4 LY R 1)
TR/ ME S fD(Hl.,,.,H,i)zzic; EAFAEIXFE I IEREHL L, WA L) =00,

2.2. BERTEEE R(3k, 3, 2)B93E X B K L&

5133 M T HPEEE R(3K.3,2), Mk=4, cr,(R(3k.3,2))<3k .
TES: [ 1 SR T EORAEE B R(3K,3,2) A 3k NI RE N, L, k=40,
crp (R(3k,3,2)) <3k .

Figure 1. A good drawing of with 3% crossings
B 1. B3NN RHFHESE

23, WRTEEIE RGK, 3, DI XBH TR
% C, NWl aa,b, a.:b,

i1 i+3
W a,beV (P), MaPvRR P M a Bl b HIESTUL
5134 W e, (C)=1, Heny(aay,,ba,)=1, Wi’ <4,
B . BB 25, W/, (H,,)<is 1<i<5 . #ery (a,a,.b,a,) =1, W D(C,) FHI T 2(a).
i f, (H,) <10 %0, 7E@ D F H, PSRRI X, Fittha, T4, #a, eR,UR, -

ba,, %P =aa,-ay, P =bb

J =

chy o, HI<i<3, WTHE P,
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¥ ay FEXIR R, P, ba, T, HEIFEE LK f, (H,,)<2 flaa, REES ab, #1358, D(C Uayay) AT
B 2(b), FRERSIEE 1 AL, BE1E a,abb, S5 aa,ab AL 5 f, (H,,) <2 T JE.

Foa, TEXI R, ba, T, BH5IEL L H aya, 5 a,b, FHEZ MK, T D 2&—MFHIE I,
W a,a, T4, D(C Uaya;Ubay) AR E 2(c), RIS 1 WA, B84% a,a.b,by, a0y by b, Fb,bia,bib,
5 aa,ab 5%, 5 f, (H,,) <2 AT JE

Figure 2. Subdrawings of D
[ 2. D WFESE

5|55 ﬁﬂ%cr[,(q):l » Hery, (ala2,a4b4)=1 , Wi <6.

EW: AE B >7, W f, (Hl,i)<i  1<i<7 o #i oy (ayay,a,b,) =1, W D(C,) FFIE 3(a)s
i1 f, (H,)<VAl&L (EEE D T H, AL R B FMs X, Bk ha, T Ha, e R UR, -

% ay (EIXIR R, by T, 13151 &% D R—MF LT R, aya, AESHAGY a,b, S, aa,
W5e 58 bbaa, HZ, 5 f,(H)<IFJE.

¥ a, (X R, ba, T, WA £, (H )21, %8 aa,, 01, (H,,)<4 S84 LT AR
a,a, 5 a,b, W58, a,a,'5 ab, W3S, aya, A5 ab, Ml a,b, WAELA K aya, T4, TN A TLRHE
%o

¥ ayay 5 a,b, 3E, W D(C Uaya, Ubay) IR T 3(b), LR £, (H,,) 215, HRE5IE 1 W41,
%1% ba,asa, 5 baa,a, #4858, 5 f, (Hl,z) <2 MFE-

¥ a0, 5 a,b, 38, W D(C Uayay Uba,) FIFFE 3(c), MRARSIF 1 A5, #4% a,a,,bya, 5 a)by, b,
F1C Uba, Uayay 158, BERTAT £, (H,4) 23, % bb;, H £, (H,,)<4 AL bbs 55 C Uba, Uaya, ik
FHZE, B b,by Fi4t, BIULA, byeR,UR;.

#i by € Ry, byby T4, IRE 51 HL 1 A7 BRAE: bobyayanbyb, M bsasach, 5 € Uba, Uaya, 122, 5 £, (H, ,) < 4
FHIF JE

#ibeR,, bb, Ti%, WHH f, (H1,4) >3 WM asa, =T, D(C Uba,UayayUasa, Ub,by) A
T 3(d). B C, 1ayabyashbya, » T abah &, D(C,Uaya,) AT 3(e). 4 3(. Kl 3(g)f
] 3(h).
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Figure 3. Subdrawings of D
3.D IFEE

Wo 1 AEE 3R T, 4R £, (Hs)23 K312 | MR aaybya, » aby by, bbagh, F
byby Pbyash,b, 5 C, Uasa, 58, 15 f) (HI,S) <SHTJE

W 2 3O, IR £, (H,5)23 Bl 313 1 W aa AABRS G, Uaa, M58, KL
fo(Hys)z4, BH3IEABE aa,b,a, Maby, b5 C,Uaa, H25, 5 f,(H,)<5HIFK.

Wi 3 EE 3R T, W £, (H )23 Hill318 1 MR aaybya, aby b, bbagh, Fl
byby Pbyagb,b, 5 €y, Uasa, M, 5 f, (HI,S) <SHT &

Wt 4 76 3T, RN I 1 AR aby, Bhb, B aayby Bbab, 5 H,, 5, i
fo(H,4)23, BULTEEE D F H , FIOHAL T, 4S5 8 bobg,a,a5,b,a,,b,b, 3% JLAIL, WRARZ (K
RS ab MIZE, B D I E TR a,a, RS S RIS ab, HIZE s # byb, 55 ab, M1, I
fo(Hys)z 4, HREIE 1 AT RIERE byagh, M bbibgaagbb, 5 G, Uaya, H58, 15 £, (H,s) <SP
bas 5 asbs 2L, W f;, (H1,5> >4, R4 SIF 1 WIRNERAR bybgas M bbyayayay ,Rasa 5 C, Uasa, HAZE,
5 fo(Hys)<SHITIE: #bb, 5 ah 5, W f,(H )24, WIEIIFL 1 0T HEE bbasaabb,
byby Pbyagh, 5 C,Uasa, 128, 5 f, (Hys)<S M & R bibg,b,ag,byb, #5 & T 10 . 45 % &
C, rasabagbbya;, WARSIFL 1 K D R—AMFINEIETT R, #12 bbb, K aa, T8, D(C;Uasa,) [FH
Tl (). XEFIE 1 AR, R b Rbyaya, 5 beaghPby a F1C 3 Uasa, MAAEDETTR, XATHE
bibyy 5y 203 1byiby 55 bibya, M C s Uasa 138, 5 ), (Hl,s) <5 AT .

1 aya, [FIN 5 a,b, M a,b, FAZE, WRIETIRE 1, HES £, (quz) <2 HF &

¥ aya, %, W D(C,Uba; Uaya, ) FIRIF I 3(), SRIHIRIE 512 1| 4 8845 b,asasa, 55 b,Bby,_,baya,
Wl aa,ab 1%, BERE £, (H,,)215 , WULE@E D F H,, B3 T, % aa, 12T,
D(C Uba,Uaya; Uaya, ) FIRI T 3(k). HRIETIHE 1 A1, #8645 bybsa,b,Bby, ,b s bby a,s aaybya, Fl
byagasa, 5 C Uba, Uaya, Uaya, 5, UL £, (H,, )23, BHEERAE bybsa,b, Bby, ,b, I bybg . F512 bb,
5 ¢, Uba,Uaya, Uaya, #128, W f,(H,,)235, EIfEEE D T H,, (HAG TS #4bb A5
C,Uba,Ua,a,Uaya, #H5Z, Wby e Ry UR,, HEIHE 1 51 b ANRAEIXIR R, BUXIHK R, , A HEAT a,b,Pby, b,
5 byayga,b,b, 1 C,Uba, Ua,a, Uaya, #3E, W 1, (H1,4) >3.5, BKUL/EEVE D T H, FIHARD %, [FEE
% JE B 1% byagasa, ¥ I bag M a,as, 01 f,(H,,)23.5 7 818 ba, Ml a,a; 7%, W a,eR UR,
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as € RyUR, URy » 224 ag,a, NEF— X0, BHEFIH 1, aga, 5 C, UbayUaya Uaya, 158, 5 f,, (H,, ) < 4
& UEEE.

3. &ig

AR SCH FH SIEVE FVEUCE VA G W BORAE B 18] Rk, 3, )12 XA AR L i, 1537 38 XHCH

3k BI—ANFRYENE, WA ZIBRAEE B R(3k, 3, )52 XA B A, b mA I ECBRAE & 18 R(3k, 3, 2%

4k
R

¥y, SEAEARRGHTEAR, SHIBERT LI, FIHERREI&M, HASHID S G5
WE1SE Rk, 3, 2)IAZ XA N A, HILIS 2 FERAE & B R(3K, 3, 2)HAE XHUH 3k
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